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Chapter 1 Introduction

Mathematical optimization is about solving problems of the form

Minimize f(x) where x € Q (objective function)
subjectto gi(x) <0 fori=1,...,npeq (inequality constraints) (P)
and hj(x)=0 forj=1,...,n,. (equality constraints)

Q C R" is the basic set and x is the optimization variable or simply the variable of the problem.
We will assume that

« the functions f, g;, hj: R” — R are sufficiently smooth (C? functions),

+ we have a finite number (possibly zero) of inequality and equality constraints, i. e., njpeq and neq
are in Nj.

We will assume Q = R”, i.e., we consider only continuous optimization problems and without
implicit constraints.

§ 1 ELEMENTARY NOTIONS

Definition 1.1 (Elementary notions).
(i) The set

F = {x € R”!g,-(x) <0 foralli=1,...,Nineq, hj(x) =0 forall j = 1,...,neq} (1.1)

associated with an optimization problem (P) is termed the feasible set. Any x € F is termed a
feasible point.

(ii) The inequality g;(x) < 0 is called active at a point x if g;(x) = 0 holds. It is called inactive in
case gi(x) < 0. It is called violated if g;(x) > 0 holds.

(iii) The value
f*=1inf {f(x)|x € F}

is termed the infimal value of problem (P).

(iv) In case F = 0, the problem (P) is said to be infeasible. In that case, we have f* = +co0. In case
f* = —oo, the problem is said to be unbounded.
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(v) A pointx* € F is a global minimizer or globally optimal solution of (P) if

f(x*) < f(x) forallx € F

holds. Equivalently, x* € F is a global minimizer if f(x*) = f* holds. In this case, the infimal
value f* is also referred to as the global minimum or globally optimal value of (P).

(vi) A global minimizer x* is strict in case
f(x*) < f(x) forallx € F, x # x".
(vii) A point x* € F is a local minimizer or locally optimal solution of (P) if there exists a
neighborhood U (x*) such that
f(x*) < f(x) forallx e FNU(x")

holds. In this case, f(x*) is also referred to as a local minimum or a locally optimal value of

(P).
(viii) A local minimizer x* is strict in case
f(x*) < f(x) forallx e FNU(x"), x#x".

(ix) An optimization problem (P) is solvable if it has at least one global minimizer, i. e., if the optimal
value is attained at some point. Otherwise, the problem is unsolvable.

Definition 1.2 (Classification of optimization problems).

(i) An optimization problem (P) is said to be unconstrained in case nineq = Neq = 0. Otherwise, it is
said to be equality constrained and/or inequality constrained.

(ii) Inequality constraints of the simple kind
t; < x; < uj, i=1...,n
with bounds £; € RU {—oco} and u; € R U {oo} are called bound constraints or box constraints.

(iii) When f, g and h are (affine) linear functions, then (P) is called a linear optimization problem or
a linear program (LP).

(iv) When f is a quadratic polynomial and g and h are affine linear functions, then (P) is called a
quadratic optimization problem or a quadratic program (QP).

(v) In the general case, i. e., when (P) is not a linear or quadratic program, we refer to (P) as a nonlinear
optimization problem or nonlinear program (NLP).
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The emphasis in this class is on numerical techniques for unconstrained and constrained nonlinear
programs. We will see that fast algorithms take into account the optimality conditions of the respective
problem. Therefore we will also discuss optimality conditions.

We will begin in Chapter 2 with algorithms for unconstrained optimization. Some of the content was
already part of the class Grundlagen der Optimierung (Herzog, 2022), but we will revisit the material
in more detail here. The theory for constrained problems is relatively involved and merits its own
chapter (Chapter 3). We will subsequently discuss major algorithmic ideas for constrained problems in
Chapter 4. Finally, we will review in Chapter 5 some computer-aided techniques to obtain derivatives
of functions, which the algorithms under consideration generally require.

Throughout the class, we will emphasize the connections between optimization and numerical linear

algebra.
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Chapter 2 Numerical Techniques for
Unconstrained Optimization Problems

We discuss in this chapter numerical methods for the unconstrained version of (P), i.e.,
Minimize f(x) where x € R". (UP)

The reason for discussing the unconstrained problem first is that we can introduce the essential
algorithmic techniques without the difficulties of any constraints present.

Up front, we mention that we can only hope to find local minimizers. Determining global minimizers is
generally much harder and only possible under additional assumptions on the objective, and generally
only in relatively small dimensions n € N. A notable case of an additional assumption is that of a
convex objective f. In this case, every local minimizer is already a global minimizer. Morever, the
first-order optimality condition is already sufficient for optimality (see homework problem 1.2), and
we do not require a second-order condition.

§ 2 OPTIMALITY CONDITIONS

We suppose you have seen the following first- and second-order optimality conditions, so we only
briefly recall them; see Herzog, 2022 for more details.

Theorem 2.1 (First-order necessary optimality condition).
Suppose that x* is a local minimizer of (UP) and that f is differentiable at x*. Then f’(x*) = 0.

Proof. Suppose that d € R" is arbitrary. We consider the curve y: (=§,5) — R", y(¢) = x* + td. For
sufficiently small § > 0, this curve runs within the neighborhood of local optimality of x*. This implies
that f o y has a local minimizer at ¢t = 0.

From this local optimality, we infer that the difference quotient satisfies

t t <0 fort<O.

F®) = F(r(0) _ fx" +td) - f(x") {z 0 fort>0,

On the other hand, this difference quotient converges to f’(x*) d as t — 0. Consequently, we must
have f’(x*)d = 0. Since d € R" was arbitrary, this means f’(x*) = 0. O
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A point x € R" with the property f’(x) = 0 is termed a stationary point of f.

Theorem 2.2 (Second-order necessary optimality condition).
Suppose that x* is a local minimizer of (UP) and that f is twice differentiable at x*. Then the Hessian
f"(x*) is positive semidefinite."

Proof. Suppose that d € R" is arbitrary. Wie in Theorem 2.1 we define y(t) := x* + t d and again
consider the objective along the curve, i.e., ¢ := f oy, which has a local minimizer at ¢ = 0. Since ¢ is
twice differentiable at t = 0, Theorem A.3 implies the following: for all ¢ > 0 there exists § > 0 such
that

[0(t) = 9(0) ~ ¢’ (0t = 29" (0) | < e

holds for all [¢t| < §. In view of Theorem 2.1, ¢’ (0) = 0, and the local optimality implies ¢(0) < ¢(t)
for all |¢| sufficiently small. We thus obtain

1 144 1 1
—5¢"(0) t* < o(t) - ¢(0) - 507 (0) 2 < et?

for all |t| sufficiently small, whence

1
_NO>_.
2qo()_ e

Since ¢ > 0 was arbitrary, we conclude ¢” (0) = d" f”(x*) d > 0. And since d € R" was arbitrary, we
have shown f”’(x*) to be positive semidefinite. O

Theorem 2.3 (Second-order sufficient optimality condition).
Suppose that f is twice differentiable at x* and

(i) f'(x*)=0and
(i1) f"(x*) is positive definite’, with minimal eigenvalue a > 0.

Then for every f € (0, @), there exists a neighborhood U (x*) of x* such that

p

flx) > f(x*)+ §||x —x*||* forallx € U(x"). (2.1)

In particular, x* is a strict local minimizer of f.

Proof. Here we use Theorem A.3 directly for f (not along a curve). For every ¢ > 0, there exists § > 0
such that

* * , * 1 ’7 *
Fx"+d) = f(x) = f/ (") d = Sd'f" (x")d] < e |ld)f”
holds for all ||d|| < 8. According to the assumptions, f'(x*) = 0 holds. Therefore,

—edlf < fG+d) - f(x) = 2d ()

'Due to the symmetry of f”/(x*) this is equivalent to all eigenvalues of f’/(x*) being non-negative.
2Due to the symmetry of f’/(x*) this is equivalent to all eigenvalues of f’/(x*) being positive.
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holds for all ||d|| < §. This implies
. 1
O+ d) 2 fG) +Sd f7 () d = e P
for all ||d|| < .

From (A.12) (with M = Id), the values of the Rayleigh quotient associated with the symmetric matrix
f"(x*) are bounded above and below by the extremal eigenvalues of f”'(x*). In particular, we have

df7(x")d > a|d|* foralldeR"

We can now finalize the proof: for § € (0, «), choose ¢ := (¢ — f)/2 > 0 and an appropriate value of
d > 0. Then we have

O +d) 2 )+ 2d () d e P
> fx") + SNl - e lldll

- e+

for all ||d]| < 6. O

l1d]I?

Property (2.1) means that f has at least quadratic growth near x*. Equivalently, f is locally strongly
convex with parameter § € (0, ).

§ 3 MiINIMIZATION OF QUADRATIC FUNCTIONS

In this section we consider the simplest reasonable class of unconstrained optimization problems,
namely the minimization of quadratic polynomials:

1
Minimize ¢ (x) = > TAx —b'x+c wherex € R". (3.1)

The data of the problem is A € R™*", b € R" and ¢ € R. We can assume w.l.o.g. that A is symmetric.
Quiz 3.1: Why?

If we knew a spectral decomposition of A = VAVT (which of course we usually don’t), we could
represent the objective as ¢(x) = 3x"V AV'x — b'V V'x + c. After a substitution of variables x = V'y,

this becomes gg (y) = % y" Ay —b"Vy+c. Consequently, in these coordinates, the problem decomposes
into a sum of n independent quadratic minimization problems in the components y;.

Being able to solve (3.1) is an essential building block for subsequent tasks.

Lemma 3.1 (Solvability and global solutions of (3.1)%). Suppose that A € R™*" is symmetric, b € R"
and ¢ € R. Then the following holds:

3compare Nocedal, Wright, 2006, Lemma 4.7
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(i) If A is positive semidefinite, then the objective in (3.1) is convex. In this case, the following are
equivalent:

(a) The problem (3.1) possesses at least one (global) minimizer.
(b) The objective ¢ is bounded below.
(¢) Ax = b is solvable.
The global minimizers of (3.1) are precisely the solutions of the linear system Ax = b.

(ii) In case A is not positive semidefinite?, the objective ¢ is not bounded below, thus problem (3.1) is
unbounded.

Proof. The proof is part of homework problem 2.1. O

Corollary 3.2 (Unique solvability of (3.1)5). Problem (3.1) possesses a unique (global) solution x* if and
only if A is s. p. d. In this case, x* = A™'b, and the optimal value is

. 1, 1 1
B(x") = e = SlIxI3 = e = SIATBIE = e = S b1 .

We will assume for the remainder of § 3 that A is symmetric and positive definite (s. p. d.). Hence, the
solution of (3.1) is equivalent to the solution of the linear system A x = b. We denote that solution
by x* = A~!b. Of course, we could be using a direct solver, such as Gaussian elimination, which
computes an LU decomposition of A, or rather its s. p. d. variant without pivoting, which computes the
Cholesky decomposition A = LLT with the lower triangular matrix L.® However, when the problem
is high-dimensional (such as n > 10 000), then the generic ~ n* effort for solving the linear system
becomes prohibitive. Even when A is sparse, as is often the case for high-dimensional problems, and a
direct solver which exploits this is used’, this is no longer feasible for very high dimension n.

This is where iterative solvers for linear systems come into play. They do not solve the problem at
once, but rather generate a sequence (x(k)) which converges to the solution. Beyond the ability to
deal with very high-dimensional problems, iterative solvers have another advantage: Any iterate x*)
of the method can be viewed as an approximate solution of A x = b (or an approximate solution of
(3.1)), and we can stop the iteration as soon as the desired tolerance is reached, when the time budget
is used up, or when something unexpected happens, e. g., A turns out not to be positive definite after
all. Recall that direct solvers do not yield any usable approximate solutions of the system while they
are running; they have to carry through to the end, and only then return a solution, which is exact up
to the influence of floating-point error. Iterative solvers have the additional advantage that they do
not require access to the matrix A entry by entry. Rather they only require matrix-vector products,

4The matrix A possesses at least one negative eigenvalue.

5compare Nocedal, Wright, 2006, Lemma 4.7

®We assume you have seen these methods, e. g., in the class Einfiihrung in die Numerik.
7such as a sparse Cholesky decomposition
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i.e., a function which evaluates x — A x. Quiz 3.2: Can you think of an example where matrix-vector
products are available, but you typically don’t have access to the entries of the underlying matrix?

Our objective ¢ from (3.1) satisfies

1
P(x) = ExTAx -b'x+c
Vo(x)=Ax—-b=r.
We call r = V¢ (x) the residual of the linear system A x = b at x.® Independently of any method we

might be using to solve Ax = b (or minimize ¢), we have the following relation between the values of
the objective, the error x — x* at a point x, and the residual at x:

Lemma 3.3. We have

B0 - $(x) = Sl =l = S IIE = S99 52

Proof. Direct calculation shows
* 1 T T 1 T * T, %
¢(x)—¢(x):5 Ax—bx+c—5(x)Ax +b'x"—¢
1 1
= ExTAx - (x)"Ax - E(x*)TA x* + (x")TAx" since b= Ax"
1 1
= ExTAx - (x")"Ax+ E(x*)TAx*

1 2
= Sllx =1

1 1
= E(X -x)'r = ErTA_lr sincer = A (x — x¥)

1

2
= >l

1
= 5||V¢(X)|Iifl-

We will discuss in the remainder of this section two different iterative methods for the solution of (3.1),
and equivalently the solution of the linear system A x = b, where A is s. p. d. These methods are the
gradient descent method (also known as steepest descent method), and the conjugate gradient
method.

We begin with the gradient descent method, which is based on the following simple
Idea: from the current iterate x(¥), move a bit along the direction of steepest descent of the objective,
and take the point reached as the next iterate x(¥+1)

8Sometimes the residual is defined in the literature with opposite sign. We do not write r(x) to keep the notation concise.
It will be clear from the context which vector x the residual is associated with.

9You can learn more about iterative solvers for more general linear systems (not related to optimization) in the class
Numerische lineare Algebra.
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§ 3.1 DIRECTION OF STEEPEST DESCENT

We first need to clarify what descent directions and the directions of steepest descent of a function
f:R" — R at a point x are.

Definition 3.4 (Descent direction).
Suppose that f: R™ — R is differentiable at x € R"™. A vectord € R" is termed a descent direction for f
at x if

f(x)d<o. (3.3)

holds.

By definition, the direction of steepest descent minimizes the directional derivative f”(x) d over all
vectors d € R” of constant length. What we mean by “length” is defined through the inner product M

in use:
Minimize f'(x)d whered € R"

subjectto  ||d||y = 1. (34)
We note that we could be considering the equivalent problem
Minimize f'(x)d whered € R"
(3:5)

subjectto  ||d||y < 1.

The normalization to unit length is, by the way, arbitrary.

Problems (3.4), (3.5) are constrained problems, but we can solve them without an elaborated theory.
We rewrite the objective so that the directional derivative is expressed using the M-inner product'®

f(x)d=Vf(x)d=Vf(x)' M Md=(M'Vf(x)) Md,

where we used the symmetry of M (actually of M~!) in the last step. The Cauchy-Schwarz inequality
w.r.t. the M-inner product shows that this expression is minimal precisely when d is antiparallel to
M7V f(x).

We summarize these findings:

Definition 3.5 (M-gradient, direction of steepest descent w.r.t. the M-inner product).
Suppose that f: R" — R is differentiable at x € R" and that f'(x) # 0 holds.

(i) The vector
Vuf(x) = M~V f(x) (3.6)

is termed the gradient of f at x w.r.t. the M-inner product or briefly: the M-gradient.

(ii) The vector —V  f (x) and all of its positive multiples are termed the directions of steepest descent
of f at x wr.t. the M-inner product.

1°Tn case this means something to you, we determine the Riesz representer of f’(x) w.r.t. the M-inner product.

https://tinyurl.com/scoop-nlo 13
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We evaluate the negative M-gradient (direction of steepest descent) by solving the linear system
Md" = -Vf(x). (3.7)

When using the Euclidean inner product (M = Id), we continue to write Vf(x) instead of Viqf(x).
Sometimes, the use of Vy,f(x) instead of the Euclidean gradient direction Vf(x) is referred to as
preconditioning.

§ 3.2 GRADIENT DESCENT METHOD WITH CAUCHY STEP SIZES

The direction of steepest descent at x used by the gradient method is thus"

d=-Vyp(x) =-M""r.

Now that the choice of direction is clear, let us analyze the choice of the step size. We have the
following expression for the difference of function values before and after a step:

1 1
dx+ad) - ¢(x) = 5(x+ad)TA(x+ad)—bT(x+ad)+c—ExTAx+bTx—c

1
= E(dTAd) a* +(Ax-b)da

- %(dTA d) o+ (Fd) a. (38)

Note: This formula holds for arbitrary directions d and step sizes a.

When d # 0, then the one-dimensional quadratic polynomial & — ¢(x + a d) is strongly convex. It is
therefore an obvious idea to choose « such that ¢ (x + « d) is minimized. According to (3.8), we have

%g{)(x +ad)=(dAd)a+r'd,

az
$¢(x+ad) =d'Ad > 0.

Due to the positivity of the second derivative, the second-order sufficient condition (Theorem 2.3) is
satisfied when a—‘fzqﬁ(x + ad) = 0, which amounts to
. r'd

e TV (3-9)

Note: ¢* = 0 holds if and only if 7 = 0, i. e., the solution has been found.

We avoid iteration indices for now in order to avoid cluttered notation.
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This “optimal” step size is also known as the Cauchy step size. For this choice, the difference of
function values (3.8) before and after a step becomes

d(x+a*d) — d(x) = %(dTA d) (") + (F"d) a*
1, . r'd \2 . r'd
=3dAd) (dTAd) - rd) 72
_1(7dy?
T2 dAd (3.10)

Note: This formula holds for arbitrary directions d # 0 but it uses the Cauchy step size a*.

We can now state the steepest descent method w.r.t. the M-inner product and the Cauchy step size
(3.9) for the iterative solution of the unconstrained quadratic minimization problem (3.1) with s.p. d. A.
This method, with M = Id, was already published by Cauchy, 1847.

Algorithm 3.6 (Gradient descent method for (3.1) w.r.t. the M-inner product with Cauchy step size).
Input: initial guess x(*) € R"
Input: right-hand side b € R"
Input: s.p.d. matrix A (or matrix-vector products with A)
Input: s.p.d. matrix M (or matrix-vector products with M™1)
Output: approximate solution of (3.1), i.e, of Ax =b
1 Setk =0
2 Setr(® = Ax( —p
Setd® = —M~1(®
Set 50 == —(r()7g(®
while stopping criterion not met do
Set q'K) = Ad*)
Set Ok) = (q(k))Td(k)

/ evaluate the initial residual
/ evaluate the initial negative M-gradient
/80 = IVm (N3, = IF V13

Set o) = 5) /9(k)
Set x (k1) = x (k) 4 (k) g(k)
;. Set k) = p(k) 4 oK) g (k)
o Setd®) = —p1p (k)

12 Set S(k+1D) = _(r(k+1))Td(k+1)
13 Setk =k+1

14: end while

15: return x ()

IR R R B

/ evaluate the Cauchy step size

/ update the iterate

/ update the residual

/ evaluate the negative M-gradient
/85 = Vg (x D) I3, = IrED2

The following can be said about Algorithm 3.6.

Remark 3.7 (on Algorithm 3.6).

(i) Algorithm 3.6 is an iterative solver for the unconstrained quadratic minimization problem (3.1) with
s.p.d. A, and simultaneously an iterative solver for the linear system Ax = b.

(ii) We do not require access to the matrix A entry by entry, matrix-vector products with A are enough.

https://tinyurl.com/scoop-nlo 15
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(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

The user gets to choose the inner product M. This is known as preconditioning, and therefore
Algorithm 3.6 is often termed a preconditioned gradient descent method. The case M = 1d
corresponds to the classical gradient descent method (without preconditioning).

We also do not require access to the inner product matrix M entry by entry, matrix-vector products
with M~ (i. e., solutions of linear systems with M) are enough.

Algorithm 3.6 requires the storage of four vectors, which are iteratively overwritten: iterates x*),
residuals r'® | negative gradient directions d©, and vectors ¢ = Ad®).

Every iteration requires one matrix-vector product with A and one application of the preconditioner,
i. e., one matrix-vector product with M1,

In order to mitigate the accumulation of round-off error, it is advisable to evaluate the residual
every, say, 50 iterations according tor®) := Ax®) — b, rather than update it.

The Cauchy step sizes satisfy

1 @®)yaq®

as long as d'®) # 0 holds, i. e., as long as x'¥) # x*. Consequently, the Cauchy step sizes generated
can be used to obtain estimates on the eigenvalues of A w.r.t. M.

When Algorithm 3.6 is provided with the value of c, the following recursion can be added to the
algorithm to keep track of the value of the objective:

1
$(x©) =+ 5(r<°) - b)"(x") initialization (3.12a)

1
¢(x(k+1)) — gb(x(k)) _ 5 a® 5k update. (3.12b)

This does not incur noticeable computational overhead and does not require the storage of extra
vectors. Alternatively, the value of ¢(x?)) can be provided.

We now seek to estimate the speed of convergence of Algorithm 3.6. The function values at the iterates
satisfy

P(xF) — (x7)
1

= Ellr(k“) [l by (3.2)
1

- E||r(k) +a®Aad®|?

Lo ()2 k) (o ONT 2R L L1 (012 ¢ ak k
— E“r( )||A-1+01( )(r( ))Td( )+5[a( )] (d( ))TAd( )|
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This formula so far holds for any choice of step size a'¥) and any choice of direction d®). We now
(r)y1q(k)

insert the Cauchy step size a¥) = ~ AL

and obtain

2
“2 A T Wy a2

[(r®)a®)]?
B (1 T [@®)yAd®] [(rR)TAr 0]

[(r*)yTa®)] 2
d®)TAdwo

)(¢(x(k)) - 4(x") by (3.2).

The directions d*) are still arbitrary. Inserting the relationship d*) = —M™1r(*) = —V ¢ (x*))
characteristic for gradient descent, in the form r®) = _Md®)  we obtain

[(d(k))TMd(k)]z
_( T [@®)TAd®] [(dR)MATMAD|

)(¢(x(k)) - $(x").

The fraction is precisely the type of expression estimated by the generalized Kantorovich inequality
(A.19), where a := Ayin(A; M) and f := Apax(A; M) are the extremal generalized eigenvalues of A w.r.t.
M. This yields

BexE) - p(x")

Sb_(;fgﬁ(ﬂx“>—¢wﬂ>
p-a\’ (k) *
= (/“—a) (@(x"™) = p(x"))
_ 2
B (’;+i) ((x®) = g(x)) since k = f/a.

We have thus shown the following classical convergence result for Algorithm 3.6:

Theorem 3.8 (Convergence of Algorithm 3.6). Suppose that A € R™*" and M € R™" are both s. p. d.,
o = Amin(A; M) and B := Amax(A; M) are the extremal generalized eigenvalues of A w.r.t. M. Then for
any choice of the initial guess x°), the gradient descent method with Cauchy step sizes converges to the

unique solution x* = A™'b of (3.1). In terms of the generalized condition number x = f/a, we have the
estimates

¢u“ﬂw—¢uﬂs(ilﬂ2@wwh—¢ww> (3130)
T e I (3.13b)

and consequently
¢u“b—¢uﬂs(ﬁ;1fﬂ¢umb—¢uﬂ) (3130
nﬂ“—was(z;1YMﬂm—xWA (3130
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Moreover, the objective values ¢(x)) and thus the norm of the error ||x*) — x*|| 4 are monotonically

decreasing.

As an immediate consequence of this theorem, we can estimate the maximal number of iterations
required until the left-hand terms in (3.13¢c) and (3.13d) have been decreased relative to their initial

values.

Corollary 3.9 (Maximal number of iterations required in Algorithm 3.6). Given positive numbers &

and &, it takes

2k
K 1 . . L [k=1
k <|=1In|—|| iterations until <&,
4 &1 K+1

K 1 . . L [k=1 k
k <|=1In|—|| iterations until | —— | < &,.
2 & K+1

Proof. ForK—lwehave——O ie. k < 1. We now assume x > 1.

(1) We first show that

holds for all k > 1. Atk = :“1, we have

K—1 1 2 e—1
—ln( ):—ln(—):1>—=2 ~ 0.92.
K 1

K+1

Furthermore, we observe that

lim |- =0,
K—>00 K+1

e (5 )%]=

and for k > 1

Hence, we can conclude that (—1In (£3) — 2) for k > 1 is approaching zero from above, which

proves the claim.

(2) Taking the reciprocal of the inequality shown above, we obtain

0« X ©)
— < - *
_1 -
In(f57) 2
for all « > 1.
(3) Given k > 1, we easily infer that (’;—;;)Zk < & holds if and only if
1 —Ine 1 -1 1
k> = r<11 =_ — In (_) ()
2- 1 (K+1) 211’1 (m) €
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In view of the inequality (+) shown above, we obtain that

k> {E In (lﬂ > In (i)
4 &1 4 €1
implies (xx), which proves the first claim.

The second claim follows similarly. m]

Remark 3.10 (on Theorem 3.8).

(i) (3.13b) shows the Q-linear convergence of (x¥)) to the solution x* in the A-norm.

(if) The contraction factor is 0 < ’f{—jrll < 1, i.e., the convergence estimate depends on the ratio K

between the largest and the smallest generalized eigenvalue of A w.r.t. M. It is the purpose of the
preconditioner/inner product M to keep this ratio small.

(iii) In the extreme case k = 1 we obtain convergence in one step. This happens precisely when M is a
multiple of A. However, we need a solve a linear system with M in every iteration. If we were able
to do that, we might as well solve Ax = b directly.

(iv) A good preconditioner is a compromise between a moderate generalized condition number k and
the effort in applying M~1. Finding a good preconditioner generally requires knowledge about the
problem at hand.

(v) It is natural to measure convergence of the method in the A-norm of the error because, due to (3.2),
that is the quantity being minimized.

(vi) The estimates of Theorem 3.8 are worst-case estimates since they do not depend on the initial guess
x(). In fact, as can be seen in Figure 3.1c, the actual contraction factor for the objective values can
be significantly smaller for some initial guesses than the estimate (3.13c) suggests.

Figure 3.1 illustrates the convergence behavior of Algorithm 3.6 for a 2-dimensional example problem
from a number of different initial guesses x(?). We observe the typical “zig-zagging” behavior of the
iterates as they converge to the solution. This happens for any initial guess, except when x(©) — x*
happens to be a generalized eigenvector of A w.r.t. M, in which case convergence occurs in one step
due to x() = x*. (Such a case is not shown in Figure 3.1).

The zig-zagging behavior of the iterates x(), as well as the non-monotone behavior of |[r ||,
have been analyzed in detail in the literature; see for instance Akaike, 1959; Forsythe, 1968; Nocedal,
Sartenaer, Zhu, 2002. Essentially what happens is that, asymptotically, the error x(¥) — x* alternates
between elements of the eigenspaces belonging to the smallest and the largest eigenvalues of A w.r.t.
M. This is ultimately a consequence of the fact that gradient descent is a memoryless method.

It has also been shown that a necessary condition in order for the norm of the gradient ||r*||;-1 to
converge non-monotonically is that the condition number satisfy k > 3 + 2 V2 ~ 5.83.
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(a) Iterates (x(k)) of the method. Each color corresponds to a different initial guess x(%).

106 . P . . . |
0 5 10 15 20 25 30

(b) The norm of the gradient V6% =
IV )y = 1™y does not
necessarily converge monotonically.

10

10-10 .

1018 : : : ‘ ‘ ‘

0 5 10 15 20 25 30

(c) The objective values ¢(x*)) — $(x*) converge
monotonically. The black line illustrates the
bound (3.13¢).

Figure 3.1: Illustration of the convergence behavior of Algorithm 3.6 from a number of initial guesses
x(®) No preconditioning (M = Id) is used. The two eigenvalues of the matrix are = 1 and

B =10 so the condition number is x = 10.
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It remains to discuss stopping criteria. Several quantities may be of interest in this respect:
(i) Are we happy with a point xK) which is almost stationary, i. e., where ||r*)||; 1 is small?

ii) Are we ha with a point x¥) whose objective value is near the optimal value, i. e., where
ppy p ] p
P(xF)) — p(x*) is small, or equivalently, where ||x*) — x*|| 4 is small?

(iii) Are we happy with a point x¥) whose distance from the minimizer is small in the preconditioner-
induced norm M, i. e., where [|x*) — x*|| s is small?

Note: These criteria do not necessarily imply one another. Try to think of examples.

The only of these three quantities which we can evaluate without knowing x* or ¢(x*) is §*) =
[|r(F) levf—l' Therefore, many implementations use one of the following combinations of a relative and

an absolute criterion based on ||r*) || ;-1

1r® ages < et 17Ol ie, 8 < ey 8, (3.142)
1P g < Eabes ie, 0" <é (3.14b)
IF g < et 1P llags + abs, ie, (BN < e (6P +ems  (3140)
P s < max{ece 7 Iy, eans), e, 6% < maxfel, 6, &, }. (3.14d)

Let us see which consequences either of the implementable stopping criteria (3.14) has on the other
two quantities of interest:

Lemma 3.11 (Implications). The criteria from (3.14) imply, respectively,

e = xlla < Vi et [ = x4 (3:152)
3.15a
I ® = x| < 1 et [1x© = <l
”x(k) - X*HA < (1/\/5) Eabs ( b)
3.15
[lx®) = X"l < (1/a) eaps
%) = x4 < Vicerer 16 = x*[la + (1/Var) eas (3-15¢)
2% = xllar < ket [16” = %" llag + (1/@) eabs
[lx) — x*||4 < max{x/%srel %@ = x*||la, (1/Va) fabs} (3.15d)
* : 3.15
le® = x*llar < masc{ic ret ' = x|, (1/@) eans}
Proof. The proof is part of homework problem 2.3. .

§ 3.3 GRADIENT DESCENT METHOD WITH CONSTANT STEP SIZES

We can show that the gradient descent method continues to converge Q-linearly when, in place of
the Cauchy step sizes, we choose constant step sizes «¥) = @ within a certain range. We obtain as
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above
$(x ) — g (x")
= 1”,,(16) ||2 +a (r)Tge + 72 (d"TAd®)
2

We leave o open for now and insert the gradient descent relation r®) = —M d¥) to obtain
- l“r(k)Hz _ & (d9) M a® + (4974 4%

;“r(k)”A L= (dFNTMa® + ap (A" Md®)  since dTAd < Bd'Md

_ k)2 - - (k)\T k
- 5||r( )||A,1+a(5(xﬁ—1) (d )Md( ),

Here we need to convert the last term into d"M A~'M d, which is equal to r"A™lr, so that it can
be combined with the first term. We require that the coefficient o (%E B - 1) is negative to obtain

convergence. Consequently, we use the first estimate in (A.152):

IA

1 1 1
I OI . + @ (55 B 1) & (dOYMAMA®  provided that @ (Ea f- 1) <0

1
—IIr(k)Ilj_l

1+2&(15ﬁ—1)a

[rvea(lap-1)d]

The condition that & (

($(x™) = $(x")).

% ) is negative amounts to @ € (0, ﬁ)
Remark 3.12 (on the convergence of Algorithm 3.6 with constant step sizes).

(i) We have shown that Algorithm 3.6, where Line 8 is replaced by a'*) = @, still converges, provided
that @ € (0, %).

(ii) From a practical perspective, we therefore need to know at least an upper bound for the largest
eigenvalue f of the generalized eigenvalue problem Ax = A M x. When we have < Pestimate and
choose a € (O —=—), we also have o € (0, ﬁ)

estmt

(iii) The choice & = % yields the optimal estimate. In this case, we obtain

$(x ) — p(x") < (K — 1) (¢(x™) = §(x").

2 _ ; : ; .
Since for all k > 1, we have (K+11) < KTI, the contraction factor in the bound we obtained with
constant step sizes is worse than the one for the Cauchy step sizes; see (3.13a). Consequently, there
is no reason to prefer the gradient descent method with constant step sizes over the version with

Cauchy step sizes.

(iv) The Kantorovich inequality was not needed in the proof.

Figure 3.2 illustrates the convergence behavior of Algorithm 3.6 with constant step sizes for a 2-
dimensional example problem from a number of different initial guesses x(?).
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4

(a) Iterates (x*)) of the method.

4

(d) Tterates (x(k)) of the method.

N

>

(g) Iterates (x(K)) of the method.

5 10 15 20 25 30
(b) Gradient norm ||r®) || -1
10

109

10t o

102

0 5 10 15 20 25 30

(e) Gradient norm ||r®) || 1.

0 5 10 15 20 25 30

(h) Gradient norm ||r %) || 1.

1010

1015
0 5 10 15 20 25 30

(c) Objective ¢(xF)) — p(x*).

10

1015
0 5 10 15 20 25 30

(f) Objective ¢(xK)) — p(x*).

10°

1010

1015
0 5 10 15 20 25 30

(i) Objective ¢(x%)) — p(x*).

Figure 3.2: lllustration of the convergence behavior of Algorithm 3.6 with various constant step sizes
instead of the Cauchy step size. The step sizes, from top to bottom, are & € {0.03,0.10, 0.17}.
No preconditioning (M = Id) is used. The two eigenvalues of the matrix are « = 1 and
B =10 so the admissible range of constant step sizes is & € (0, %) =(0,0.2).
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§ 3.4 GRADIENT DESCENT METHOD WITH OTHER STEP Si1ZE RULES

Step size rules other than the Cauchy step sizes and constant step sizes have been proposed and
analyzed in the literature with the goal of breaking the non-efficient zig-zaggging pattern; among
them Barzilai, Borwein, 1988; De Asmundis, di Serafino, Riccio, et al., 2013; De Asmundis, di Serafino,
Hager, et al., 2014; Gonzaga, Schneider, 2015. We do not go into the details here but mention one
remarkable result from Gonzaga, 2016, Theorem 1. Suppose that & = Apnin(A; M) and f = Apax (A; M)
are the extremal generalized eigenvalues of A w.r.t. M, and x = g is the generalized condition number.

Suppose that k > 1.06 and that
2
k= {\/Eln (—ﬂ
&

holds. Consider the set of mutually distinct, precomputed step sizes

. . — ] +
{am :=L L :=ﬁ acos(1+2J7t)+'B ¢

wW) 2 2k 2

,j:QL“”k—4.

Then the gradient descent method Algorithm 3.6 with step sizes a¥), applied in any order, requires at
most

2k
. . 4 [Kk—1
k iterations until ( ) < .
K+1

The interesting fact is that, compared to the estimate of Corollary 3.9 for the Cauchy step size, the
bound on the iteration numbers is proportional only to +/k, not to k. The result can be modified so that
it is not required to know the extremal eigenvalues exactly, but knowledge of an interval containing
them is sufficient.

We are going to obtain a similar complexity result for the conjgate gradient method in § 3.6.

§ 3.5 GRADIENT DESCENT METHOD AS DISCRETIZED GRADIENT FLOW

We conclude the discussion of the gradient descent method by interpreting it in another way. Consider

the differential equation

x(t) = -Vmf(x(t), t=0
) (3.16)
x(0) = x4,

This is known as the gradient flow associated with f. Its stationary points are precisely the stationary
points of f. Due to

%f(X(t)) = f/(x(0))%(t) = =" (x() MTVf(x(1) = =IVF Oy = =IVmf ()l (317)
the value of f is decreasing along the path x(t).

When we discretize (3.16) by the explicit (forward) Euler method with time step size AtK), we obtain

(k41 _ ()

— A1 (k)
At(k) =-M Vf(x )>
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or equivalently,
xFD = () A Mty f( ), (3.18)

This is precisely a step of the gradient descent method with step size At(¥), Therefore, we can interpret
the gradient descent method as a discretization of the continuous gradient flow equation.

§ 3.6 CoNJUGATE GRADIENT METHOD

The typical inefficient zig-zaggging pattern of the directions d*) is a consequence of the fact that
gradient descent is a memoryless method. That is, we could restart the method at any iterate and it
would produce the same iterates, whether restarted or not. This is where the conjugate gradient
method (CG method, introduced in Hestenes, Stiefel, 1952) takes a different turn. It works with
search directions d¥) which are pairwise A-orthogonal (also known as A-conjugate), and builds a
memory of previously visited directions.

Definition 3.13 (Conjugate directions). Suppose that A € R™" iss.p.d. A set of non-zero vectors
{d©,...,d®)} c R" is termed A-conjugate if

dNTAdD =0 foro<ij<k, i#].

In other words, A-conjugate vectors are pairwise orthogonal w.r.t. the A-inner product. In particular,
{d©,...,d®)} is a linearly independent set. (Quiz 3.3: Can you prove that?)

The CG method is a member of the class of conjugate direction methods. We begin by describing
the properties of a generic conjugate direction method first before we particularize to the CG method.
A conjugate direction method chooses its search directions d(*),d(V, ... so that they are A-conjugate,
and the iterates satisfy

kD) — (k) (k) g (k) (3.19)

The step size a'¥) is the Cauchy step size, which minimizes the one-dimensional quadratic polynomial
a ¢p(x® + ad®).

That is, we have

(0 __(rEd® (3.20)
(dR)HTAdK)’ '
compare (3.9). As in the gradient descent method, the residuals satisfy the recursion
rlel) = (k) 4 g (K) 4 gk (3.21)

End of Week 2

Conjugate direction methods have the remarkable property that the sequence of one-dimensional
minimizations in the A-conjugate directions d(®),d, . . . is equivalent to the minimization over the
entire affine subspace x() + span{d(®),d", .. }. This is shown in the following result.
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Lemma 3.14 (Properties of conjugate direction methods). Suppose that A € R™" is s. p. d. Given an
initial guess x(© and a set {d(o), dov, ..., d(k_l)}, k > 1 of A-conjugate search directions, suppose that the
iterates x\9, ..., x%) are generated according to (3.19) with Cauchy step size (3.20). Then the following
holds.

(i)
r"NTdD =0 foralli=o0,1,...,k—1. (3.22)

(ii) x®) minimizes ¢ over the affine subspace x'*) + span{d®,dV, ... d*V}.

Proof. We can show Statement (i) via induction over k. For k =1,

(rTd©® = (Ax® - b)Ta® by definition of the residual
= (Ax'" +a' 9443 —p)"d'Y by (3.19)
= (r(o))Td(O) +a® (d(o))TA d® by definition of the residual

=0 since a(? is the Cauchy step size (3.20).
The induction step assumes (r(k_l))Td(i) =0foralli=0,1,...,k — 2 and proceeds as follows.

(rONTgk= = (k= (k=D 4 gk=D)Tg(k=1) " 1y the residual recursion (3.21)

=0 since a7V is the Cauchy step size (3.20).
For the remaining search directions d (D i=0,1,..., k-2 we have
(rFNTg®) = (r(k_l) +ak DA d(k_l))Td(i) by the residual recursion (3.21)
= (rte=D)Tg() 4 k=1 (gk=DyT 4 g (D)
—_——— N— ————
=0 by assumption =0 due to A-conjugacy
=0.

For Statement (ii) we consider the function h: R — R

k-1
h(o) = ¢ (x<°> + Z o d<f>) :
j=0

h is strongly convex (Quiz 3.4: Why? ), and the unique minimizer ¢* is characterized by

8h(0*)_v (0) S sdDY gD =0 =0 k-1
90, ¢(x +JZ=;0]~ ) =0, i=0,...,k-1 ()

However, we already know that it is the iterate

k-1
28 = x0 1+ 3 a0 € 1O + span{d®,d, ..., d*V}
j=0
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which satisfies (x), since
k-1 T
V¢(x<°> + Z e) d(j)) 4D = Vg (x®)TgD = (r0)Tg = g
j=0

holds for alli =0, ...,k — 1, as shown in Statement (7). O

Corollary 3.15 (Properties of conjugate direction methods). Any iterative method (3.19) using A-
conjugate directions d'*) and Cauchy step sizes (3.20) converges to the unique solution of (3.1) in at most
n steps.

Proof. The search directions d'¥) are A-conjugate and thus linearly independent. Therefore,
span{d(o), av, .. d("fl)}

is all of R”, so that x(™) minimizes ¢ over all of R” by Lemma 3.14. O

In practice, the statement of Corollary 3.15 is weakened by floating point error. Moreover, the result of
Corollary 3.15 is not really relevant for high-dimensional problems since performing n iterations is
prohibitively expensive. We will later see more practical convergence estimates.

There are many possibilities to generate pairwise A-conjugate directions d¥), each of which leads to a
different conjugate direction method. The conjugate gradient method (CG method) determines the
current direction d*) as a linear combination of the previous direction d*~) and the current steepest
descent direction —M~1r (k)12

d® = M@ for k =0,

4% = A 4 g gD g s g, (3-23)
The coefficient ¥) is determined in such a way that at least d'*) and d*~V are A-conjugate:
k)\Tas-1 k-1
(k) = (r( )) M AT (3-24)

(d(k—l))TA dk-1) °

Interestingly, the algorithm obtained in this way generates search directions which are fully A-
conjugate, as shown in the following result.

Lemma 3.16 (Properties of the iterates in the CG algorithm, see Nocedal, Wright, 2006, Theorem 5.3).
Suppose that x'*) € R" is given and that the search directions {d®),dV,...,d*®)} and the subsequent
iterates xV, ..., x %) k > 1, are generated according to (3.19)~(3.20), (3.23)~(3.24), where a'¥) # 0.3

span{r(o), r® L r®y = span{r(o), AM™Hr® AM YOy (3.25)
span{d(o), dV, ..., d®} = M span{r(o), AM™H O (AM YOy (3.26)
d¥NTAdD =0 foralli=0,1,....k—1, (3.27)

M YD =0 foralli=0,1,... k1. (3.28)

2yith (%) = 0, we obtain again the steepest descent method (Algorithm 3.6).
B3g(k) = 0 would mean that x(K) is the unique solution x*. Due to the form of the Cauchy step (3.20), this is clear for k = 0,
as the nominator is ||r*) lp1-1- (3.22) shows that this is also true for k > 0.
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The subspace
KEDAM ) = span{r®, (AM™) rO . (AMTHF O (3-29)

is termed the Krylov subspace (of order k + 1) of the matrix A M~! with initial vector r(*). Therefore,
the CG method is a representative of the class of Krylov subspace methods. The properties (3.25)
and (3.26) imply that the method creates, simultaneously, an expanding sequence of M~*-orthogonal
basis vectors of the spaces K *1) (A M™1;r(%)), as well as an expanding sequence of A-orthogonal
basis vectors of the spaces MK k) (A M1, r(0)),

Proof. We first prove (3.25)—(3.27), by induction. For k = 0, statement (3.25) holds trivially. Statement
(3.26) holds since the CG method starts with d(®©) = —M~'r(?), Statement (3.27) is void for k = 0.

Suppose now that (3.25) and (3.26) have been shown up to some k > 0. We need to show that they
also hold for k + 1. By hypothesis,

r) e span{r(o), (AM™r©® . (AM YO,
d® e M1 span{r(o), (AM™) r(o), e (AM_l)k r(© 1,
hence Ad®) e AM™! span{r(o), (AM™YHrO (AMTHk O}
= span{(AM™H) r® (AM YOy
Due to the residual recursion (3.21), we therefore have
Pk Z () 4 o (0) 4 g(0)
€ span{r(o), AM™HrO (AM YOy 4 span{(AM™) rO L (AMTHR O
= span{r'®, (AM™ ) rO, . (AM k1O (%)

Due to the induction hypothesis for (3.25), the same statement (+) holds when k + 1 is replaced by a
smaller index. Therefore, we have shown that

span{r® r® &Y C gpan(r® (AMTY) rO L (AMTHR0)
holds. Now for the reverse inequality. By the induction hypothesis for (3.26), we find
AM Y AM YO e A span{d®,dV, ..., d®} = span{Ad®, AdWV, ..., 4d")}.

By the residual recursion (3.21), specifically

4 1 4 . S
Ad(l) = E(F(H-l) - r(l)) S span{r(l), r(l+1)}
fori=0,1,...,k, it follows that

AM Y AM™ <O ¢ span{r(o), r@ ey
When combined with the induction hypothesis for (3.25), i.e.,

span{r(o), AM™H O (AM YOy = span{r(o), r ey
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we find the desired reverse inequality
span{r®, (AM™) r©® (AM YO} € span{r®, FD DY
Thus the induction step for (3.25) is complete.

To see (3.26),

span{d(o), ,d%, dk+y
= span{d(o), o, dW Aty by (3.23)
=M span{r'®, (AM™) rO, . (AM kO Dy by (3.26)
=M 'span{r®, rO R )y by (3.25)
by (

=M span{r'® (AM™) rO,  (AMTHE O (A MR 3.25) for k + 1.

This concludes the induction step for (3.26).

Next we address the A-conjugacy of search directions, (3.27). By the induction hypothesis, the directions
d©, ... d% are pairwise A-conjugate. Consider

(d(k+1))TA d(l) — (_M—lr(k+1) + ﬂ(k+1) d(k))TA d(l) (**)
fori=0,...,k. In case i = k, we have
(d(k+1))TA d(k) =0

by construction of the search direction d ¥+, see (3.23) and (3.24). When i < k — 1, we argue as follows.
From (3.26), we obtain

M'Ad® e MTTAM™ span{r(o)} c span{d(o),d(l) %
M7AdY e MT'AM  span{r®, (AM™) (0} c span{d®,dV, 4},

MTAd* D e MT'AM  span{r®, ..., (AM™H) 1O} € span{d?,...,d"P}.
We thus find that, for any i < k — 1, the term (r**))TM 1A d® in (++) belongs to
(r% T span{d @, ..., d"*V} = span{(r**V)Tq® . (r*DyTgli+Dy
By (3.22), however, (r**))7d() = ¢ for j = 0, ..., k. Therefore, (+*) reduces to
(d(k+1))TA d(l) — ﬁ(k+1) (d(k))TA d(l) (***)
By the induction hypothesis, this is equal to zero, which concludes the induction step for (3.27).

Finally, we consider the M~!-conjugacy of residuals, (3.28), for k > 1. We do not need an induction
argument for this. We consider two cases for (r*))TM~1r(®);
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(1) In case i = k —1, we have (o)
(KT -1, (k=) _ (r(k—l) +a(k—1)Ad(k—1))T(_d(k—l) + B gk=2)) fork > 2
(r') r T (kD 4 kD 4 gk (k) fork = 1

(o)

by the residual recursion (3.21) and the construction of search directions (3.23). Since the Cauchy
(d(k—l) )Tr(k—l)
T (d®D)TAqED>
consider the remaining terms when k > 2. We obtain
(r&=Tgk=2) = 0 due to (3.22),

(Ad*FD)T(g*=2y =g owing to the A-conjugacy of search directions.

step size satisfies a(k~1) = the term (O) is equal to zero for all k > 1. Let us

Therefore we conclude that ()M =171 = 0 holds for all k > 1.

(2) incasei < k — 1, we have
[ AL 8 i
When expanding, we obtain terms of the types (note i < k — 1)
(r*&NTg@D =0 due to (3.22),
(Ad* DY g =0 owing to the A-conjugacy of search directions,
(r*=Tgl=1 = o due to (3.22),
(Ad%*D)q=Y = 0 owing to the A-conjugacy of search directions.

Therefore we conclude that (r®)"M~1r() = 0 holds forall k > 1and 0 < i < k — 1. O

Using the properties of the iterates shown above, the equations (3.20) for a¥) as well as (3.24) for ¥
in the CG method can be equivalently formulated as follows:

(rtTg (k)

(k) — _ ;
att = ) AdE by the Cauchy step size formula (3.20)
(N g1 (k) (k)3T g (k=1)
= (Ed(k)))Td:k) 1 (tl(k);Tw by the search direction recursion (3.23)
= W by (3.22) (3.20 )
and
(k+1) TM—IA d(k)
U+ = ) by the orthogonalization coefficient (3.24)

(d®)TAdF)
(kDT A1 (k+D) _ (k)
- & (d(k)))T( (1(:1) (k:) ) by the residual recursion (3.21)
r(ks) —p
(r(k+1))TM—1(r(k+1) _ r(k))

T (=M1 1 g gD (kD) — ()

(r(k+1) )TM_lr(k'H)

- (r())Tp-17(k) by (3.22) and (3.25). (3.24")

by the construction of search directions (3.23)
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The relations (3.20°) and (3.24’) are also true for k = 0.

We have now obtained the common form of the CG method w.r.t. the M-inner product, commonly
referred to as the preconditioned conjugate gradient method.

Algorithm 3.17 (Conjugate gradient method for (3.1) w.r.t. the M-inner product).

Input: initial guess x(*) € R"

Input: right-hand side b € R"

Input: s.p.d. matrix A (or matrix-vector products with A)
Input: s.p.d. matrix M (or matrix-vector products with M™1)
Output: approximate solution of (3.1), i.e, of Ax =b

1 Setk =0
2 Setr(® = Ax(®O —p / evaluate the initial residual
3 Setd® = —M~1r(© / evaluate the initial negative M-gradient
4 Set 8 = —(r(©)Td©® 78 = Vg (x N5, = IIr N2,
5: while stopping criterion not met do
6o Setqh = Agk)
7: Set ) = (q(k))Td(k)
8 Set a'k) = §k) /9K / evaluate the Cauchy step size
9: Set x K1) = x (k) 4 (k) g(k) / update the iterate
10 Set rk+1) = (k) 4 (k) (k) / update the residual
w Setd®) = _p1pkHD) / evaluate the negative M-gradient
12: Set 5(k+1) — _(r(k+1))Td(k+1) ) Sk+) = ||VM¢(x(k+l))||/2\4 — Hr(kH)H?\/I*l
13 Set k) .= §k+1) /5(F) / evaluate the A-orthogonalization coefficient
i Setd*H) = gkl 4 plktt) g (k) / make d**V A-orthogonal w.r.t. d®
15: Setk =k+1

16: end while
17: return x(k)

Remark 3.18 (on Algorithm 3.17).

(0)

(if)

(iii)

From Lemma 3.16 we know that the CG method generates pairwise A-orthogonal directions, although
it only needs to orthogonalize any new direction d**V) against the most recent one, d'*). This
phenomenon, known as short-term recurrence, is possible due to the symmetry of A.

The conjugate thus keeps a memory of previously visited directions, although this memory is mainly
implicit. As shown in Algorithm 3.17, we can implement the method with a constant amount of
storage.

The implementation of the CG method is very similar to the steepest descent method (Algorithm 3.6).
The only (but significant!) difference lies in the fact that we A-orthogonalize the steepest descent
direction against d%) before we use it as the new search direction d**V. The initial search di-
rection d®) is the steepest descent direction for ¢ at x\°). Consequently, the iterate xV is the
same for the conjugate gradient method and the steepest descent method with Cauchy step size
(Algorithm 3.6).

https://tinyurl.com/scoop-nlo 31


https://tinyurl.com/scoop-nlo

E. Herberg @O®S

(iv) The name conjugate gradient method is a bit of a misnomer, since it is not the gradients which
are A-conjugate, but rather the search directions d (k)

v) Remark 3.7 remains valid for the conjugate gradient method as well, with minor modifications. We
gate g
need to store one additional vector since d*) and d**V) are needed simultaneously.

(vi) The stopping criteria (3.14) and their consequences (3.15) continue to hold since they depend on the
same computable quantity ||r'®)||y;1 as in the steepest descent method.

Our next goal is to establish a convergence result for the conjugate gradient method, and to compare
it to Theorem 3.8 for the steepest descent method with Cauchy step size. A major difference is that we
will not obtain a result about the reduction of the error from iteration to iteration, but rather a result
about the reduction of the error compared with its initial value.

Theorem 3.19 (Convergence of Algorithm 3.17, compare Theorem 3.8). Suppose that A € R™*" and
M € R™" gre boths. p. d., @ := Amin(A; M) and f = Amax(A; M) are the extremal generalized eigenvalues
of A w.r.t. M. Then for any choice of the initial guess x'°), the conjugate gradient method converges to the
unique solution x* = A7'b of (3.1). In terms of the generalized condition number x = f/a, we have the
estimates'

Vi -1
Vi +1

k
* \/E_l *
||x<’<>—x||Asz( e (@ = x*|| 4, (3.30b)

Moreover, the objective values ¢(x©)) and thus the norm of the error ||x*) — x*|| 4 are monotonically
decreasing.

2k
P(x*)) — p(x*) sz( ) (¢ (x') = p(x™)) (3.30a)

Proof. Since the search directions, by (3.26), span M~'K®) (A M~1;r(©), we have
x®) — xO e Mg ® (A ML 0,

In other words, we have
(k) _ 5 (0) q(k—l) (M'A) M1
for some polynomial g'*~V in the matrix M~'A of degree at most k — 1. Abbreviating e®) = x(¥) — x*
and using Ae(® = Ax(® — Ax* = r(©) we can manipulate this equation into
e(k) — e(o) + q(k—l) (M_IA) M_lr(o)
=0 4 q(k—l) (M_IA) M4
= [1d+q* Y (MTA) M A] €

where now p*) is a polynomial of degree at most k satisfying p*) (0) = 1.

4 compare (3.13¢), (3.13d)
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By construction, the conjugate gradient method minimizes ||e¥||4 in every iteration. We can now
express this in terms of a minimization over the vector space I of polynomials of degree < k:

le® 14 = min{llp(M~'4) eVl |p € T, p(0) =1}. (3:31)

We expand the initial error ¢(® in terms of the basis of eigenvectors of A w.r.t. M; see (A.10), (A.11).
Suppose we denote the generalized eigenpairs by (1), 1)), we can write

n
e(0) = Z y Doyl
J=1

with some coefficients y/) determined by e(?). We can thus manipulate the objective in the minimiza-
tion problem above as follows:

Ip(M~4) @ s = [p(174) (3 ra ),
j=1

n
_ HZ v p(M1A) UmHA
j=1
In view of Ao) = A M o) and thus M~1A o) = D) this is
n . . .
_ HZ y“)p(lm)v“)u ,
. A
j=1
By pulling the maximal value of [p(1))| out of the sum, we can estimate this quantity further:

n
() ” () <j>||
<
< max [p(A)| JZY o

_ ONIRO
= max [p(A)][|e]].
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In detail, the inequality above can be seen as follows
L NPT
HZ OIS HA
j=1

— Z y(i)y(j)p(/l(i))p(/l(j)) (U(i))TAv(j)

i.j=1
n
= Z y(i)y(j)p(/l(i))p(/l(j))A(j)(v(i))TMv(j) usingAU(j) = 21D proW)

i,j=1

= Z [p(/l(j))]2 [y(j)]z A9 (UMW) using the M-orthogonality of the eigenvectors
j=1

n
< max [p(A(j))] 2 Z [y(j)]z AP (UM W) using the positive definiteness of M
j=l...,n -
Jj=1
. n . . . . .
= max [p(A)]2 Yy @y 20) (00 p o)
Jj=1...n =

n
= Nk ), () (DT 4 ()
nglaxn [p()t )] Z Yy (o) Ao

i.j=1

0 O]
J J
ZY v HA

j=1

_ (H)\12
= max [p(A7)]

.....

,,,,,

and since the eigenvalues lie in the interval [a, f],
le® 1 < min{ max |p(2)l|p € T, p(0) = 1} ™ (332)
z€[a,p]

le™ 4
el
p(0) =1 can attain on the interval [«, ] spanning all generalized eigenvalues of A w.r.t. M.

We have thus estimated by the smallest maximal absolute value any polynomial p € II; with

The question about the optimal polynomial in (3.32) can be answered by Chebyshev polynomials; we
refer you to Elman, Silvester, Wathen, 2014, Theorem 2.4 if you want to know more details. It turns
out that the optimal value

min{ max |p(2)l|p < I, p(0) =1}
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depends only on k = 8/« and it is given by

raRtl

[

From there, we finally obtain

k
Ve —1
le®la <2 ( N [P

which is precisely (3.30b). Squaring both sides and dividing by 2, we also obtain (3.30a). O

Corollary 3.20 (Maximal number of iterations required in Algorithm 3.17, compare Corollary 3.9).
Given positive numbers ¢ and ¢,, it takes

2k
2 -1
ﬁ In|— || iterations until 2 VK <&,
4 & Vie+1
k
2 -1
VK In (—ﬂ iterations until 2 (\/E ) < &.
Ve +1

&2

k <

k <

Proof. The proof is similar to Corollary 3.9 and it uses that

[E) 2,

holds for all k > 1. O

Remark 3.21 (on Theorem 3.19).

(i) The estimates (3.30a) and (3.30b) establish the R-linear convergence of the respective quantities to
zero.

(ii) Compared to the estimates (3.13¢c) and (3.13d) for the gradient descent method, we obtain the

k
reduction factor (%) in place of (i—;ll)k which is generally much better.

(iii) The superiority of the CG method compared to the gradient descent method is also reflected in
the estimates for the maximal iteration numbers to achieve a certain reduction in the quantities
P(x ) — p(x*) and ||x'*) — x*|| o, respectively. The bounds for the maximal iteration numbers are
proportional to \/k for the CG method, not proportional to k.

(iv) As was the case for Theorem 3.8, the estimates of Theorem 3.19 are worst-case estimates since they
do not depend on the initial guess x°). In fact, as can be seen in Figure 3.3¢ and Figure 3.4b, the
actual contraction factor for the objective values can be significantly smaller for some initial guesses
than the estimate (3.30a) suggests.
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(a) Iterates (x(k)) of the method. Each color corresponds to a different initial guess x(%).

10
10
10°
D
10t ¢
10°
102
107
104 100 b
10°F J
10°® : : : ’ ; ' 10718 : - ; ; ; !
0 5 10 15 20 25 30 0 5 10 15 20 25 30
(b) The norm of the gradient V§®*) = (c) The objective values ¢(x*)) — $(x*) converge
IVad(x Ny = [Ir® ]y does not monotonically. The black line illustrates the
necessarily converge monotonically. bound (3.30a).

Figure 3.3: Illustration of the convergence behavior of Algorithm 3.17 from a number of initial guesses
x(®). No preconditioning (M = Id) is used. The two eigenvalues of the matrix are & = 1 and
B =10 so the condition number is x = 10.
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10t ¢

100 L

10-1 L

102 ¢

10° ¢

-10 |
10
104 £

105 ¢

10-6 1 1 1 L L | 10-15 L 1 1 1 L |
0 5 10 15 20 25 30 0 5 10 15 20 25 30

(@) The norm of the gradient V§®) = (b) The objective values ¢(x*)) — ¢(x*) converge
IVud(c) e = Ir® |y does not monotonically. The black line illustrates the
necessarily converge monotonically. bound (3.30a).

Figure 3.4: lllustration of the convergence behavior of Algorithm 3.17 from a number of initial guesses
x(®) No preconditioning (M = Id) is used. Here A is a random matrix of dimension 100 X100
with eigenvalues in the interval [, f] = [1,100] so that the condition number is k = 100.

(v) Other informative error bounds than (3.30) and (3.30b) and convergence results can be obtained by
proceeding as in the proof of Theorem 3.19 and choosing other polynomials to bound the error with.

The iterates of the conjugate gradient method have a further remarkable property, which we will
exploit later on:

Lemma 3.22 (Growth of the distance from the initial guess’). Consider the iterates x*) of the conjugate
gradient method (Algorithm 3.17). As long as x) # x* holds, the sequence ||x®) — x|y is strictly
increasing.

Note: The steepest descent method does not have this property.

Proof. Statement (i) in Lemma 3.14 implies that

k-1

(rONT(x®) — x(0)y = Z a; (r’*®)Td® =0 forallk > 0. (%)
i=0 —
=0

We now show by induction that (x(k) - x(o))TM d® > 0 holds for k > 1. Initially, for k = 1,

I5In the literature, we find this result often only for the case x(® = 0, see for instance Nocedal, Wright, 2006, Theorem 7.3.
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Statement (i) in Lemma 3.14 once again yields

=0

(x® = xOYTArg® = g© (@) a1 (-M~ D 4 DGO
=g ,3(1) (dOYMmMqd®

—_——— ———
>0 >0 >0

> 0.
We now proceed with the step from index k to k + 1:
(xHD) _ O)Tap gk (Ut _  O)Tap _pg=tp (k) glksn) gk
— ﬂ(k+1) (x(k+1) _ x(O))TM d(k) by (*)
= U (5B 4 (k) g(k) _ 5 (OyTpp g (k)

= AU (x(B) _ (OTpp gk) 4 o (F) glkst) (g (k)T pp )
> 0. ()

Due to the induction hypothesis as well as a'*) > 0, &1 > 0 and (d©)"™Md*) > 0, the entire
expression is positive.

The desired result now easily follows from

[+ — (@) ”12\/1 =[x 4 gF) gtk _ x(© ”12\4

— ||x(k) — %0 HIZVI +2 a(k)(x(k) _ x(O))TM d®) 4+ (a(k))Z ”d(k) ||12v1 D)
— | —
>0 >0 >0
O

The relations (xx) and (x*x) allow us to compute the informative quantities

w®) =[]k — xO2, (3.332)
£ = () = xO)Tva® (3.33b)
y® = 1a®2, (3.33¢)

on the side without any noticeable effort. This can be achieved by inserting, at the appropriate positions
in Algorithm 3.17 (Quiz 3.5: Where?), the relations

w9 =, ) = k) 4 Za(k)§(k) + (k)2 y(k) see (k) (3.34a)
g0 =0, gD = U (£ 4 gy (1) see (+) (3:34b)
y© =50, y k) = sl gtz () (confirm for yourself). (3.34¢)

The remarkable fact about this is the possibility to keep track of (3.33) without requiring access to the
matrix M, or even matrix-vector products with M. Notice that we usually do not have the latter since
we only need matrix-vector products with M1 in Algorithm 3.17.
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Appendix A. Notation and Background Material

In these lecture notes we use color codes for definitions and highlights. The natural numbers are
N={1,2,...}, and we write N, for NU {0}. We denote open intervals by (a, b) and closed intervals by
[a, b]. We usually use Latin capital letters for matrices, Latin lowercase letters for vectors and Greek or
Latin lowercase letters for scalars. We use Id for the identity matrix. We distinguish the vector space
R" of column vectors from the vector space R,, of row vectors.

A.1 VECTOR NORMS

Aninner product (-, -) on R" is a symmetric and positive definite bilinear form, i. e, amap R"XR" — R
with the following properties:

(x, ) = (¥, x) (symmetry) (A.a)
(g x1+ @z x2,y) = a1 (x1, ¥) + @2 (%2, ¥) (bilinearity part 1) (A.1b)
(x, ry1+ P2 y2) = Bi (x, y1) + B2 (x, ¥2) (bilinearity part 2) (A.1c)
(x,x) 20 and x#0= (x,x)>0 (positive definiteness) (Aad)

for all x, x1, x2, ¥, y1, y2 € R" and all a1, ay, By, B2 € R.

Inner products on R” are in one-to-one correspondence with symmetric and positive definite (s. p. d.)
n X n matrices. That is, every s. p. d. matrix M € R™*" induces an inner product

(x, y)m = x"My,

and, on the other hand, every inner product (-, -) on R” is induced by an s. p. d. matrix M. For simplicity,
we will refer to M itself as the inner product it induces, or use the term “M-inner product”.

Every inner product (-, -)»s induces a norm' by way of
[|x]lp == VX™ x. (A.2)

In particular, the Euclidean inner product x" y corresponds to the identity matrix M = Id, and we denote
the associated norm by ||x||. We won’t be writing (x, y) or x - y for the Euclidean inner product.

"We are only considering norms induced by inner products.
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Notice that for vectors x, y € R”, we have

ab=aM'Mb
< |IM7'a||m||blls by the Cauchy-Schwarz inequality w.r.t. the M-inner product
= |lallp-11b]m- (A.3)

A.2 MATRIX NORMS

A matrix A € R™*" represents a linear map by way of R” 3 x — Ax € R™. When R" is equipped
with the M;-inner product and R is equipped with the M-inner product, we define the matrix norm
or operator norm of A as

|A x| p
Al mye—ns, = max ———=. (A.4)
x20  ||x||p
We thus have
A Xl < IAlvpns lixllyg,  for all x € ™. (A3)

When M; and M; are both the Euclidean inner products, ||A||1g—1q or simply ||A|| is the largest singular
value of A. In the general case, || Al|a,—a, is the largest singular value of a suitably generalized singular
value decomposition.

There are matrix norm which are not operator norms. The most prominent one is induced by the inner
product

m n
A:B:= trace(ATB) = Z aij bij~ (A6)
i=1 j

—

The associated norm
m 5 \1/2
lallr = (Y > a) (A7)

is termed the Frobenius norm of A.

A.3 EIGENVALUES AND EIGENVECTORS

Every symmetric matrix A € R™*" possesses an orthogonal transformation to a diagonal matrix,
known as eigen decomposition or spectral decomposition. That is, there exists an orthogonal
matrix V € R™" and a diagonal matrix A € R"*", such that

AV =VA, ie, A=VAV' (A.8)

holds. The diagonal of A contains the eigenvalues A;, and the columns v; of V are the corresponding
eigenvectors. This decomposition yields the complete solution to the eigenvalue problem

Av=2Ao. (A.9)
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We also work with the generalized eigenvalue problem
Av=AMuv (A.10)

for the particular case where A is still symmetric and the second matrix M € R™" is s. p.d. There
exists an analogous generalized spectral decomposition

AV =MVA, ie, A=MVAV'M, (A1)

where now V is orthogonal w.r.t. the M-inner product, i.e., VMV = Id holds. We also refer to the
solutions of (A.10) as the eigenvalues/eigenvectors of A w.r.t. M or eigenvalues/eigenvectors of
the pair (A; M).

In view of the Courant-Fischer theorem for (generalized) eigenvalues of symmetric matrices, the
generalized Rayleigh quotient of A w.r.t. M satisfies

xTAx

x"™M x

Amin(A; M) < < Amax(A; M) for all x # 0. (A12)

The eigenvectors associated with the smallest and largest generalized eigenvalues A, (A; M) and
Amax (A; M) satisfy the first respectively the second inequality with equality. Using (A.3) and (A.5), we
also have

IxlmllAxllpr xTAx |lxllmllA x|l
“NAllp-1em < = > <— < > < Al p-1em
Il 115, Il 115, [l 1%,
and thus
Amax(H; M) < |[[H||y1ep and = Apin (H; M) < [[H||p1pm- (A13)

Notice that the generalized eigenvalue problems (A.10) and

Mo=AMA"Mo (A.14a)
as well as

AM 'Av=21Av (A.14b)

have the same eigenvalues and eigenvectors (provided that A is not only symmetric but also invertible)
since Mo = AMA Mo & v=1A""Mv & Av=AMovand AM'Av = 1Av & M 'Av = v &
Av = A Muo. Consequently, we obtain the following estimate for the generalized Rayleigh quotients
associated with (A.14):

x"M x
Amin(A; M) < m < Amax (A, M) for all x # 0, (A15a)
TAMT'A
Aumin (A5 M) < % < Amax (A; M) for all x # 0. (A.15b)

Every s. p.d. matrix A € R™ " possesses a unique s. p. d. matrix square root AY2, When A = VAV"
is a spectral decomposition of A with orthogonal V, then

AV? = yAY2YT (A.16)

holds. Herein, A2 is the elementwise square root of the diagonal matrix A.
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A.4 KANTOROVICH INEQUALITY

Suppose that A is an s.p.d. matrix. Let us denote the extremal eigenvalues by a = Apnin(A) and
B = Amax(A). Moreover, since A is s. p. d., it follows that its condition number? is given by

K = g (A17)

Notice that a condition number always satisfies k > 1. From the Rayleigh quotient estimate (A.12)
(with M = 1d), we have

Moreover, since the eigenvalues of A™! are the reciprocals of those of A, we have Ap. (A7) =
1/Anin(A) = 1/a and thus
XA l'x 1
[EY/—
These inequalities hold for all x € R™ \ {0}, and they imply
(x"Ax) (xTA71x) - B

[l * Ta

This estimate, however, is not sharp in general. (Quiz A.1: Can you explain why not?) The Kantorovich
inequality improves this estimate.

Lemma A.1 (Kantorovich inequality). Suppose that A € R™" iss.p.d., @ := Anin(A) and f = Apax(A)
are its extremal eigenvalues, and x = f/a is its condition number. Then

(x"Ax) (x"A™1x) - (a+ p)? - B

1< A8
ST S 4ap Ca (A8
holds for all x € R™ \ {0}, or equivalently, in terms of the condition number k = f/a,
TA TA-L 1 2
AN AT KD (A.18b)

B [l][* 2

Proof. The Cauchy-Schwarz inequality implies

[Ix]1? = x"x = xTATY2 AV2x < || ATV 2| || AY2x]|.
By squaring this, we obtain

Ixll* < lA™Y2x]]? LAY 2x]12 = ("Ax) (" A" %)

and thus the lower bound in (A.18).

2Generally, the condition of an invertible matrix A is & = ||A|| ||JA™||. This is equal to omax(A)/0min (A) with the extremal
singular values omax(A) and opin(A). Since A is symmetric, its singular values are just the absolute values of its
eigenvalues, and since A is also positive definite, we have omax(A) = Amax(A4) = f and opmin (A) = Anin(4) = a.
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From here on, the proof follows Anderson, 1971, as reproduced in the Master’s thesis Alpargu, 1996,

Section 1.2.2. Let Aj,...,4, > 0 be the eigenvalues of A (in any order), and let vy,...,v, be an
orthonormal set of associated eigenvectors. We represent x € R" \ {0} as x = X\, y; v;. Suppose,
w.lo.g., that [|x]|* = X7, y? = 1 holds. Inserting the representation of x yields

B e PG

———
=E(T) =E(1/T)

It is helpful to think about the two factors on the right-hand side as expected values of a “random
variable” T and 1/T, respectively. Here T takes the values ; € [a, f] with “probability” y;. For any
0 < @ < T < B, we can estimate

0<s(f-T)T-a)=(p+a-T)T-af,

and thus
1 a+p-T
=< .
T ap
Taking the expected value, this implies
- E(T
E(T)E(/T) < E(T) 2P —ED
ap
(a+p)? 1 1 2
=—"—-—|E(T)- -
e E GG
_@xp?
dap
This shows that essential upper bound in (A.18). The remaining inequality follows directly from
0<a<p. O

Instead of the Euclidean norm, we can also use the norm induced by the M-inner product.

Corollary A.2 (Generalized Kantorovich inequality). Suppose that A € R™" and M are both s. p. d.,

a = Amin(A; M) and f = Anax(A; M) are the extremal generalized eigenvalues of A w.r.t. M. Then
L < (x"Ax) (XM A™IM x) - (a+p)? B
llx1134 - 4ap a

< (A.19a)

holds for all x € R™ \ {0}, or equivalently, in terms of the generalized condition numberx = f/«,

WA (AT (k+)? (A.19b)

[l - 4k

We do not give a proof of Corollary A.2 here; see for instance Herzog, 2022.
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A.5 FUNCTIONS AND DERIVATIVES

« Given a function f: R" — R and x € R”", the derivative of the partial function t — f(x +te(?)
att = 0 is the i-th partial derivative of f at x, briefly: aixif(x). Here e(?) = 0,...,0,1,0,...,0)7
is one of the standard basis vectors of R™. In other words,

L flerre®) —fx)
0

t

7}
a—xif(x)=}

1
N

« More generally, the derivative of the function t — f(x + td) at t = 0 is the (two-sided)
directional derivative of f at x in the direction d € R", briefly:

fcttd) - f(x)
t

2 .
20/ ) = lim

« The right-sided derivative of the function t — f(x +td) at ¢t = 0 is the (one-sided) directional
derivative of f at x in the direction d € R", briefly:

fx+td) = f(x)

t

"(x;d) = li
J(x;d) lim

« A function f: R" — R is differentiable at x € R” if there exists a row vector v € R, such that

flx+d) - f(x)—od
lld]|

— 0 ford — 0.

In this case, the vector v is the (total) derivative of f at x, and it is denoted by f”(x).

« When f: R"” — R is differentiable at x € R", then

ax; > Ixn

f/(x)z(af(x) af<x>)€Rn_

The transposed vector (a column vector)

VF(x) = = () R

of (x)

is the gradient (w.r.t. the Euclidean inner product) of f at x.
+ When f: R" — R is differentiable at x € R", then
/ a /
flaad) = —-f(x) = f'(x)d

holds for all d € R”. That is, the one-sided and two-sided directional derivatives of f at x agree,
and they can be evaluated by applying the derivative f’(x) to the direction d.
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« A function f: R" — R is continuously partially differentiable or briefly: C'(R", R), if all

. . . af (x . . . . .
partial derivatives gi ), as functions of x, are continuous. C!-functions are differentiable, and
12

the derivative f’ is continuous.

+ A vector-valued function F: R® — R™ is differentiable at x € R" if all component func-
tion Fi, ..., F,, are differentiable at x. In this case, the derivative F’(x) is given by the Jacobian
of F at x, i.e., by

9Fi(x) OF(x)
X1 oxp,
: c Ran .
9Fm (x) OFp (x)
ox1 oxy,

« F is continuously partially differentiable if all entries of the Jacobian are continuous as
functions of x. C!-functions are differentiable, and the derivative F’ is continuous.

« A function f: R" — R is twice differentiable at x € R" if f is differentiable in a neighbor-
hood of x and the derivative x — f’(x) € R” is differentiable at x. In this case, the second
derivative f”/(x) is given by the Hessian of f at x, i. e., by the matrix of second-order partial

derivatives
Pf(x)  Pf(x) ’f(x)
2ax12 agcl oxs 8;@ oxp
’flx) o f(x) *f(x)
(82f(x) )n — axzaxl axzz e 3x28xn
8xl- ax]' ij=1 : : :

Pfx)  Ffx) I f(x)

0Xp 0X1 xn0x; ox2

When f is twice differentiable at x, then the Hessian is symmetric by Schwarz’ theorem.?

« A function f: R" — R is twice continuously partially differentiable or briefly: C*(R", R), if
all entries of the Hessian are continuous as functions of x. C?-functions are twice differentiable.

A.6 TAYLOR’S THEOREM

We are going to state Taylor’s theorem in two variants:

Theorem A.3 (Taylor, see Cartan, 1971, Theorem 5.6.3). Suppose that G C R" open, k € Ny and
f: G — Rk times differentiable, and (k + 1) times differentable at x'*) € G. Then for all ¢ > 0, there
exists 8 > 0 such that

incasek =0: |f(x'” +d) - fF(x) - £ (x ) d| < e |d|l,
1
incasek=1: [f(x'” +d) - f(x') - f(x)d - Ede"(x<°>)d| <e|ld|>

forall ||d|| < &.

3See for instance Cartan, 1971, Proposition 5.2.2
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Theorem A.4 (Taylor, see Geiger, Kanzow, 1999, Satz A.2 or Heuser, 2002, Satz 168.1).
Suppose that G C R" is open, k € Ny and f: G — R (k + 1) times continuously partially differentiable,

briefly a C**'(G, R) function. Suppose that x'*) and x'©) + d and the entire line segment between them lie
in G. Then there exists & € (0,1) such that

incasek =0 : f(x(o) +d) = f(x(o)) +f'(x(0) +¢&d)d (mean value theorem),

1
incasek=1: f(x +d) = fF(x)+ F/(x)d + EdT £ (x® +£d)d.

A.7 CONVERGENCE RATES

We denote (vector-valued) sequences N — R” by (x(k)) and not (x) etc., in order to avoid a conflict of
notation with the components of a vector x = (xy,...,x,)" € R". The subsequence of (x(k)) obtained

by the strictly increasing sequence N 3 £ — k*) € N is denoted by (x(km)).

We introduce various convergence rates for sequences in order to characterize the speed of convergence,
e.g., of iterates in an algorithm.

Definition A.5 (Q-convergence rates?*).
Suppose that (x(k)) C R" is a sequence and x* € R"™. Moreover, let M be an inner product on R".

(i) (x(k)) converges to x* (at least) Q-linearly w.r.t. the M-norm if there exists ¢ € (0,1) such that

(k+1)

[|x —x*|lpm < cllx® —x*|lp  forallk € N sufficiently large.

(ii) (x(k)) converges to x* (at least) Q-superlinearly w.r.t. the M-norm if there exists a null sequence
(s(k)) such that

e~y < e [x®) x|l forallk € .

(iii) Suppose that x'F) — x*. (x(k)) converges to x* (at least) Q-quadratically w.r.t. the M-norm if
there exists C > 0 such that

I+ — x|y < ClIx) = x*||3, forallk € N.

Note: Q-superlinear and Q-quadratic convergence of a sequence are independent of the norm (inner
product) M. However, the property of Q-linear convergence can be lost when changing the norm.

Definition A.6 (R-convergence rates®).
Suppose that (x(k)) C R" is a sequence and x* € R". Moreover, let M be an inner product on R".

4“Q” stands for “quotient”.
5“R” stands for “root”.
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(1) (x(k)) converges to x* (at least) R-linearly w.r.t. the M-norm if there exists a null sequence (e(k))
such that
Ix® —x*||p < e® forallk €N,

and (g(k)) converges to zero Q-linearly w.r.t. | -|.

(i) (x(k)) converges to x* (at least) R-superlinearly w.r.t. the M-norm if there exists a null sequence
(e®)) such that

x® —x*||p < e® forallk €N,

and (s(k)) converges to zero Q-superlinearly wrt. | -|.

(iii) (x(k)) converges to x* (at least) R-quadratically w.r.t. the M-norm if there exists a null sequence
(s(k)) such that

Ix® —x*||py < e® forallk €N,

and (¢©)) converges to zero Q-quadratically wrt. |- |.

Note: The R-convergence modes are slightly weaker than the respective Q-convergence rates. Q-
convergence considers the decrease in the distance to the limit [|x(*) — x*||5; in every step of the
sequence. By contrast, R-convergence considers the decrease overall.

A.8 CONVEXITY

Convexity plays a very important role in optimization in general. In this class, however, we will rely
on it only scarcely. We briefly recall here some elements of convexity. You may study Herzog, 2022 if
you wish to have more background information.

Definition A.7 (Convex set).
A set C C R" is termed convex ifx,y € C and a € [0,1] implyax+ (1—-a) y € C.

The condition in Definition A.7 means that the entire line segment between x and y belongs to C.

Definition A.8 (Convex function).
A function f: R® — R is termed

(i) convex in case
flax+(1-a)y) <af(x)+1-a)f(y) (A.20)
holds for allx, y € R" and « € [0,1].

(ii) strictly convex in case

flax+(1-a)y) <af(x)+(1-a)f(y) (A.21)
holds for allx, y € R" and a € (0,1).
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(iii) p-strongly convex or strongly convex with parameter u > 0 in case

flax+(1-a)y)+ ga(l—a)llx— YIP < af(x) + (1= a)f(y)

holds for allx, y € R" and a € [0,1].

(A.22)

(iv) concave (concave) or strictly concave or constrly concave if —f is convex or strictly convex or

strongly convex, respectively.

Theorem A.g9 (Characterization of convexity via first-order derivatives).
Suppose that f: R"™ — R is differentiable.

(a) The following are equivalent:
(i) f is convex.

(ii) Forallx,y € R",
) =fy) = f(x-y)
holds.

(iii) Forallx,y € R",
(fEO-fW)Ex=-y =0

holds. Equation (A.24) means that f’ is a monotone operator.
(b) The following are equivalent:
(i) f ist strictly convex.

(ii) Forallx,y € R" such thatx # y,

f&) =f(y) > x-y)
holds.

(iii) Forallx,y € R" such that x # v,
(f'x) = () x=-y) >o0.

Equation (A.26) means that f” is a strictly monotone operator.
(c) The following are equivalent:
(i) f ist strongly convex.

(ii) There exists u > 0 such that for all x, y € R",

) =) 2 £/ ()= )+ llx = P
holds.

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)
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(iii) There exists u > 0 such that for all x, y € R",

() = () (x=y) = pllx - ylI>. (A.28)

Equation (A.28) means that f’ is a strongly monotone operator.

Theorem A.10 (Characterization of convexity via second-order derivatives).
Suppose that f: R" — R is twice differentiable.

(a) The following are equivalent:

(i) f ist convex.

(ii) f" is everywhere positive semidefinite (has only non-negative eigenvalues).
(b) When " is everywhere positive definite, then f is strictly convex.
(c) The following are equivalent:

(i) f is strongly convex with parameter i > 0.

(ii) The smallest eigenvalue of f” (x) satisfies Amin (f"'(x)) = p > 0 for all x € R™.

A.9 HYPERPLANES AND HALF SPACES

Suppose that a € R", a # 0 and § € R. Then the set
H(a,p) = {x e R"|ad'x = B} (A.29)

is termed a hyperplane in R” with normal vector a.

A hyperplane separates R" into two closed half spaces

H (a,B) = {x e R"|a'x < B} negative half space,
H*(a,pf) = {x e R"|a'x > B} positive half space.

A.10 MISCELLANEA

We denote the interior of a set S € R" by int S and its closure by clS.

Given ¢ > 0 and x € R",
BY(x) = {x e R"||lx = X|lm < &}
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denotes the open ¢-ball w.r.t. the M-norm about x (centered at X). Similarly, the closed e-ball is

CIBQ’I(J_C) = {x € Rn’“X—J_C“M < E}.

A neighborhood of a point X € R is a set containing some open ball centered at x. We often write
U (x) for such a neighborhood.

The ceiling function [x] returns the smallest integer > x.
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