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EXERCISE 4 (SOLUTION)

Date issued: 4th November 2024

Homework Problem 4.1. (Weak derivatives)

(a) Prove the statements in Example 2.35 of the lecture notes, i. e., that the function f: (-1,1) -» R
defined by f(x) = |x| has the weak first-order derivative

-1 ifx <0,
w(x) =
1 ifx >0,

but does not have a weak second-order derivative in Llloc(—l, 1).

(b) (Updated exercise statement)”™ Let Q C R" be a non-empty, bounded, open set, i € {1,...,n}
be given and let x = (x3,...,x,) be in Q with a;, b; € R, such that

x€B={(x1,....xi—1, ¥s Xis1,- - -» Xn) | ¥y € (ai, by)} € Q.

Show that every class of functions in W (Q) for p € [1, o) has a representative that is absolutely
continuous on B as a function of in the i-th component.

(c) Let Q = (0,1)? and f(x1,x3) = fi(x1) + f2(x2) where fi, f; are in L'(0,1) but not absolutely
continuous. Show that f does not have weak derivatives of first order order, but the second
derivative for the multiindex « = (1,1) exists.

Solution.

(a) For the check of the first order derivative, note that w(x) is essentially bounded by 1 and hence
in LIIOC(Q). Now, let ¢ € C°(—1,1), then, using integration by parts for a domain split at 0, we
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obtain that

1 1 0 1
! dx = ! dx = —xq@’ d ! d
/_1f<o(x) . [1|x|¢<x> . / x¢'(x) “/o x¢ (x) dx

0 1 1
- / o(x) dx + p(-1) + / p(x)dx — p(1) = - / w(x)p(x) dx.
-1 S~— 0 ~—— -1
0 0

Assuming, that there were a weak second derivative v € Llloc(_l’ 1) of |x|, then for any ¢ €
C’(-1,1), we would have that

1 1 1 1
dx = " (x) dx = - (x) dx = — ‘0 d
[ooax= [ forerae== [ weemar=- [ wwp

1 -1

0 1
= w0 () dx - /O w()¢ (x) dx = 20(0).

Testing with all functions ¢ € C;°(—1,1) whose support lies in (0,1) or (-1, 0), respectively,
yields that v = 0 almost everywhere in (-1, 1), but this yields a contradiction when testing with
functions ¢ € C°(—1,1) with ¢(0) # 0.

Let [f] € W(Q). By definition, the first derivative of f with respect to the i-th component
exists and is p-integrable an therefore integrable, so for any y € (a;, b;), we can define

y
g(y) :/ if (X1, ..., Xi—1, b, Xig1, - - -5 Xp) dE.
aij

This g(y) is absolutely continuous because of the integral definition and the integrability of the
integrand, which is a standard result from the theory of the lebesgue integral that can be proven
using dominated convergence or the definition via simple functions.

Additionally, the weak derivative of g is 9; f as a function of the i-th component, because for any
¢ € C2(a;, b;), we have that

bi b[ X
[ o= [ [ gt st e () dr s
1 lbl lbi
= / / Aif (Xt ey Xty by Xigy - - -, X))@' (x) dx dt
a; t
b;
= / 0if (X1, ..o, Xic1, by Xigt, - - 5 Xn) (@(by) — (1)) dt

b;
= —/ aif(xl,...,xi_l, t, xi+1,...,xn)qo(t) dt.
a;
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Accordingly, we obtain that

bi bi
/ (F(x1s e s X1, X, Xig1s - -+ Xn) — g(x)) " dx = —/ (Oif (X1« oy Xim1, X, Xit1, - - -5 Xn) — ¢ (%)) dx
a; a;

=0
(0.1)

forevery ¢ € C°(a;, b;), meaning that there is a constant ¢ € R such that f(xy, ..., Xj_1, X, Xj1, . . ., Xp)—
. . . b; .

g(x) = ¢, given any test function ¢ € C;°(a;, b;) with /a ¥ dx = 1 and any other test function

¢ € C°(a;, b;), we can construct

b;
o=y [ pe)ds e C(anb)

i

whose integral vanishes, so

20 = [ o-v [ ibi p(s) dsdt

is a test function in C;’(a;, b;) and by (0.1), we obtain that
b;
0= / (F 1+ vy X1, X, Xty - - - Xn) — g(x)) D (x) dx
a;

b; b;
2‘/_ (fOy ey Xm0, X, X1y« - -5 Xn) — (%)) ((p—l#'/' (p(s)ds)dx

i

which means that

b; b; b;
[0t =gmpdr= [ oo [(Cx ) - g de Vo e CSanb)

implying that f(xy, ..., Xi—1, X, Xis1, . . ., Xn) = ¢ + g(x) for almost every x € (a;, b;), so ¢+ g(x) is
an absolutely continuous representative of [ f].

(c) An example of functions f; and f, that are L! but not absolutely continuous is the function
X sin(%), which is not even uniformly continuous.

The partial derivatives of first order can not exist, because, as seen in the last exercise, the
function f is not but would have to be absolutely continuous in each variable. However, the
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weak mixed derivative for @ = (1, 1) is the zero function, as

F()or20(x) dx = / (i) + fo(x2)) Bz (x) dx
)? (0,1)?

(0.1

= )Zfl(xl)alz(.”(x) dx +

(0.1

- fa(x2)0120(x) dx

(01

= filxr) A12¢0(x) dxz doxy + f2(x2) / d12¢0(x) dx; dx
(0,1) (0,1) (0,1) (0,1)
—_— —_—
=0 =0

Homework Problem 4.2. (Inner products and Sobolev spaces)

(a) Suppose that (V, (-, -)) is an inner product space. Show Lemma 3.2, i. e., that

llull = v (u, u) (3-2)

for u € V defines a norm on V.

(b) Prove the statement of Example 3.4 (i), i.e., that on R" for n € N?O, the possible inner products
are in a bijective one-to-one correspondence with the symmetric”" positive definite matrices in
Rnxn‘

(c) Let Q@ C R" be a non-empty, bounded, open set and let w € L®(Q). Show that if there is a
constant ¢ € R, such that 0 < ¢ < w almost everywhere in Q, then

u,v) = w D%u D('{deGM
EEWI

al<1v®

defines a inner product on W"*(Q)“" that induces an equivalent norm to ||-||;;12 o, " (as
defined in (2.21)).

Why is w’s boundedness away from zero essential in this result?

Solution.

(a) We simply check the defining properties of a norm. Well definedness and positive definiteness
are a direct consequence of the positive definiteness of the inner product.
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As for positive homogeniety, we have that for all @ € R,
V(au, au) = Va? (u,u) = |a|y/ (4, u).

The triangle inequality holds because for u,v € V, we have that

(u+o,u+0) = (u,u) +2(u,0) + (v,0)

< (w,u) +2v(u, u)V (v,0) + (v,0)
=Vww +2ywuNwo) +0.0) = ww +(0))

due to the Cauchy-Schwarz-inequality (note that the proof only uses properties of the scalar
product, not of the induced norm used in its statement in the lecture notes), and because of
monotonicity of the square root function on the reals.

For any symmetric positive definite Matrix M € R**", the map
(w,o)y=u"Mo

is in inner product.

Linearity is a consequence of the linearity of matrix-vector and matrix-matrix products. Symme-
try is a consequence of the symmetry of M, where

(w,0)y =u'Mo = ((uTM v)T)T = ("M )" = ("Mu) = (v, u)u.

And finally, positive definiteness of the iner product follows from the matching property of M.

Now if Mj, M, define the same inner product, then
M =ejMe; = (e ej)m = (e €j)m, = e] Miej = My ;

foralli, j € {1,..., N}, implying that M; = M,.

Well-definedness is due to the well-definedness of the standard W»? inner product and the
essential boundedness of the weight function w. Symmetry and linearity are obvious. Positive
definiteness follows, because

/ o u? dx> / c vt dr=c u? dx =c(uu)pe,
Q ~—"— Q — Q ~—
>c 20 >0 >0

and the same property of the non-weighted standard L? inner product, which is where w’s
boundedness away from zero comes into play. This estimate immediately shows that the
standard W%-norm is weaker than the weighted norm, as it is composed of a sum of L? norms.
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Essential boundedness of w yields that the weighted norm in turn is weaker than the standard

norm, i. e., we have
Vellullyrz < llullo < Vol ullwe

as one would expect.

You are not expected to turn in your solutions.
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