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Homework Problem 9.1. (Traces in 𝐿𝑝 )

Let Ω := 𝐵
∥ · ∥2
1 (0) ⊆ R2. Show that there can not be an extension of the trace map 𝜏 : 𝐶 (Ω) → 𝐶 (𝜕Ω)

to a continous map on 𝐿2(Ω).

Homework Problem 9.2. (The Lax-Milgram lemma)

(a) Let 𝑛 ∈ N, 𝑏 ∈ R𝑛 and a symmetric 𝐴 ∈ 𝑅𝑛×𝑛 such that 𝑥ᵀ𝐴𝑥 > 𝑐 ∥𝑥 ∥22 for a 𝑐 ∈ R>. Use the
Lax-Milgram lemma to show that the linear system 𝐴𝑥 = 𝑏 has a unique solution 𝑥 ∈ R𝑛 .

(b) Let 𝐻 be a Hilbert space and let 𝐴 : 𝐻 ↦→ 𝐻 be a bounded, linear operator such that (𝐴𝑥, 𝑥) ≥ 0
for every 𝑥 ∈ 𝐻 . Use the Lax-Milgram lemma to show that the operator id + 𝛼𝐴 : 𝐻 → 𝐻 is
bijective for every 𝛼 ⩾ 0. Show boundedness of 𝐴−1.

You are not expected to turn in your solutions.
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