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Homework Problem 5.1. (examples of operators and their norms)

Decide which of the following operators is a linear and bounded operator, and, if applicable, compute
their respective operator norm. Here, Ω is assumed to be an open, bounded subset of R𝑛 for an 𝑛 ∈ 𝑁

and [𝑎, 𝑏] is a non-degenerated interval in R for 𝑎, 𝑏 ∈ R.

(a) (𝐿2(Ω), ∥·∥𝐿2) ∋ 𝑓 ↦→ 𝑓 ∈ (𝐿2(Ω), ∥·∥𝐿2)
(b) (𝐿2(Ω), ∥·∥𝐿2) ∋ 𝑓 ↦→ 𝑓 ∈ (𝐿1(Ω), ∥·∥𝐿1)
(c) (𝐿6(Ω), ∥·∥𝐿6) ∋ 𝑓 ↦→ 𝑓 3 ∈ (𝐿2(Ω), ∥·∥𝐿2)
(d) (𝐶 ( [𝑎, 𝑏]), ∥·∥∞) ∋ 𝑓 ↦→ 𝑓 · 𝑔 ∈ (𝐶 ( [𝑎, 𝑏]), ∥·∥∞) for a fixed 𝑔 ∈ 𝐶 ( [𝑎, 𝑏])

(e) (𝐶 ( [𝑎, 𝑏]), ∥·∥∞) ∋ 𝑓 ↦→ 𝑓 −
∫ 𝑏

𝑎
𝑓 (𝑡) d𝑡 ∈ (𝐶 ( [𝑎, 𝑏]), ∥·∥∞)

(f) (𝑊 1,2(Ω), ∥·∥𝑊 1,2) ∋ 𝑓 ↦→ 𝑓 ′ ∈ (𝐿2(Ω), ∥·∥𝐿2) (mapping every function to its weak derivative)

Homework Problem 5.2. (convergence in the operator norm implies pointwise convergence)

Suppose that 𝑋 and 𝑌 are normed linear spaces and
(
𝐴 (𝑘 ) ) is a sequence of bounded linear operators

𝑋 → 𝑌 . Show Lemma 4.6 of the lecture notes, i. e., that if 𝐴 (𝑘 ) converges to 𝐴 ∈ L(𝑋,𝑌 ) in the
operator norm, then 𝐴 (𝑘 ) (𝑥) converges to 𝐴(𝑥) for all 𝑥 ∈ 𝑋 .

Homework Problem 5.3. (boundedness is continuity)

Suppose that 𝑋 and 𝑌 are normed linear spaces and 𝐴 : 𝑋 → 𝑌 is a linear operator. Prove Lemma 4.5
of the lecture notes, i. e., the equivalence of the following statements:

(a) 𝐴 is continuous at 0.

https://tinyurl.com/scoop-ido page 1 of 2

https://tinyurl.com/scoop-ido


R. Herzog, G. Müller

Universität Heidelberg

Infinite Dimensional Optimization

(b) 𝐴 is continuous on 𝑋 .
(c) 𝐴 is Lipschitz continuous.
(d) 𝐴 is bounded.

Homework Problem 5.4. (composition of bounded linear operators)

Suppose that 𝑋 , 𝑌 and 𝑍 are normed linear spaces and 𝐵 : 𝑌 → 𝑍 as well as 𝐴 : 𝑋 → 𝑌 are bounded
linear operators. Show that 𝐵 ◦𝐴 is a bounded linear operator from 𝑋 → 𝑍 and show that

∥𝐵 ◦𝐴∥L(𝑋,𝑍 ) ⩽ ∥𝐵∥L(𝑌,𝑍 ) ∥𝐴∥L(𝑋,𝑌 ) .

Give an example each for when this estimate holds with equality or strict inequality.

You are not expected to turn in your solutions.
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