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EXERCISE 12 - SOLUTION

Date issued: 1st July 2024
Date due: 9th July 2024

Homework Problem 12.1 (CQs are invariant under Slack Transformation) 10 Points

We can reformulate the original nonlinear problem

Minimize f(x) where x € R”
subject to  g;(x) <0 fori=1,...,Nineq (5.1)
and hj(x)=0 forj=1...,n
by introducing a so called slack variable s € R"re to obtain the simple one-sided box-constrained

problem
Minimize f(x) where (x, 5) € R "nea
subjectto gi(x) +s=0 fori=1...,Nineq o)
1
and -s<0 5-1s

and hj(x)=0 for j=1,...,n¢q

(i) Derive the KKT-system of (5.15) and show that there is a one-to-one connection between the
solutions of the KKT systems corresponding to (5.1) and (5.15).

(ii) Show that GCQ/ACQ/MFCQ/LICQ is satisfied at a feasible (x,s) for (5.15) if the respective
condition is satisfied at x for (5.1).

For which CQs can you show equivalence?

Solution.
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(i) All quantities corresponding to the slacked system (KKT;) will be denoted with a tilde, e. g., for
(5.15), we set the constraints g: R"*"ineca — R'nea gnd h: R™*Mineg — R7eq*ineq gg

g(x,s) == —s with  g’(x,s) = [0 -Id]
7 _ | h) : 00, _[P(x) o0
h(x,s) = [g(x) L with  h'(x,s) = [g’(x) Id}

and denote the corresponding feasible set by F C R"*™ineq

The KKT conditions are
Vi(x)+g (x)'p+h (x)"A=0,

pz0, g(x)<0, pg(x)=0 (KKT)
h(x) =0,
and — —~
Vi(x)+g (x,s) p+h'(x,s)'A=0,
£>0, g(x,s) <0, fg'g(x,s)=0 (KKTs)
E(x, s)=0,
for multipliers i € Rf  and A = (A, As) € Rieatinea respectively, where (KKT) expands to the
system
7T Ry
[fo(x)] N [ O~} N W (%) A +9'(x)As | _ 0,
0 —H As

(KKT?)
20, —s<0, H's=0 ’

g(x) = —s, h(x) =0,
showing the one to one correspondence of the KKT solutions, since we can always replace g(x)

with s and identify the multipliers y = ' = A and Ae = A. (2 Points)

(ii) First off, note that if we define the map

Id

n N+Nineq . X : ’ _
®: R" — R™"nea, P(x) = (_g(x)) with <I>(x)—l_g,(x)

then clearly ®(F) = F and since ® is injective, it is invertible on its image, i. e., we can define
d(x,5) =x

as the (right) inverse on the image (this is not a full inverse because ® is clearly not surjective!).
Additionally, we immediately see that A(x) = A(P(x)).
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(a)

(©

For LICQ, we observe that

N 0 -Id|. ——
g,- (X,S)|iey1(x,s) - [ h’(x}legg(x,S)
hj”(%,8)|j=1,...neq [g’(x) Id}

which has full row-rank if and only if

9; (%) |iea(x) }

does, so LICQ holds at x for (5.1) if and only if it holds at (x, s) = ®(x) for (5.15).

For MFCQ, we observe that

= _|W(x) 0

hi(xs) = [g’(x) Id]
has full (row) rank if and only if A’ (x) does. Additionally, existence of a d = (dy, d;) €
R™*Mineq guch that

gi(x,s)d = —ds; <0,i€ Ax,s)
o, | P (x)dy B
B () = [g'(x)dx+ds =0

is equivalent to the existence of a d such that

gi(x)dy < 0i € A(x)
K (x)dy, =0,

so MFCQ holds at x for (5.1) if and only if it holds at (x, s) = ®(x) for (5.15).

For ACQ, we can find a fairly compact closed form of the tangent- and linearizing cones for
the slacked problem. Starting with the tangent cone 7y (F), we know that by definition
this contains all directions (dy, ds) € R™*"inea such that there exists a positive null sequence
%) and a sequence (xF),s)) e F = ®(F) such that

o(x) —0(x)  (x®),s®) — (x,5)
tre B £(k)

- (dX7 dS)

so the d, components are exactly the directions in 7z (x). For the s and s'*) we know that
s = —g(x) and s%) = —g(x(®)), so that, using the mean value theorem for the continuous
differentiable g, we obtain that

koo s —g _ _g(x(k)) — g(x) ~ _gr(g(k))(x(k) —X) koo S (0)d
s R 1) - £ (k) g8 %
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which shows that the d; components of d € 7 ) (F) are exactly the corresponding —g’ (x)-
transformed tangent directions d, € 7r(x). Over all, we obtain that 7(, ) (F) = ®'(x)7r(x)
forall x in F.

For the linearizing cone we know that for (x,s) = ®(x) (by definition)

Ty (F) = {d = (dy, dy) € R

gi'(x)d <0 forallie ?‘I(;?)
Ej ‘(x)d=0 forallj=1,...,neq+ nineq}

= {(dy.ds) € R™"ma |d ;> 0, i € A(x,s), ¢ (x)dx +ds =0, b (x)dy = 0}
= {(dx, =g’ (x)dy) | for d € R" with ¢’ (x)d, < 0, i € A(x), h'(x)dy = 0}
= @' (x) 7™ (x).

So for (x,s) = ®(x) we have the transformations

Tixs) (F) = @ (x) 75 (x)

T (F) = & (0T (). ©v

This shows that if 7r(x) = 7}““(x), i.e., ACQ is satisfied at x for (5.1), then ACQ holds at
(x, s) for (5.1).

In fact, because
Id
(x)=| |, ,

) [—g (x)}
we know that @’ (x) has the left inverse

o t=[1d o
(the projection/restriction to the first n components) and therefore (0.1) implies

® (%) Tws) (F) = Tr(x)

r¢oy—Lglin (7 lin (0.2)
' () LT (F) = T (),

which shows the reverse implication, so if ACQ is satisfied at (x, s) for (5.15), then ACQ is
also satisfied at x for (5.1).

(d) For GCQ, we can reuse the transformation property (o0.1) that we derived for the ACQ
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investigation. For any x with corresponding (x, s) = ®(x) we have that

(Tixys) (F))° = (@ (%) 75 (x))°
= {f = (fu. f;) € RMMnca | £10/ (x)d < 0for all d € Tp(x)}

={f = (fi. fi) € R™Minca | (@' (x)"f)"d < Oforalld € Tr(x)}
={f = (fu. fs) e R""na | @' (x)"f € Tp(x)°}

and analogously
(Ton) (F))° = {f = (fio fi) € R0 | & (x)Tf € T3 (x)°).

Therefore, when 7 (x)° = 7;1i“(x)° (GCQ s satisfied at x for (5.1)), then of course 7 ) (f )° =
7;51; ) (F)° (GCQ holds at ®(x) for (5.15)).

The reverse implication I don’t expect to hold but I have yet to construct an example
showing that.

(8 Points)

Homework Problem 12.2 (Generalized derivatives) 5 Points

(i) Compute the Bouligand- and Clarke generalized derivatives for f: R — R, f(x) = |x| at every
x eR.

(ii) Show that if f: R® — R™ is Lipschitz continuous on some neighborhood of x € R", then

the Bouligand generalized derivative dgf (x) and the Clarke generalized derivative df (x) are
nonempty and compact. In addition, df (x) is convex.

Solution.

(i) The absolute value function is C* everywhere except for at the origin with f”(x) = sgn(x), x # 0,
which is continuous in x.

Accordingly, for all x # 0,

dpf (x) = 3f (x) = {f"(x)} = {sgn(x)}.
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(if)

Since Dr = R\ {0}, f"(DFr) = {-1,1} so that dgf(0) C {-1,1} and the sequences xR =
+1 k€ Nwith f/(x*®)) = +1 show that in fact 95 (0) = {~11} so that 9f(0) = [-11].
(2 Points)

If f is Lipschitz continuous with modulous L > 0 on some neightborhood U(x) of x, then it is
differentiable almost everywhere in that neighborhood (Rademacher’s theorem).

For each y € Dr N U(x), the derivative f’(y) satisfies || f'(y)|| < L because

"(y)d td) — Lt||d
O = sup LA WD) = e Ll
azo 4l d#0 £\O tlldll dazo N0 lld]|

Additionally, there exists a sequence x*) € Dp with x*) — x. Since f’(x®) is bounded,
there exists a convergent subsequence. The limit point of this subsequence is in the Bouligand
generalized derivative, so it is nonempty. Neither is Clarke’s generalized derivative, which is a
superset.

Additionally, because of the boundedness of the derivative f’(-) by L on Dp N U (x), we of course
have that ||[M|| < L for all M € df(x), so both generalized derivatives are bounded. To show
compactness, we only need to additionally show closedness of the generalized derivatives.

For dgf(x), let M*%) € apf(x) such that M) — M with sequences x*) € Dp such that

>0

>0
x®&D 5 x and f/(x®D) —= M) Then set any index I°(k) such that

) — x|l <

o B

If (D) = P <

for all [ > I°(k). Then the diagonal sequence x (kI (k)) obviously still converges to x and
1 —00
I G0 = < 7 (D) — O ) = ) < 2 B = M S 0

shows that its derivatives converge to M, so dgf(x) is always compact.

In R™, the convex hull of a compact set is still compact Rockafellar, 1970, Thm. 17.2, which shows
compactness of af (x).

Convexity of df (x) := conv dgf(x) is clear from definition.

(3 Points)
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Homework Problem 12.3 (Semismooth NCP functions) 6 Points
Show that

®in(a, b) := min{a, b} “min” function, (11.8a)

®rp(a, b) = Va2 + b2 —a—b Fischer-Burmeister function (Fischer, 1992) (11.8b)

as functions from R? — R
(i) are NCP functions (Definition 11.4).

(ii) are semismooth everywhere (Definition 11.7).

Solution.

(i) For ®pyin(a, b), this is an easy observation, as min(a, b) = 0 if and only if a or b are 0 and the
other value is > 0, so the zero levelset of min(a, b) on R? is exactly the solution set of the
complementarity condition.

For ®pg(a, b) = Va? + b? — a — b we have that
Orp(a,b) =Va?+b?—a-b=0 Va?+bl=a+b

od+b=(a+b)?=a*+b*+2abanda+b >0
oab=0anda+b >0
S ab=0anda>0,b > 0.

(ii) Let’s first prove that when f continuously differentiable around x, then f is semismooth in x.
This also implies that f € C! is semismooth everywhere as claimed in the lecture notes.

Given the assumptions above, f is locally Lipschitz around x. Now let d*) — d, t(®) \ 0 and
M®) € of (x + t*R)d5)). Then x + t*)d®) will be inside the local neighborhood of continuous
differentiability around x from some index kj on, so
MB) = £ (x + 1O g®y - £7(x),
—_——

—X
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i. e., the limit of M) @) is f’(x)d and therefore exists, which is semismoothness by definition.
Accordingly, for the remainder of the exercise, we only need to consider the points of nondiffer-
entiability of the NCP functions (they are continuously differentiable in a neighborhood of any
other point).

For @i, (a, b), this is exactly the set where a = b. The Clarke generalized derivative is

{(0,1)} for (a,b) € HT,
OPpmin(a,b) = {{(a,1-a)|a € [0,1]} for (a,b) € H,
{(1,0)} for (a,b) € H-

for
H :={(a,b) e R*|a =b}

H* :={(a,b) e R*|a > b}
H™ ={(ab) e R*|a < b},

(see Example 11.6 of the lecture notes). Now let d') — d, t%) N\, 0 and MK) € a® i, (x+15) d(0)),
For d € H or d € H™, the generalized derivatives M¥) are either (1,0) or (0,1), respectively,
from an index ky on, meaning that the limits obviously exist. The interesting case is therefore,
when d; = dy, i.e. d € H. In this case, there is a sequence a®) e [0,1] with

4% f f
MBGE = (g0 1 5k dl(k) = a(k)dl( )+ (1- a(k))dé ) S di=d,
2
i. e. the limit exists. Note: The case where x + t(*)d(*) € H is covered by this argument.

For ®pg(a,b), the nondifferentiability is at x = (0,0), where we first need to compute the
Bouligand generalized derivative. For (a(k), b(k)) — 0 in Df, we have that

) a®\ (1
g py 2 a
rpp(a™, b™) = | (@), BT, (b(k)) (1)

so the Bouligand generalized derivative is the shifted sphere
dpPrp(00) = {x — (L1 |x € R%, ||x]|; = 1}

and the Clarke generalized derivative is a shifted, closed euclidean 2-Ball:

1
Prp(0,0) = cl B{d((O, 0)7) - (1) .
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Now let %) — d, t®) N, 0 and M) € af (+(K)d*)). If d # 0, then d*) # 0 for the tail of the
series and therefore (due to continuous differentiability) we know that

-t -~ sl
1d®, \a® |\ il \&e) 1)

For d = 0, boundedness of the generalized derivatives shows that M) d*) — ¢

(6 Points)

Homework Problem 12.4 (Reduced reformulation of the semismooth Newton step) 3 Points

Show that the semismooth Newton step (in abbreviated notation), cf. Equation (11.15):

H -Id B'|(d b
Dy{ D] 0 K= Dy[f
B 0 0|\4 c

can be transferred by using selection matrices

Z# = rows of Id € R™" pertaining to active indices

Zr = rows of Id € R™" pertaining to inactive indices

and subvectors dq = Zgd, dr = Zyd, pa = Zay, )iy = Zrp into the equivalent reduced problem, cf.
Equation (11.16):
[Z]H Z, ZiB
BZ} 0

dr\ _(Z7(b—-HDg?)
A B C—BDy(f '

Solution.

In the lecture we already saw that from the second block row in Equation (11.15) we have d 4 = Z#¢,
1y = 0. We will explicitly insert these values into the system of equations and therefore the second
block row is always fulfilled.

The first block row in Equation (11.15) can be manipulated as follows:

Hd-pu+BA=b
=3 HZ}d] —Z}{p;;(+BT/1= b-HDgt sincedzZTﬂdy( +Z}dj and yur = 0.
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We split this block row into two components by multiplication from the left with Z; and Z 4, respec-
tively. We first multiply by Z; to obtain

= Z;HZYd; +Z7B'A =Z;(b—-HDxt).
This is the first equation in Equation (11.16). Multiplication with Z 4 instead yields
= ZaHZYd; — pa+ZaB A= Za(b - HDgt),
which we resolve for 14 to obtain
pa=ZaHZvd; + ZaB'A—Za(b—HDat) = Za(Hd + B'A - b)
as claimed. The third block row in Equation (11.15) becomes

Bd=c¢
1= BZ}d[ =c—BDgt,

which is the second equation in Equation (11.16).

(3 Points)

’ Please submit your solutions as a single pdf and an archive of programs via moodle.
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