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Chapter o Introduction

§ 1 ELEMENTARY NOTIONS

Mathematical optimization is about solving problems of the form

Minimize f(x) where x € Q (objective function)
subjectto gi(x) <0 fori=1,...,npeq (inequality constraints) (1.1)
and hj(x)=0 forj=1,...,nq. (equality constraints)

Q € R" is the basic set and x is the optimization variable or simply the variable of the problem.

We will assume that
+ the functions f, g;, hj: R” — R are sufficiently smooth (C? functions),

+ we have a finite number (possibly zero) of inequality and equality constraints, i. e., nipeq and neq
are in Nj.

We will assume Q = R”, i.e., we consider only continuous optimization problems and without

implicit constraints.

Definition 1.1 (Elementary notions).
(i) The set

F:= {xeR"!g,-(x) <0 foralli=1,...,Nineq, hj(x) :Oforalljzl,...,neq}

associated with an optimization problem (1.1) is termed the feasible set. Any x € F is termed a

feasible point.

(ii) The inequality g;(x) < 0 is called active at a point x if g;(x) = 0 holds. It is called inactive in
case gi(x) < 0. It is called violated if g;(x) > 0 holds.

(iii) The value
f*=inf{f(x)|x € F}

is termed the infimal value of problem (1.1).

(iv) In case F = 0, the problem (1.1) is said to be infeasible. In that case, we have f* = +co. In case
f* = —oo, the problem is said to be unbounded.
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(v) A pointx* € F is a global minimizer or globally optimal solution of (1.1) if

f(x*) < f(x) forallx € F

holds. Equivalently, x* € F is a global minimizer if f(x*) = f* holds. In this case, the infimal
value f* is also referred to as the global minimum or globally optimal value of (1.1).

(vi) A global minimizer x* is strict in case
f(x*) < f(x) forallx € F, x # x".
vii) A point x* € F is a local minimizer or locally optimal solution of (1.1) if there exists a
(vii) * local minimi locall imal soluti (11) if th
neighborhood U (x*) such that
f(x*) < f(x) forallx e FNU(x")

holds. In this case, f(x*) is also referred to as a local minimum or a locally optimal value of

(1.2).
(viii) A local minimizer x* is strict in case

f(x*) < f(x) forallx e FNU(x"), x#x".

(ix) An optimization problem (1.1) is solvable if it has at least one global minimizer, i. e., if the optimal
value is attained at some point. Otherwise, the problem is unsolvable.

Definition 1.2 (Classification of optimization problems).

(i) An optimization problem (1.1) is said to be unconstrained in case Nineq = Neq = 0. Otherwise, it is
said to be equality constrained and/or inequality constrained.

(ii) Inequality constraints of the simple kind
t; < x; < uj, i=1...,n
with bounds ¢; € R U {—co} and u; € R U {0} are called bound constraints.

(iii) When f is a quadratic polynomial and g and h are affine linear functions, then (1.1) is called a
quadratic optimization problem or a quadratic program (QP).

(iv) In the general case, i.e., when (1.1) is not a quadratic program, we refer to (1.1) as a nonlinear
optimization problem or nonlinear program (NLP).

The emphasis in this class is on numerical techniques for unconstrained and constrained nonlinear
programs. We will see that fast algorithms take into account the optimality conditions of the respective
problem. Therefore we will also discuss optimality conditions.
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We will begin in Chapter 1 with algorithms for unconstrained optimization. Some of the content was
already part of the class Grundlagen der Optimierung (Herzog, 2022), but we will revisit the material
in more detail here. The theory for constrained problems is relatively involved and merits its own
chapter (Chapter 2). We will subsequently discuss major algorithmic ideas for constrained problems in
Chapter 3. Finally, we will review in Chapter 4 some computer-aided techniques to obtain derivatives
of functions, which the algorithms under consideration generally require.

Throughout the class, we will emphasize the connections between optimization and numerical linear
algebra.

§ 2 NOTATION AND BACKGROUND MATERIAL

In these lecture notes we use color codes for definitions and highlights. The natural numbers are
N ={1,2,...}, and we write N, for NU {0}. We denote open intervals by (a, b) and closed intervals by
[a, b]. We usually use Latin capital letters for matrices, Latin lowercase letters for vectors and Greek or
Latin lowercase letters for scalars. We use Id for the identity matrix. We distinguish the vector space
R" of column vectors from the vector space R, of row vectors.

§ 2.1 VECTOR NORMS

Aninner product (-, -) on R" is a symmetric and positive definite bilinear form, i. e., amap R*XR" — R
with the following properties:

(x,y) = (¥, x) (symmetry) (2.1a)
(1 %1+ a2 x2, y) = a1 (x1, ) + a2 (x2, ¥) (bilinearity part 1) (2.1b)
(x, Bryi+ B2 y2) = B (x, y1) + P2 (x, y2) (bilinearity part 2) (2.1¢)
(,x) 20 and x#0= (x,x) >0 (positive definiteness) (2.1d)

for all x, x1, x2, y, 1, y2 € R" and all ay, az, f1, B2 € R.
Inner products on R” are in one-to-one correspondence with symmetric and positive definite (s. p.d.)
n X n matrices. That is, every s. p. d. matrix M € R™*" induces an inner product
(X, y)m = x"My,
and, on the other hand, every inner product (-, -) on R" is induced by an s. p. d. matrix M. For simplicity,

we will refer to M itself as the inner product it induces, or use the term “M-inner product”.

Every inner product (-, -)»s induces a norm' by way of
[|x]lp == VX™M x. (2.2)

In particular, the Euclidean inner product x"y corresponds to the identity matrix M = Id, and we denote
the associated norm by ||x||. We won’t be writing (x, y) or x - y for the Euclidean inner product.

"We are only considering norms induced by inner products.

https://tinyurl.com/scoop-nlo 7


https://tinyurl.com/scoop-nlo

R. Herzog @O®S

§ 2.2 MATRIX NORMS

A matrix A € R™*" represents a linear map by way of R” 3 x > Ax € R™. When R" is equipped
with the M;-inner product and R™ is equipped with the M;-inner product, we define the matrix norm
or operator norm of A as

I|A x ||,
Allveer = _ 2.
Al = ma = (23
We thus have
lAxllu, < IAlvyns lixllag, ~ for all x € R (2.4)

When M; and M, are both the Euclidean inner products, ||A|[ig—1q or simply ||A]| is the largest singular
value of A. In the general case, ||Al|p,—a, is the largest singular value of a suitably generalized singular
value decomposition.

§ 2.3 EIGENVALUES AND EIGENVECTORS

Every symmetric matrix A € R™ " possesses an orthogonal transformation to a diagonal matrix,
known as eigen decomposition or spectral decomposition. That is, there exists an orthogonal
matrix V € R™" and a diagonal matrix A € R"*", such that

AV =VA, ie, A=VAV' (2.5)

holds. The diagonal of A contains the eigenvalues A;, and the columns v; of V' are the corresponding
eigenvectors. This decomposition yields the complete solution to the eigenvalue problem

Av = Ao, (2.6)

We also work with the generalized eigenvalue problem
Av=AMu (2.7)

for the particular case where A is still symmetric and the second matrix M € R"™" is s.p. d. There
exists an analogous generalized spectral decomposition

AV =MVA, ie, A=MVAV'M, (2.8)

where now V is orthogonal w.r.t. the M-inner product, i.e., VMV = Id holds. This implies VVT =
M~'. We also refer to the solutions of (2.7) as the eigenvalues/eigenvectors of A w.r.t. M or
eigenvalues/eigenvectors of the pair (4; M).

In view of the Courant-Fischer theorem for (generalized) eigenvalues of symmetric matrices, the
generalized Rayleigh quotient of A w.r.t. M satisfies

xTAx

x"™M x

Amin (A; M) < < Amax(A; M) for all x # 0. (2.9)
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The eigenvectors associated with the smallest and largest generalized eigenvalues Ay (A; M) and
Amax (A; M) satisfy the first respectively the second inequality with equality.

Notice that the generalized eigenvalue problems (2.7) and

Mov=AMAMv (2.10a)
as well as

AM 'Av=21Av (2.10b)

have the same eigenvalues and eigenvectors (provided #reaseef{s-roa) that A is not only symmetric
but also invertible) since Mo = AMA Mo @ v=AA""Mov & Av=AMvand AM 'Av=1Av &
M™Av = lv & Av = AMo. Consequently, we obtain the following estimate for the generalized
Rayleigh quotients associated with (2.10):

XM x
Amin (A; M) < TMA-Mx < Amax(A; M) for all x # 0, (2.11a)
TAMA
Aumin (A3 M) < % < A (A; M) for all x # 0. (2.11b)
X X

Every s.p. d. matrix A € R™" possesses a unique s. p. d. matrix square root A2, When A = VAV'
is a spectral decomposition of A with orthogonal V, then

A2 = yAY2YT (2.12)

holds. Herein, A2 is the elementwise square root of the diagonal matrix A.

§ 2.4 KANTOROVICH INEQUALITY

Suppose that A is an s.p.d. matrix. Let us denote the extremal eigenvalues by a = Anin(A) and
B = Amax(A). Moreover, since A is s. p. d., it follows that its condition number? is given by

K = E (2.13)
a
Notice that a condition number always satisfies ¥ > 1. From the Rayleigh quotient estimate (2.9) (with
M =1d), we have
x"Ax
[E3[&

Moreover, since the eigenvalues of A7l are the reciprocals of those of A, we have Amax(A7Y) =
1/Anin(A) = 1/a and thus

<p.

xTA 1x

<
11>

1
.

2Generally, the condition of an invertible matrix A is & = ||A|| ||JA™||. This is equal to omax(A)/0min (A) with the extremal
singular values omax(A) and opin(A). Since A is symmetric, its singular values are just the absolute values of its
eigenvalues, and since A is also positive definite, we have omax(A) = Amax(A4) = f and opmin (A) = Anin(4) = a.
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These inequalities hold for all x € R” \ {0}, and they imply

(x"Ax) (x"A 1 x) _B
[lxll* T a

This estimate, however, is not sharp in general. (Quiz 2.1: Can you explain why not?) The Kantorovich

inequality improves this estimate.

Lemma 2.1 (Kantorovich inequality). Suppose that A € R™" iss.p.d., & = Apin(A) and f = Anax(A)
are its extremal eigenvalues, and x = B/« is its condition number. Then

T TaA-1 2
< (x"Ax) (xTA7'x) < (a+p) < B (2.142)
[lxll* daf "~ a
holds for all x € R" \ {0}, or equivalently, in terms of the condition number k = /e,
T TA-1 2
L < (xTAx) (x"A™'x) < (k+1) <k (2.14b)

- [l * - 4k

Proof. The Cauchy-Schwarz inequality implies

Ixll? = x™x = xTATY2 AYV2x < ||A™V%x]| ||AY?x]].
By squaring this, we obtain

llxll* < [[A72x])® |AY2x||* = (x"Ax) (x"A7Mx)
and thus the lower bound in (2.14).

From here on, the proof follows Anderson, 1971, as reproduced in the Master’s thesis Alpargu, 1996,

Section 1.2.2. Let A;,...,4, > 0 be the eigenvalues of A (in any order), and let vy,...,v, be an
orthonormal set of associated eigenvectors. We represent x € R” \ {0} as x = )}, y; v;. Suppose,
w.lo.g., that [|x||* = X1, y? = 1 holds. Inserting the representation of x yields

e 5

N—— e N—— e
=E(T) =E(1/T)

It is helpful to think about the two factors on the right-hand side as expected values of a “random
variable” T and 1/T, respectively. Here T takes the values A; € [a, ] with “probability” y?. For any
0 <a <T < f, we can estimate

0<(B-TN(T-a)=P+a-T)T-ap,

and thus
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Taking the expected value, this implies
a+ p—E(T)
ap
_(a+p)?® 1
"~ 4af ap
2
_(@+p?
4ap
This shows that essential upper bound in (2.14). The remaining inequality follows directly from
0<ac<p. O

E(T)E(1/T) < E(T)

[B(D) - @+ p)

Instead of the Euclidean norm, we can also use the norm induced by the M-inner product.

Corollary 2.2 (Generalized Kantorovich inequality). Suppose that A € R™" and M are both s. p. d.,
a = Apin(A; M) and f = Anax(A; M) are the extremal generalized eigenvalues of A w.r.t. M. Then

(x"TAx) (x"™MA™IM x) - (a+ p)? < Jij

1< - < P
1l daf "~ a

(2.152)

holds for all x € R™ \ {0}, or equivalently, in terms of the generalized condition numberk = f/a,

(x"Ax) (x"A"x) - (x +1)2 -

1< < k. (2.15b)

[l - 4k

We do not give a proof of Corollary 2.2 here; see for instance Herzog, 2022, Folgerung 4.14.

§ 2.5 FUNCTIONS AND DERIVATIVES

« Given a function f: R® — R and x € R”, the derivative of the partial function t — f(x +te(?)
at t = 0 is the i-th partial derivative of f at x, briefly: aixl_f(x). Here eV = (0,...,0,1,0,...,0)7
is one of the standard basis vectors of R". In other words,

9 +tel) -
9 ) — i L) = )
ox; t—0

- t

« More generally, the derivative of the function t — f(x + td) at t = 0 is the (two-sided)
directional derivative of f at x in the direction d € R", briefly:

fcttd) - f(x)
t

0 .
¢/ ) = lim

o The right-sided derivative of the function t — f(x +td) at t = 0 is the (one-sided) directional
derivative of f at x in the direction d € R", briefly:

fcttd) - fx)

t

"(x:d) =i
f'(x;d) lim

https://tinyurl.com/scoop-nlo 1
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« A function f: R" — R is differentiable at x € R" if there exists a row vector v € R, such that

flx+d)-f(x)—vd

— 0 ford— 0.
]|

In this case, the vector v is the (total) derivative of f at x, and it is denoted by f’(x).

« When f: R" — R is differentiable at x € R", then

=42 .. dD)er,

Ix1 oxn

The transposed vector (a column vector)

Vf(x) = = () eR"

of (x)

is the gradient (w.r.t. the Euclidean inner product) of f at x.

« When f: R" — R is differentiable at x € R”, then

f(xsd) = =) = /() d

holds for all d € R”. That is, the one-sided and two-sided directional derivatives of f at x agree,
and they can be evaluated by applying the derivative f’(x) to the direction d.

« A function f: R" — R is continuously partially differentiable or briefly: C'(R",R), if all

. . . af (x . . . . .
partial derivatives gi ), as functions of x, are continuous. C!-functions are differentiable, and
1

the derivative f” is continuous.

+ A vector-valued function F: R? — R™ is differentiable at x € R" if all component func-
tion Fy, ..., F,, are differentiable at x. In this case, the derivative F’(x) is given by the Jacobian
of F at x, i.e., by

oF(x) oF (x)
ox1 oxy,
: e R™*",
OFm(x) 9Fp (x)
X1 oxp,

+ F is continuously partially differentiable if all entries of the Jacobian are continuous as
functions of x. C!-functions are differentiable, and the derivative F’ is continuous.

+ A function f: R" — R is twice differentiable at x € R" if f is differentiable in a neighbor-
hood of x and the derivative x +— f’(x) € R” is differentiable at x. In this case, the second
derivative f”/(x) is given by the Hessian of f at x, i. e., by the matrix of second-order partial

12 https://tinyurl.com/scoop-nlo 2023-05-13
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derivatives

Ff(x)  Ff(x) Ff(x)

Ix? ox19x,  Ox19xn

Ffx)  Ff(x) Ff(x)

(azf(x) )n _ 92 9x1 axzz T ox0xn

axi 8xj i,j=1 : : :
Ff(x)  Ff(x) Ff(x)
Oxpdxi  Oxpdxz  oxi

When f is twice differentiable at x, then the Hessian is symmetric by Schwarz’ theorem.?

« A function f: R" — R is twice continuously partially differentiable or briefly: C?(R", R), if
all entries of the Hessian are continuous as functions of x. C2-functions are twice differentiable.

§ 2.6 TAYLOR’S THEOREM
We are going to state Taylor’s theorem in two variants:

Theorem 2.3 (Taylor, see Cartan, 1967, Theorem 5.6.3). Suppose that G € R" open, k € Ny and
f: G — Rk times differentiable, and (k + 1) times differentable at x'*) € G. Then for all ¢ > 0, there
exists & > 0 such that

incasek =0: |f(x” +d) - fF(x) - £ () d| < e|ldll,
mcasek=1: [fx0 +d) - f0) - ) d = d (V)] < el

forall ||d]| < 6.

Theorem 2.4 (Taylor, see Geiger, Kanzow, 1999, Satz A.2 or Heuser, 2002, Satz 168.1).

Suppose that G C R" is open, k € Ny and f: G — R (k + 1) times continuously partially differentiable,
briefly a C<*'(G, R) function. Suppose that x'*) and x'©) + d and the entire line segment between them lie
in G. Then there exists & € (0,1) such that

incasek =0 : f(x(o) +d) = f(x(o)) +f'(x(0) +¢d)d (mean value theorem),

1
incasek=1: f(x +d) = fFx)+ F/(x)d + EdT F(x® +Ed)d.

§ 2.7 CONVERGENCE RATES

We denote (vector-valued) sequences N — R” by (x(k)) and not (x) etc., in order to avoid a conflict of
notation with the components of a vector x = (xy,...,x,)" € R™. The subsequence of (x(k)) obtained

by the strictly increasing sequence N 3 ¢ +— k(*) € N is denoted by (x(km)).

We introduce various convergence rates for sequences in order to characterize the speed of convergence,
e.g., of iterates in an algorithm.

3See for instance Cartan, 1967, Proposition 5.2.2
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Definition 2.5 (Q-convergence rates?).
Suppose that (x®)) ¢ R" is a sequence and x* € R™. Moreover, let M be an inner product on R".

(i) (x(k)) converges to x* (at least) Q-linearly w.r.t. the M-norm if there exists ¢ € (0,1) such that

(k+1)

(| —x"lm < cllx® = x*||m for all k € N sufficiently large.

(i1) (x(k)) converges to x* (at least) Q-superlinearly w.r.t. the M-norm if there exists a null sequence

(E(k)) such that

(k+1)

(| — x|l < P []x® = x*|| i1 forallk € N.

(iii) Suppose that x*) — x*, (x(k)) converges to x* (at least) Q-quadratically w.r.t. the M-norm if
there exists C > 0 such that

||x(k+1) —x*lu<C ||x(k) - x*||§4 forallk e N.

Note: Q-superlinear and Q-quadratic convergence of a sequence are independent of the norm (inner
product) M. However, the property of Q-linear convergence can be lost when changing the norm.

Definition 2.6 (R-convergence rates).
Suppose that (x(k)) C R" is a sequence and x* € R"™. Moreover, let M be an inner product on R".

(i) (x(k)) converges to x* (at least) R-linearly w.r.t. the M-norm if there exists a null sequence (s(k))
such that
lx® = x|y < e® forallk € N,

and (¢%)) converges to zero Q-linearly w.rt. | -|.

(ii) (x(k)) converges to x* (at least) R-superlinearly w.r.t. the M-norm if there exists a null sequence

(e“‘)) such that
lx® = x|y < e® forallk € N,

and (E(k)) converges to zero Q-superlinearly wrt. | -|.

(iii) (x(k)) converges to x* (at least) R-quadratically w.r.t. the M-norm if there exists a null sequence
(E(k)) such that

Ix® —x*||py < e® forallk €N,

and (s(k>) converges to zero Q-quadratically w.rt. | -|.

Note: The R-convergence modes are slightly weaker than the respective Q-convergence rates. Q-
convergence considers the decrease in the distance to the limit [|x(¥) — x*||5s in every step of the
sequence. By contrast, R-convergence considers the decrease overall.

4“Q” stands for “quotient”.
5“R” stands for “root”.
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§ 2.8 CONVEXITY

Convexity plays a very important role in optimization in general. In this class, however, we will rely
on it only scarcely. We briefly recall here some elements of convexity. You may study Herzog,
2022, § 13 if you wish to have more background information.

Definition 2.7 (Convex function).
A function f: R" — R is termed

(i) convex in case
flax+(1-a)y) <af(x)+1-a)f(y) (2.16)
holds for allx, y € R" and a € [0,1].

(i) strictly convex in case

flax+(Q-a)y) <af(x)+(1-a)f(y) (2.17)

holds for all x, y € R™ and a € (0,1).
(iii) p-strongly convex or strongly convex with parameter u > 0 in case
flax+(1-a)y) + ga (1= a)llx = ylI* < af (x) + (1= a)f(y) (2.18)
holds for allx, y € R" and a € [0,1].

(iv) concave (concave) or strictly concave or constrly concave if —f is convex or strictly convex or
strongly convex, respectively.

Theorem 2.8 (Characterization of convexity via first-order derivatives).
Suppose that f: R"™ — R is differentiable.

(a) The following are equivalent:
(i) f is convex.

(ii) Forallx,y € R",
fe) = f() = f(y(x-y) (2.19)
holds.

(iii) Forallx,y € R",
() -f)x-y) =0 (2.20)

holds. Equation (2.20) means that f’ is a monotone operator.

(b) The following are equivalent:

https://tinyurl.com/scoop-nlo 15
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(i) f ist strictly convex.
(ii) Forallx,y € R" such that x # v,
fE)=f(y) > f(Nx-y) (2.21)
holds.
(iii) For allx,y € R" such thatx #+ v,
(') = f (M) (x=y) >0. (2.22)
Equation (2.22) means that f’ is a strictly monotone operator.
(c) The following are equivalent:
(i) f ist strongly convex.
(ii) There exists i > 0 such that for all x, y € R",
f6) =) = F 3= 3) + 5 llx =yl (223)
holds.
(iii) There exists yu > 0 such that for allx, y € R",
(f) = ) (x =) = llx = ylI*. (2.24)

Equation (2.24) means that f’ is a strongly monotone operator.

Theorem 2.9 (Characterization of convexity via second-order derivatives).
Suppose that f: R" — R is twice differentiable.

(a) The following are equivalent:
(i) f ist convex.
(ii) f" is everywhere positive semidefinite (has only non-negative eigenvalues).
(b) When "' is everywhere positive definite, then f is strictly convex.
(c) The following are equivalent:
(i) f is strongly convex with parameter ji > 0.

(ii) The smallest eigenvalue of f” (x) satisfies Amin (f"'(x)) = p > 0 for all x € R™.
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§ 2.9 MISCELLANEA

We denote the interior of a set S € R” by int S and its closure by cl S.

Given € > 0 and x € R",
BM(x'9) = {x e R"[[lx = x'O||m < ¢}

denotes the open e-ball w.r.t. the M-norm about x(*). Similarly, the closed e-ball is

ABY(x) = {x e R"|||lx = x© ||y < &}

The ceiling function [x] returns the smallest integer > x.
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Chapter 1 Numerical Techniques for Unconstrained
Optimization Problems

We discuss in this chapter numerical methods for the unconstrained version of (1.1), i. e.,
Minimize f(x) where x € R". (UP)

The reason for discussing the unconstrained problem first is that we can introduce the essential
algorithmic techniques without the difficulties of any constraints present.

Up front, we mention that we can only hope to find local minimizers. Determining global minimizers is
generally much harder and only possible under additional assumptions on the objective, and generally
only in relatively small dimensions n € N. A notable case of an additional assumption is that of a
convex objective f. In this case, every local minimizer is already a global minimizer. Morever, first-
order optimality conditions are already sufficient for optimality, and we do not require second-order
conditions.

§ 3 OpPTIMALITY CONDITIONS

We assume you have seen the following first- and second-order optimality conditions, so we only
briefly recall them; see Herzog, 2022, § 3 for more details.

Theorem 3.1 (First-order necessary optimality condition).
Suppose that x* is a local minimizer of (UP) and that f is differentiable at x*. Then f’(x*) = 0.

Proof. Suppose that d € R" is arbitrary. We consider the curve y: (=§,5) — R”, y(t) = x* + td. For
sufficiently small § > 0, this curve runs within the neighborhood of local optimality of x*. This implies
that f o y has a local minimizer at ¢t = 0.

From this local optimality, we infer that the difference quotient satisfies

t t <0 fort<O.

F®) = F(r(0) _ fx" +td) - f(x") {z 0 fort>0,

On the other hand, this difference quotient converges to f’(x*) d as t — 0. Consequently, we must
have f’(x*)d = 0. Since d € R" was arbitrary, this means f’(x*) = 0. O
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A point x € R" with the property f’(x) = 0 is termed a stationary point of f.

Theorem 3.2 (Second-order necessary optimality condition).
Suppose that x* is a local minimizer of (UP) and that f is twice differentiable at x*. Then the Hessian
f"(x*) is positive semidefinite.”

Proof. Suppose that d € R" is arbitrary. Wie in Theorem 3.1 we define y(t) := x* + t d and again
consider the objective along the curve, i.e., ¢ := f oy, which has a local minimizer at ¢ = 0. Since ¢ is
twice differentiable at t = 0, Theorem 2.3 implies the following: for all ¢ > 0 there exists § > 0 such
that

lo(2) = @(0) = ¢"(0) £ - %fp"(O) | < et?

holds for all [¢t| < §. In view of Theorem 3.1, ¢’ (0) = 0, and the local optimality implies ¢(0) < ¢(t)
for all |¢| sufficiently small. We thus obtain

1 144 1 1
—5¢"(0) t* < o(t) - ¢(0) - 507 (0) 2 < et?

for all |t| sufficiently small, whence

1
_NO>_.
2qo()_ e

Since ¢ > 0 was arbitrary, we conclude ¢” (0) = d" f”(x*) d > 0. And since d € R" was arbitrary, we
have shown f”’(x*) to be positive semidefinite. O

Theorem 3.3 (Second-order sufficient optimality condition).
Suppose that f is twice differentiable at x* and

(i) f'(x*)=0and
(i1) f"(x*) is positive definite’, with minimal eigenvalue 1 > 0.

Then for every f € (0, i), there exists a neighborhood U (x™) of x* such that
p

f(x) > f(x*)+ §||x —x*||* forallx € U(x"). (3.1)

In particular, x* is a strict local minimizer of f.

Proof. Here we use Theorem 2.3 directly for f (not along a curve). For every ¢ > 0, there exists § > 0
such that

* * , * 1 ’7 *
Fx"+d) = f(x) = f/ (") d = Sd'f" (x")d] < e |ld)f”
holds for all ||d|| < 8. According to the assumptions, f'(x*) = 0 holds. Therefore,

—edlf < fG+d) - f(x) = 2d ()

'Due to the symmetry of f”/(x*) this is equivalent to all eigenvalues of f’/(x*) being non-negative.
2Due to the symmetry of f’/(x*) this is equivalent to all eigenvalues of f’/(x*) being positive.
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holds for all ||d|| < §. This implies
1
O +d) 2 f() +dTf () d - e d?
for all ||d|| < 6.

From (2.9) (with M = 1d), the values of the Rayleigh quotient associated with the symmetric matrix
f” (x*) are bounded above and below by the extremal eigenvalues of f”’(x*). In particular, we have

df’(x)d > p||d|I> foralld e R™

We can now finalize the proof: for § € (0, i), choose ¢ := (1 — f)/2 > 0 and an appropriate value of
6 > 0. Then we have

O+ d) 2 fG) + S () d = e P
> f") + SldlP - e ld]

=)+

for all ||d|| < &. O

l1d]I?

Property (3.1) means that f has at least quadratic growth near x*. Equivalently, f is locally strongly
convex with parameter f € (0, p).

§ 4 MiNIMIZATION OF QUADRATIC FUNCTIONS

In this section we consider the simplest reasonable class of unconstrained optimization problems,
namely the minimization of quadratic polynomials:

1
Minimize ¢(x) = 3 TAx —b'x+c wherex € R". (4.1)

The data of the problem is A € R™", b € R" and ¢ € R. We can assume w.L.o.g. that A is symmetric.
Quiz 4.1: Why?

If we knew a spectral decomposition of A = VAVT (which of course we usually don’t), we could
represent the objective as ¢(x) = 3x"V AV'x — b'V V'x + c. After a substitution of variables x = V'y,

this becomes ¢(y) = %yT Ay —b"Vy+c. Consequently, in these coordinates, the problem decomposes
into a sum of n independent quadratic minimization problems in the components y;.

Being able to solve (4.1) is an essential building block for subsequent tasks.
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Lemma 4.1 (Solvability and global solutions of (4.1)3). Suppose that A € R™" is symmetric, b € R"
and ¢ € R. Then the following holds:

(i) If A is positive semidefinite, then the objective in (4.1) is convex. In this case, the following are
equivalent:

(a) The problem (4.1) possess at least one (global) minimizer.
(b) The objective ¢ is bounded below.
(¢) Ax =D is solvable.
The global minimizers of (4.1) are precisely the solutions of the linear system Ax = b.

(ii) In case A is not positive semidefinite?, the objective ¢ is not bounded below, thus problem (4.1) is
unbounded.

Proof. ]

Corollary 4.2 (Unique solvability of (4.1)). Problem (4.1) possesses a unique (global) solution x* if and
only if A is s. p. d. In this case, x* = A™'b, and the optimal value is

, 1, . 1, _ 1
P =c - Sl'llh = e~ SIATBIG = ¢ = S lIbI.

We will assume for the remainder of § 4 that A is symmetric and positive definite (s. p.d.). Hence, the
solution of (4.1) is equivalent to the solution of the linear system Ax = b. We denote that solution
by x* = A71b. Of course, we could be using a direct solver, such as Gaussian elimination, which
computes an LU decomposition of A, or rather its s. p. d. variant without pivoting, which computes the
Cholesky decomposition A = LLT with the lower triangular matrix L.5 However, when the problem
is high-dimensional (such as n > 10 000), then the generic ~ n® effort for solving the linear system
becomes prohibitive. Even when A is sparse, as is often the case for high-dimensional problems, and a
direct solver which exploits this is used®, this is no longer feasible for very high dimension n.

This is where iterative solvers for linear systems come into play. They do not solve the problem at
once, but rather generate a sequence (x(k)) which converges to the solution. Beyond the ability to
deal with very high-dimensional problems, iterative solvers have another advantage: Any iterate x(*)
of the method can be viewed as an approximate solution of Ax = b (or an approximate solution of
(4.1)), and we can stop the iteration as soon as the desired tolerance is reached, when the time budget
is used up, or when something unexpected happens, e. g., A turns out not to be positive definite after
all. Recall that direct solvers do not yield any usable approximate solutions of the system while they

3compare Nocedal, Wright, 2006, Lemma 4.7

4The matrix A possesses at least one negative eigenvalue.

5We assume you have seen these methods, e. g., in the class Einfithrung in die Numerik.
bsuch as a sparse Cholesky decomposition
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are running; they have to carry through to the end, and only then return a solution, which is exact up
to the influence of floating-point error. Iterative solvers have the additional advantage that they do
not require access to the matrix A entry by entry. Rather they only require matrix-vector products,
i.e., a function which evaluates x = A x. Quiz 4.2: Can you think of an example where matrix-vector
products are available, but you typically don’t have access to the entries of the underlying matrix?

Our objective ¢ from (4.1) satisfies

1
P(x) = ExTAx -b'x+c
Vo(x) =Ax-b=r.
We call r = V@ (x) the residual of the linear system A x = b at x.7 Independently of any method we

might be using to solve Ax = b (or minimize ¢), we have the following relation between the values of
the objective, the error x — x* at a point x, and the residual at x:

Lemma 4.3. We have

B0 = $(x) = 2l =<'l = Sl = S 199G 5 (&)

Proof. Direct calculation shows

$(x) — ¢(x")

1 1

ExTAx —-b'x+c- E(x*)TA X +b'x" -

1 1

=3 TAx — (x")"Ax - E(x*)TAx* + (x*)"Ax* since b= Ax"

1 1
=3 TAx — (x")TAx + E(x*)TAx*

1 *
= Sl - x'I4
1 #\T 1 TA-1 : *
=—(x—-x")r==r'A"r sincer = A (x — x™)
2 2
1
= ~Irll-
2 A
_1 2
= S IVPEO -1

We will discuss in the remainder of this section two different iterative methods for the solution of (4.1),
and equivalently the solution of the linear system A x = b, where A is s.p. d.® These methods are the
gradient descent method (also known as steepest descent method), and the conjugate gradient
method.

7Sometimes the residual is defined in the literature with opposite sign. We do not write r(x) to keep the notation concise.
It will be clear from the context which vector x the residual is associated with.

8You can learn more about iterative solvers for more general linear systems (not related to optimization) in the class
Numerische lineare Algebra.
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We begin with the gradient descent method, which is based on the following simple
Idea: from the current iterate x(X), move a bit along the direction of steepest descent of the objective,
and take the point reached as the next iterate x ¥+,

§ 4.1 DIRECTION OF STEEPEST DESCENT

We first need to clarify what descent directions and the directions of steepest descent of a function
f:R" — R at a point x are.

Definition 4.4 (Descent direction).
Suppose that f: R" — R is differentiable at x € R". A vectord € R" is termed a descent direction for f
at x if

f(x)d <o. (4.3)
holds.

By definition, the direction of steepest descent minimizes the directional derivative f’(x) d over all
vectors d € R" of constant length. What we mean by “length” is defined through the inner product M

in use:
Minimize f’(x)d whered € R"

subjectto  ||d||y = 1. (4-4)
We note that we could be considering the equivalent problem
Minimize f'(x)d whered € R"
(4-5)

subjectto  ||d||y < 1.

The normalization to unit length is, by the way, arbitrary.

Problems (4.4), (4.5) are constrained problems, but we can solve them without an elaborated theory.
We rewrite the objective so that the directional derivative is expressed using the M-inner product?

F(x)d=Vf(x)'d=Vf(x)'MMd=(MVf(x) Md,

where we used the symmetry of M (actually of M~!) in the last step. The Cauchy-Schwarz inequality
w.r.t. the M-inner product shows that this expression is minimal precisely when d is antiparallel to
M7V f(x).

We summarize these findings:

Definition 4.5 (M-gradient, direction of steepest descent w.r.t. the M-inner product).
Suppose that f: R" — R is differentiable at x € R" and that f'(x) # 0 holds.

9In case this means something to you, we determine the Riesz representer of f’(x) w.r.t. the M-inner product.
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(i) The vector
Vuf(x) = M~V f(x) (4.6)
is termed the gradient of f at x w.r.t. the M-inner product or briefly: the M-gradient.

(ii) The vector =V f(x) and all of its positive multiples are termed the directions of steepest descent
of f at x wr.t. the M-inner product.

We evaluate the negative M-gradient (direction of steepest descent) by solving the linear system

Md* = -Vf(x). (4.7)

When using the Euclidean inner product (M = Id), we continue to write Vf(x) instead of Viqf(x).
Sometimes, the use of Vy;f(x) instead of the Euclidean gradient direction Vf(x) is referred to as
preconditioning.

§ 4.2 GRADIENT DESCENT METHOD WITH CAUCHY STEP SIZES

The direction of steepest descent at x used by the gradient method is thus'®

d=-Vyp(x) =-M"r.

Now that the choice of direction is clear, let us analyze the choice of the step size. We have the
following expression for the difference of function values before and after a step:

1 1
d(x+ad) — P(x) = §(x+ad)TA(x+ad)—bT(x+(xd)+c—ExTAx+bTx—c

1
= E(dTAd) a* +(Ax-b)da

- %(dTA d)o?+ (F'd)a. (4.9)

Note: This formula holds for arbitrary directions d and step sizes a.

When d # 0, then the one-dimensional quadratic polynomial & — ¢(x + a d) is strongly convex. It is
therefore an obvious idea to choose « such that ¢ (x + a d) is minimized. According to (4.8), we have

d

d—(/ﬁ(x +ad)=(d"Ad)a+r'd,
104

d2

F(/)(x+ad) = dTAd > 0.
(04

Due to the positivity of the second derivative, the second-order sufficient condition (Theorem 3.3) is
satisfied when %qﬁ(x + a d) = 0, which amounts to

. r'd

19We avoid iteration indices for now in order to avoid cluttered notation.
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This “optimal” step size is also known as the Cauchy step size. For this choice, the difference of
function values (4.8) before and after a step becomes

d(x+a*d) — d(x) = %(dTA d) (") + (F"d) a*
1, . r'd \2 . r'd
=3dAd) (dTAd) - rd) 72
_1(7dy?
T2 dAd (4.10)

Note: This formula holds for arbitrary directions d # 0 but it uses the Cauchy step size a*.

We can now state the steepest descent method w.r.t. the M-inner product and the Cauchy step size
(4.9) for the iterative solution of the unconstrained quadratic minimization problem (4.1) with s.p. d. A.
This method, with M = Id, was already published by Cauchy, 1847.

Algorithm 4.6 (Gradient descent method for (4.1) w.r.t. the M-inner product with Cauchy step size).
Input: initial guess x(*) € R"
Input: right-hand side b € R"
Input: s.p.d. matrix A (or matrix-vector products with A)
Input: s.p.d. matrix M (or matrix-vector products with M™1)
Output: approximate solution of (4.1), i.e, of Ax =10
1 Setk =0
2 Setr(® = Ax(® —p
Setd® = —M~1(®
Set 50 == —(r()7g(®
while stopping criterion not met do
Set q'K) = Ad*)
Set Ok) = (q(k))Td(k)

/ evaluate the initial residual
/ evaluate the initial negative M-gradient
/80 = IVm (N3, = IF V13

Set o) = 5) /9(k)
Set x (k1) = x (k) 4 (k) g(k)
;. Set k) = p(k) 4 oK) g (k)
o Setd®) = —p1p (k)

12 Set S(k+1D) = _(r(k+1))Td(k+1)
13 Setk =k+1

14: end while

15: return x ()

IR R R B

/ evaluate the Cauchy step size

/ update the iterate

/ update the residual

/ evaluate the negative M-gradient
/85 = Vg (x D) I3, = IrED2

The following can be said about Algorithm 4.6.

Remark 4.7 (on Algorithm 4.6).

(i) Algorithm 4.6 is an iterative solver for the unconstrained quadratic minimization problem (4.1) with
s.p.d. A, and simultaneously an iterative solver for the linear system Ax = b.

(ii) We do not require access to the matrix A entry by entry, matrix-vector products with A are enough.
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(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

The user gets to choose the inner product M. This is known as preconditioning, and therefore
Algorithm 4.6 is often termed a preconditioned gradient descent method. The case M = 1d
corresponds to the classical gradient descent method (without preconditioning).

We also do not require access to the inner product matrix M entry by entry, matrix-vector products
with M~ (i. e., solutions of linear systems with M) are enough.

Algorithm 4.6 requires the storage of four vectors, which are iteratively overwritten: iterates x*),
residuals r'® | negative gradient directions d©, and vectors ¢ = Ad®).

Every iteration requires one matrix-vector product with A and one application of the preconditioner,
i. e., one matrix-vector product with M1,

In order to mitigate the accumulation of round-off error, it is advisable to evaluate the residual
every, say, 50 iterations according tor®) := Ax®) — b, rather than update it.

The Cauchy step sizes satisfy

1 @®)yaq®

as long as d'®) # 0 holds, i. e., as long as x'¥) # x*. Consequently, the Cauchy step sizes generated
can be used to obtain estimates on the eigenvalues of A w.r.t. M.

When Algorithm 4.6 is provided with the value of c, the following recursion can be added to the
algorithm to keep track of the value of the objective:

1
$(x©) =+ 5(r<°) - b)"(x") initialization (4-122)

1
¢(x(k+1)) — gb(x(k)) _ 5 a® 5k update. (4.12b)

This does not incur noticeable computational overhead and does not require the storage of extra
vectors. Alternatively, the value of ¢(x?)) can be provided.

We now seek to estimate the speed of convergence of Algorithm 4.6. The function values at the iterates
satisfy

P(xF) — (x7)
1

= Ellr(k“)lli_l by (4.2)
1

- E||r(k) +a®Aad®|?

Lo ()2 k) (o ONT 2R L L1 (012 ¢ ak k
— E“r( )||A-1+01( )(r( ))Td( )+5[a( )] (d( ))TAd( )|
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This formula so far holds for any choice of step size a'¥) and any choice of direction d®). We now

RONFIG) .
insert the Cauchy step size a¥) = —(;(,j))% and obtain
k k)12 k k)12
- 1||r(k)||2 3 [(r*)Ta W] +1[(r( )TdM]
2 AT (dR)TAdR) T2 (dR)TAdR)

HRYT (k)2
Z(l‘[ yintct

(dO)AdO ] [(r)ra1r®] )(¢(X(k)) —¢(x"))  by(a2).

The directions d®) are still arbitrary. Inserting the relationship d*) = —M~1r*) = —V ¢ (x*))

characteristic for gradient descent, in the form r®) = _Md®)  we obtain
ONIYPIIE
=(1- LD ya ] (p(x™) = p(x")).
[(dF)TAdO] [(dE)MAIMAR]

The fraction is precisely the type of expression estimated by the generalized Kantorovich inequality
(2.15). This yields

P - p(x")

= (1 B <§ " §)2) ($() = 6(x")
p-a)’ (k) *
- (572) 6 - g0
= (2;1) (¢ (x®) = p(x")) since k = f/a.

We have thus shown the following classical convergence result for Algorithm 4.6:

Theorem 4.8 (Convergence of Algorithm 4.6). Suppose that A € R™*" are M are both s.p.d., a =
Amin (A; M) and f := Apax(A; M) are the extremal generalized eigenvalues of A w.r.t. M. Then for any
choice of the initial guess x'°), the gradient descent method with Cauchy step sizes converges to the unique
solution x* = A™'b of (4.1). In terms of the generalized condition number k = f/a, we have the estimates

BE) - (") < (%)2 () - 9(x") (4132
I =l (557 15 =l (413b)
and consequently
x) =47 = (5 1)k () - $(x) (4130
x4 = x7lLa < (’;—:)k Ix® = x|l (413)

Moreover, the objective values ¢(x%)) and thus the norm of the error ||x*) — x*|| 4 are monotonically
decreasing.
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As an immediate consequence of this theorem, we can estimate the maximal number of iterations
required until the left-hand terms in (4.13c) and (4.13d) have been decreased relative to their initial
values.

Corollary 4.9 (Maximal number of iterations required in Algorithm 4.6). Given positive numbers &

and &, it takes
2k
K 1 . . L [k—=1
k <|—=In|—|| iterations until | —— <e,
4 K+1

€
K 1 . . L [k—=1 k
k < |=In|—]| iterations until < .
2 £ K+1

Proof. (1) We first show that

holds for all k > 1. At k = <L we have

e—1’
K—1 1 2 e—1
—ln( ):—ln(—):1>—:2 ~ 0.92
K+1 e K e+
We now show that

d ) k-1 d 2
—|=m -z
dx k+1)|  dkxk

holds for all k > 1, which proves the claim. The derivative on the left is m while the
derivative on the right is ;—22 In view of 0 < k% — 1 < k? for all k > 1, we conclude

2 220 forallk > 1
(k=1 (x+1) 2 oratr ==L

(2) Taking the reciprocal of the inequality shown above, we obtain

0<——L <K (%)
In(4) ~ 2
forall « > 1.
(3) Given k > 1, we easily infer that ('fc—;ll)Zk < & holds if and only if
1 —-lng 1 -1 ( 1 )
k>- — = s n[—|. (xx)
2-In(i5) 2W(3m) \a
In view of the inequality (+) shown above, we obtain that
1 1
k> {E In (—ﬂ > “n (—)
4 &1 4 &
implies (x*), which proves the first claim.
The second claim follows similarly. O
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Remark 4.10 (on Theorem 4.8).

(i) (4.13b) shows the Q-linear convergence of(x(k)) to the solution x* in the A-norm.

(if) The contraction factor is 0 < ’;—;11 < 1, i.e., the convergence estimate depends on the ratio K
between the largest and the smallest generalized eigenvalue of A w.r.t. M. It is the purpose of the

preconditioner/inner product M to keep this ratio small.

(iii) In the extreme case k = 1 we obtain convergence in one step. This happens precisely when M is a
multiple of A. However, we need a solve a linear system with M in every iteration. If we were able
to do that, we might as well solve Ax = b directly.

(iv) A good preconditioner is a compromise between a moderate generalized condition number k and
the effort in applying M~'. Finding a good preconditioner generally requires knowledge about the
problem at hand.

(v) It is natural to measure convergence of the method in the A-norm of the error because, due to (4.2),
that is the quantity being minimized.

(vi) The estimates of Theorem 4.8 are worst-case estimates since they do not depend on the initial guess
x() In fact, as can be seen in Figure 4.1c, the actual contraction factor for the objective values can
be significantly smaller for some initial guesses than the estimate (4.13c) suggests.

Figure 4.1 illustrates the convergence behavior of Algorithm 4.6 for a 2-dimensional example problem
from a number of different initial guesses x(?). We observe the typical “zig-zagging” behavior of the
iterates as they converge to the solution. This happens for any initial guess, except when x(®) — x*
happens to be a generalized eigenvector of A w.r.t. M, in which case convergence occurs in one step
due to x(!) = x*. (Such a case is not shown in Figure 4.1). Quiz 4.3: Suppose A, b and M are given and
you consider a random distribution of initial values x(®) in R, which has a probability density. What
is the probability of hitting an initial value such that convergence happens in one step?

The zig-zagging behavior of the iterates x(¥), as well as the non-monotone behavior of ||r*) ||,
have been analyzed in detail in the literature; see for instance Akaike, 1959; Forsythe, 1968; Nocedal,
Sartenaer, Zhu, 2002. Essentially what happens is that, asymptotically, the error x*) — x* alternates
between elements of the eigenspaces belonging to the smallest and the largest eigenvalues of A w.r.t.
M. This is ultimately a consequence of the fact that gradient descent is a memoryless method.

It has also been shown that a necessary condition in order for the norm of the gradient ||r*)|[,;-1 to
converge non-monotonically is that the condition number satisfy k > 3 +2 V2 ~ 5.83.

It remains to discuss stopping criteria. Several quantities may be of interest in this respect:
(i) Are we happy with a point x¥) which is almost stationary, i. e., where ||r*) ||, 1 is small?

(ii) Are we happy with a point x¥) whose objective value is near the optimal value, i. e., where
¢ (xF)) — p(x*) is small, or equivalently, where ||x*) — x*|| 4 is small?
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(a) Iterates (x(k)) of the method. Each color corresponds to a different initial guess x(%).

10
10°
10-10 b
100 : - : : ‘ : 1048 : : : : ‘ ‘
0 5 10 15 20 25 30 0 5 10 15 20 25 30
(b) The norm of the gradient V§®*) = (c) The objective values ¢(x*)) — $(x*) converge
IVad(x Ny = [Ir® ]y does not monotonically. The black line illustrates the
necessarily converge monotonically. bound (4.13¢).

Figure 4.1: lllustration of the convergence behavior of Algorithm 4.6 from a number of initial guesses
x(®). No preconditioning (M = Id) is used. The two eigenvalues of the matrix are = 1 and
B =10 so the condition number is x = 10.
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(iii) Are we happy with a point x¥) whose distance from the minimizer is small in the preconditioner-
induced norm M, i. e., where ||x*) — x*|| s is small?

The only of these three quantities which we can evaluate without knowing x* or ¢(x*) is () =
[|r(F) ||§/[_1. Therefore, many implementations use one of the following combinations of a relative and
an absolute criterion based on || || ;-1

1 ages < et 17Ol e, 8 <&y 8, (4.142)
1 ® |-t < eabss ie,d® < (4-14b)
P a1 < eret IF g + eabss ice, (8Y)% < g (8)Y7 + eaps, (4-140)
Ir® g < max{ere |y, eans) e, 6% < max{el; 67, & }. (4-14d)

Let us see which consequences either of the implementable stopping criteria (4.14) has on the other
two quantities of interest:

Lemma 4.11 (Implications). The criteria from (4.14) imply, respectively,

(k)

x5 = x4 < Vi et 16 = x4 (4.152)
* ) 4.15a
Ix® = x* |l < K et [ = x|
||x(k) —x"|la < (1/‘/5) Eabs
L (4.15b)
| = x"[|m < (1/ @) €aps
%) — x4 < Vicerer 16" = x*[l4 + (1/Vat) £abs (4.15¢)
||X(k) — x*”M < K el ”x(O) - X*HM + (1/0{) Eabs
[l = x* |4 < max{Vk ere1 16" = x4, (1/Va) eaps } (4.15d)
* . 4.15
llc® = x* |l < max{x ever [1x? = x*||a1, (1/cx) eabs}
Proof. The proof is part of homework problem 2.3. .

§ 4.3 GRADIENT DESCENT METHOD WITH CONSTANT STEP SIZES

We can show that the gradient descent method continues to converge Q-linearly when, in place of
the Cauchy step sizes, we choose constant step sizes «¥) = @ within a certain range. We obtain as
above

$(x**) - (x)
1 1
= B2 +a (r®)Td®) + E&Z(d(k))TA d®.
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We leave @ open for now and insert the gradient descent relation r*) = ~M d®) to obtain

1 1
= 5||r(k)||l2q_1 ~z(d%)MmMa® + EaZ(d(k))TAd(k)

1 1

< 5||r<’<) 1% —a d®)Md® + 552/3 (d*)YMd®  sinced"Ad < fd"Md
1 1

= I, +a (Eﬁﬁ ~1) (@) ma®.

Here we need to convert the last term into d"M A~'M d, which is equal to r’A™!r, so that it can
be combined with the first term. We require that the coefficient o (%E B - 1) is negative to obtain

convergence. Consequently, we use the first estimate in (2.11a):

1 1 1
IO+ @ (Ea B-1)a @ )MA MY provided that @ (Ea p-1) <0

IA

1 1, &
1+2(x(5aﬁ—1) a} SO

1+2a (%5ﬁ 1) | ($9) - p(x").

The condition that o (%E B - 1) is negative amounts to @ € (0, %). It is precisely the midpoint @ = 1/
of this interval which minimizes this term and yields the optimal estimate, and the expression in [- - -]
becomes ’%1 in this case.

Remark 4.12 (on the convergence of Algorithm 4.6 with constant step sizes).

(i) We have shown that Algorithm 4.6, where Line 8 is replaced by a®) := @, still converges, provided
that @ € (0, %).

(ii) From a practical perspective, we therefore need to know at least an upper bound for the largest
eigenvalue f of the generalized eigenvalue problem Ax = A M x. When we have < Pestimate and
choose @ € (0, —2—), we also have @ € (0, %).

)Bestimate

(iii) The choice & = % yields the optimal estimate. In this case, we obtain

$xE) —g(x") < (;1) ($(*) = p(x).

. _1)2 _ ; . : :
Since for all k > 1, we have (i—ﬂl) < KTI, the contraction factor in the bound we obtained with
constant step sizes is worse than the one for the Cauchy step sizes; see (4.13a). Consequently, there
is no reason to prefer the gradient descent method with constant step sizes over the version with

Cauchy step sizes.

(iv) The Kantorovich inequality was not needed in the proof.

Figure 4.2 illustrates the convergence behavior of Algorithm 4.6 with constant step sizes for a 2-
dimensional example problem from a number of different initial guesses x(?).
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4

(a) Iterates (x*)) of the method.

4

(d) Tterates (x(k)) of the method.

N

>

(g) Iterates (x(K)) of the method.

5 10 15 20 25 30
(b) Gradient norm ||r®) || -1
10

109

10t o

102

0 5 10 15 20 25 30

(e) Gradient norm ||r®) || 1.

0 5 10 15 20 25 30

(h) Gradient norm ||r %) || 1.

1010

1015
0 5 10 15 20 25 30

(c) Objective ¢(xF)) — p(x*).

10

1015
0 5 10 15 20 25 30

(f) Objective ¢(xK)) — p(x*).

10°

1010

1015
0 5 10 15 20 25 30

(i) Objective ¢(x%)) — p(x*).

Figure 4.2: lllustration of the convergence behavior of Algorithm 4.6 with various constant step sizes
instead of the Cauchy step size. The step sizes, from top to bottom, are @ € {0.03, 0.10, 0.17}.
No preconditioning (M = Id) is used. The two eigenvalues of the matrix are ¢ = 1 and
B =10 so the admissible range of constant step sizes is @ € (0, %) =(0,0.2).
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§ 4.4 GRADIENT DESCENT METHOD WITH OTHER STEP SIZE RULES

Step size rules other than the Cauchy step sizes and constant step sizes have been proposed and
analyzed in the literature with the goal of breaking the non-efficient zig-zaggging pattern; among
them Barzilai, Borwein, 1988; De Asmundis, di Serafino, Riccio, et al., 2013; De Asmundis, di Serafino,
Hager, et al., 2014; Gonzaga, Schneider, 2015. We do not go into the details here but mention one
remarkable result from Gonzaga, 2016, Theorem 1. Suppose that & = Apnin(A; M) and f = Apax(A; M)
are the extremal generalized eigenvalues of A w.r.t. M, and k = g is the generalized condition number.

Suppose that k¥ > 1.06 and that
2
= vim (2]
€1

holds. Consider the set of mutually distinct, precomputed step sizes

; 1
() —
{“ T 00

Then the gradient descent method Algorithm 4.6 with step sizes ¥, applied in any order, requires at
most

2 2k 2

. - 1+2j +a
e :=ﬂ cos( ]71')+ﬁ ,j=0,1,...,k—1}.

2k
. . L (k-1
k iterations until ( ) < &.
K+1

The interesting fact is that, compared to the estimate of Corollary 4.9 for the Cauchy step size, the
bound on the iteration numbers is proportional only to +/x, not to x. The result can be modified so that
it is not required to know the extremal eigenvalues exactly, but knowledge of an interval containing
them is sufficient.

We are going to obtain a similar complexity result for the conjgate gradient method in § 4.6.

§ 4.5 GRADIENT DESCENT METHOD AS DISCRETIZED GRADIENT FLOW

We conclude the discussion of the gradient descent method by interpreting it in another way. Consider
the differential equation

#(1) = =V f(x(D)), 20
x(0) = %), (416)

This is known as the gradient flow associated with f. Its stationary points are precisely the stationary
points of f. Due to

%f(X(t)) = f1(x () (1) = =f (x()) M7V f(x(8) = =1V (x(0) I3 = =1V f (x(D)) Iy (417)
the value of f is decreasing along the path x(t).

When we discretize (4.16) by the explicit (forward) Euler method with time step size AtK), we obtain

(k41 _ ()

— A1 (k)
At(k) =-M Vf(x )>
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or equivalently,
xFD = () A Mty f( ), (4.18)

This is precisely a step of the gradient descent method with step size At(¥), Therefore, we can interpret
the gradient descent method as a discretization of the continuous gradient flow equation.

End of Week 2

§ 4.6 CoNJUGATE GRADIENT METHOD

The typical inefficient zig-zaggging pattern of the directions d*) is a consequence of the fact that
gradient descent is a memoryless method. That is, we could restart the method at any iterate and it
would produce the same iterates, whether restarted or not. This is where the conjugate gradient
method (CG method, introduced in Hestenes, Stiefel, 1952) takes a different turn. It works with
search directions d*) which are pairwise A-orthogonal (also known as A-conjugate), and builds a
memory of previously visited directions.

Definition 4.13 (Conjugate directions). Suppose that A € R™" iss.p.d. A set of non-zero vectors
{d©,...,d®)} c R" is termed A-conjugate if

dNTAdD =0 foro<ij<k, i#].

In other words, A-conjugate vectors are pairwise orthogonal w.r.t. the A-inner product. In particular,
{d9,...,d®} is a linearly independent set. (Quiz 4.4: Can you prove that?)

The CG method is a member of the class of conjugate direction methods. We begin by describing
the properties of a generic conjugate direction method first before we particularize to the CG method.
A conjugate direction method chooses its search directions d(*),d(V, ... so that they are A-conjugate,
and the iterates satisfy

k4D (k) (k) (k) (4.19)

The step size a'¥) is the Cauchy step size, which minimizes the one-dimensional quadratic polynomial
a p(x® 4 ad®).

That is, we have

(k)yT (k)
a® = _ ) , (4.20)
(d®)HTAdKF)
compare (4.9). As in the gradient descent method, the residuals satisfy the recursion
rlel) = () 4 g (K) 4 gk (4.21)

Conjugate direction methods have the remarkable property that the sequence of one-dimensional
minimizations in the A-conjugate directions d(®),d, . . . is equivalent to the minimization over the
entire affine subspace x() + span{d(®),d", .. }. This is shown in the following result.
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Lemma 4.14 (Properties of conjugate direction methods). Suppose that A € R™" is s. p. d. Given an
initial guess x(© and a set {d(o), dov, ..., d(k_l)}, k > 1 of A-conjugate search directions, suppose that the
iterates x9, ..., x%) are generated according to (4.19) with Cauchy step size (4.20). Then the following
holds.

(i)
r"NTdD =0 foralli=o0,1,...,k—1. (4.22)

(ii) x®) minimizes ¢ over the affine subspace x'*) + span{d®,dV, ... d*V}.

Proof. We can show Statement (i) via induction over k. For k =1,

(rTd® = (Ax® - b)Td® by definition of the residual
= (Ax'" +a' 94439 —b)"d"Y by (4.19)
= (r(o))Td(O) +al® (d(o))TA d©® by definition of the residual

=0 since (? is the Cauchy step size (4.20).
The induction step assumes (r(k_l))Td(i) =0foralli=0,1,...,k — 2 and proceeds as follows.

(rEnTgk= = (k=D o (k=1 4 g(k=D)Tg(k=1) 1y the residual recursion (4.21)
(k-1)

=0 since a is the Cauchy step size (4.20).
For the remaining search directions d (D i=0,1,..., k-2 we have
(rFyTg® = (r(k_l) +ak DA d(k_l))Td(i) by the residual recursion (4.21)
— (r(k—l))Td(i) +q*D (d(k—l))TA d®
—_— —_————
=0 by assumption =0 due to A-conjugacy
=0.

For Statement (ii) we consider the function h: R — R

k-1
h(o) = ¢ (x<°> + Z oj d<f>) :
j=0

h is strongly convex (Quiz 4.5: Why? ), and the unique minimizer ¢* is characterized by

oh(c")

801

k-1 T
=v¢(x<°>+za;d<f>) dD =0, i=o0,.. . k-1 (+)

7=0
However, we already know that it is the iterate

k-1
28 = x0 1+ 3 a0 € 1O + span{d®,d, ..., d*V}
j=0
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which satisfies (x), since
k-1 T
V¢(x<°> + Z e) d(j)) 4D = Vg (x®)TgD = (r0)Tg = g
j=0

holds for alli =0, ...,k — 1, as shown in Statement (7). O

Corollary 4.15 (Properties of conjugate direction methods). Any iterative method (4.19) using A-
conjugate directions d'*) and Cauchy step sizes (4.20) converges to the unique solution of (4.1) in at most
n steps.

Proof. The search directions d'¥) are A-conjugate and thus linearly independent. Therefore,
span{d(o), av, .. d("fl)}

is all of R”, so that x(™) minimizes ¢ over all of R” by Lemma 4.14. O

In practice, the statement of Corollary 4.15 is weakened by floating point error. Moreover, the result of
Corollary 4.15 is not really relevant for high-dimensional problems since performing n iterations is
prohibitively expensive. We will later see more practical converge estimates.

There are many possibilities to generate pairwise A-conjugate directions d¥), each of which leads to a
different conjugate direction method. The conjugate gradient method (CG method) determines the
current direction d*) as a linear combination of the previous direction d*~) and the current steepest
descent direction —M~1r (k)1

d® = M@ for k =0,

4% = A 4 g gD g s g, (4.23)
The coefficient ¥) is determined in such a way that at least d'*) and d*~V are A-conjugate:
k)\Tas—-1 k-1
(o CO)MAAR (4:24)

(d(k—l))TA dk-1) °

Interestingly, the algorithm obtained in this way generates search directions which are fully A-
conjugate, as shown in the following result.

Lemma 4.16 (Properties of the iterates in the CG algorithm, see Nocedal, Wright, 2006, Theorem 5.3).
Suppose that x'*) € R" is given and that the search directions {d®),dV,...,d*®)} and the subsequent
iterates xV, ..., x®) k > 1, are generated according to (4.19)—(4.20), (4.23)—(4.24), where 2 # 0.7

span{r(o), r® L r®y = span{r(o), AM™Hr® AM YOy, (4.25)
span{d(o), dV, .., d®} = M span{r(o), AM™H O (AMHE Oy, (4.26)
d¥NTAdD =0 foralli=0,1,....k—1, (3.27)

(r"NTpM 10 = ¢ foralli=0,1,...,k-1. (4.28)

uwith (%) = 0, we obtain again the steepest descent method (Algorithm 4.6).
124(k) = 0 would mean that x(¥) is the unique solution x*. Due to the form of the Cauchy step (4.20), this is clear for k = 0,
as the nominator is ||r(k) llpr-1- (4.22) shows that this is also true for k > 0.
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The subspace
KEDAM ) = span{r®, (AM™) rO . (AMTHF O (4.29)

is termed the Krylov subspace (of order k + 1) of the matrix A M~! with initial vector r(*). Therefore,
the CG method is a representative of the class of Krylov subspace methods. The properties (4.25)
and (4.26) imply that the method creates, simultaneously, an expanding sequence of M~!-orthogonal
basis vectors of the spaces K*) (A M~;r(?), as well as an expanding sequence of A-orthogonal basis
vectors of the spaces MK k) (A M~1;r(0)).

Proof. We first prove (4.25)—-(4.27), by induction. For k = 0, statement (4.25) holds trivially. Statement
(4.26) holds since the CG method starts with d(©) = —M~1r(%), Statement (4.27) is void for k = 0.

Suppose now that (4.25) and (4.26) have been shown up to some k > 0. We need to show that they
also hold for k + 1. By hypothesis,

r) e span{r(o), (AM™r©® . (AM YO,
d® e M1 span{r(o), (AM™) r(o), e (AM_l)k r(© 1,
hence Ad®) e AM™! span{r(o), (AM™YHrO (AMTHk O}
= span{(AM™H) r® (AM YOy
Due to the residual recursion (4.21), we therefore have
Pk Z () 4 o (0) 4 g(0)
€ span{r(o), AM™HrO (AM YOy 4 span{(AM™) rO L (AMTHR O
= span{r'®, (AM™ ) rO, . (AM k1O (%)

Due to the induction hypothesis for (4.25), the same statement (x) holds when k + 1 is replaced by a
smaller index. Therefore, we have shown that

span{r® r® &Y C gpan(r® (AMTY) rO L (AMTHR0)
holds. Now for the reverse inequality. By the induction hypothesis for (4.26), we find
AM Y AM YO e A span{d®,dV, ..., d®} = span{Ad®, AdWV, ..., 4d")}.

By the residual recursion (4.21), specifically

AdY = %(r(m) —r) e span{r®, p(*}
o

fori=0,1,...,k, it follows that
AM Y AM YO e span{r®, rO . pky
When combined with the induction hypothesis for (4.25), i. e.,

span{r(o), AM™H O (AM YOy = span{r(o), r ey
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we find the desired reverse inequality
span{r®, (AM™) r©® (AM YO} € span{r®, FD DY
Thus the induction step for (4.25) is complete.

To see (4.26),

span{d(o), ..,d® gy

=span{d'?, ..., d"® M1 Dy by (4.23)
=M span{r'®, (AM™Y) rO, . (AM kO Ry by (4.26)
=M tspan{r'®, rO R Oy by (4.25)

=M span{r(o), AM™Hr® L (AM Y O (AMHR Oy by (4.25) for k + 1.
This concludes the induction step for (4.26).

Next we address the A-conjugacy of search directions, (4.27). By the induction hypothesis, the directions
d©, ... d% are pairwise A-conjugate. Consider

(d(k+1))TA d(l) — (_M—lr(k+1) + ﬂ(k+1) d(k))TA d(l) (**)
fori=0,...,k. In case i = k, we have
(d(k+1))TA d(k) =0

by construction of the search direction d ¥+, see (4.23) and (4.24). When i < k — 1, we argue as follows.
From (4.26), we obtain

M'Ad® e MTTAM™ span{r(o)} c span{d(o),d(l) %
M7AdY e MT'AM  span{r®, (AM™) (0} c span{d®,dV, 4},

MTAd* D e MT'AM  span{r®, ..., (AM™H) 1O} € span{d?,...,d"P}.
We thus find that, for any i < k — 1, the term (r**))TM 1A d® in (++) belongs to
(r% T span{d @, ..., d"*V} = span{(r**V)Tq® . (r*DyTgli+Dy
By (4.22), however, (r**))Td() = 0 for j = 0, ..., k. Therefore, (+*) reduces to
(d(k+1))TA d(l) — ﬁ(k+1) (d(k))TA d(l) (***)
By the induction hypothesis, this is equal to zero, which concludes the induction step for (4.27).

Finally, we consider the M~!-conjugacy of residuals, (4.28), for k > 1. We do not need an induction
argument for this. We consider two cases for (r*))TM~1r(®);
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(1) In case i = k — 1, we have (@)

(r(k—l) + gD Ad(k—l))T(_d(k—l) _,_ﬁ(k—l) d(k—Z)) fork > 2
(rk=D 4 qk=1) g (k=T (_g(k-1)) fork=1

(r(k) )TM—lr(k—l) — {

(@)
by the residual recursion (4.21) and the construction of search directions (4.23). Since the Cauchy
(d(k—l) )Tr(k—l)
CCED VI VIGEN
consider the remaining terms when k > 2. We obtain

(r(k—l))Td(k—z) =0 due to (4.22),
(Ad*D)T(@k=2)) = 0 owing to the A-conjugacy of search directions.

step size satisfies a(k~1) = the term (O) is equal to zero for all k > 1. Let us

Therefore we conclude that ()M =171 = 0 holds for all k > 1.

(2) incasei < k — 1, we have
[ AL 8 i
When expanding, we obtain terms of the types (note i < k — 1)
(r*&NTg@D =0 due to (4.22),
(Ad*DYg® =0 owing to the A-conjugacy of search directions,
(r*e=Tgl=1 = o due to (4.22),
(Ad%*DYq=Y = 0 owing to the A-conjugacy of search directions.

Therefore we conclude that (r®)"M~1r() = 0 holds forall k > 1and 0 < i < k — 1. O

Using the properties of the iterates shown above, the equations (4.20) for a®) as well as (4.24) for ¥
in the CG method can be equivalently formulated as follows:

) (rtnTq (k) .
al® = _W by the Cauchy step size formula (4.20)
(k)T pg~15-(k) (k))Tg(k=1)
= ((rd(k)))Td’;k) iy gl(k);TW by the search direction recursion (4.23)
3 (r(k))TM_lr(k) 5
= W by (4.22) (4.20)
and
(k+1) TM-1A d(k)
ﬁ(k“) = (r ) by the orthogonalization coefficient (4.24)

(d*N)TA 4K
~ (r(k+1))TM—1(r(k+1) _ r(k)) . .
= @y (e 7y by the residual recursion (4.21)
~ (r(k“))TM_l(r(k“) _ r(k))
(=M1 g ) GUR=1)T (k1) — p(R))
(r(k+1))TM_1r(k+1)

- (r())TM-17(k) by (4.22) and (4.25). (4.24")

by the construction of search directions (4.23)
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The relations (4.20’) and (4.24’) are also true for k = 0.

We have now obtained the common form of the CG method w.r.t. the M-inner product, commonly
referred to as the preconditioned conjugate gradient method.

Algorithm 4.17 (Conjugate gradient method for (4.1) w.r.t. the M-inner product).

Input: initial guess x(*) € R"

Input: right-hand side b € R"

Input: s.p.d. matrix A (or matrix-vector products with A)
Input: s.p.d. matrix M (or matrix-vector products with M™1)
Output: approximate solution of (4.1), i.e., of Ax =b

1 Setk =0
2 Setr(® = Ax(®O —p / evaluate the initial residual
3 Setd® = —M~1r(© / evaluate the initial negative M-gradient
4 Set 8 = —(r(©)Td©® 78 = Vg (x N5, = IIr N2,
5: while stopping criterion not met do
6o Setqh = Agk)
7: Set ) = (q(k))Td(k)
8 Set a'k) = §k) /9K / evaluate the Cauchy step size
9: Set x K1) = x(®) 4 o (k) g (k) / update the iterate
10 Set rtk+1) = (k) 4 (k) (k) / update the residual
w Setd®) = _p1pkHD) / evaluate the negative M-gradient
12: Set 5(k+1) — _(r(k+1))Td(k+1) ) Sk+) = ||VM¢(x(k+l))||12\4 — ||r(k+1)||?vr1
13 Set k) .= §k+1) /5(F) / evaluate the A-orthogonalization coefficient
i Setd*H) = gkl 4 plktt) g (k) / make d**V A-orthogonal w.r.t. d%)
15: Setk =k+1

16: end while
17: return x ()

Remark 4.18 (on Algorithm 4.17).

(0)

(if)

(iii)

From Lemma 4.16 we know that the CG method generates pairwise A-orthogonal directions, although
it only needs to orthogonalize any new direction d**V) against the most recent one, d'*). This
phenomenon, known as short-term recurrence, is possible due to the symmetry of A.

The conjugate thus keeps a memory of previously visited directions, although this memory is mainly
implicit. As shown in Algorithm 4.17, we can implement the method with a constant amount of
storage.

The implementation of the CG method is very similar to the steepest descent method (Algorithm 4.6).
The only (but significant!) difference lies in the fact that we A-orthogonalize the steepest descent
direction against d%) before we use it as the new search direction d**V. The initial search di-
rection d'*) is the steepest descent direction for ¢ at x'*). Consequently, the iterate xV) is the
same for the conjugate gradient method and the steepest descent method with Cauchy step size
(Algorithm 4.6).
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(iv) The name conjugate gradient method is a bit of a misnomer, since it is not the gradients which
are A-conjugate, but rather the search directions d (k)

v) Remark 4.7 remains valid for the conjugate gradient method as well, with minor modifications. We
gate g
need to store one additional vector since d*) and d**V) are needed simultaneously.

(vi) The stopping criteria (4.14) and their consequences (4.15) continue to hold since they depend on the
same computable quantity ||r'®)||y;1 as in the steepest descent method.

Our next goal is to establish a convergence result for the conjugate gradient method, and to compare
it to Theorem 4.8 for the steepest descent method with Cauchy step size. A major difference is that we
will not obtain a result about the reduction of the error from iteration to iteration, but rather a result
about the reduction of the error compared with its initial value.

Theorem 4.19 (Convergence of Algorithm 4.17, compare Theorem 4.8). Suppose that A € R™" are
M are both s. p.d., & = Ayin(A; M) and f = Anax(A; M) are the extremal generalized eigenvalues of A
w.r.t. M. Then for any choice of the initial guess x°), the conjugate gradient method converges to the
unique solution x* = A7'b of (4.1). In terms of the generalized condition number k = f/a, we have the
estimates'

Vi -1
Vi +1

k
* \/; -1 %
x®) —x*||la < 2 ( e [l — x7| 4, (4.30b)

Moreover, the objective values ¢(x©)) and thus the norm of the error ||x*) — x*|| 4 are monotonically
decreasing.

2k
P(x*)) — p(x*) sz( ) (¢ (x') = p(x™)) (4.302)

Proof. Since the search directions, by (4.26), span MK &) (A M~1;r(?)), we have
x®) — xO e Mg ® (A M0,

In other words, we have
(k) _ 5 (0) q(k—l) (M'A) M1
for some polynomial g'*~V in the matrix M~'A of degree at most k — 1. Abbreviating e®) = x(¥) — x*
and using Ae(® = Ax(® — Ax* = r(©) we can manipulate this equation into
e(k) — e(o) + q(k—l) (M_IA) M_lr(o)
=0 4 q(k—l) (M_IA) M4
= [1d+q* Y (MTA) M A] €

where now p*) is a polynomial of degree at most k satisfying p*) (0) = 1.

Bcompare (4.13¢), (4.13d)
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By construction, the conjugate gradient method minimizes ||e¥||4 in every iteration. We can now
express this in terms of a minimization over the vector space I of polynomials of degree < k:

e 12 = min lp(M~4) €@l | p € 1L, p(0) =1, (4:31)

We expand the initial error e() in terms of the basis of eigenvectors of A w.r.t. M; see (2.7), (2.8).
Suppose we denote the generalized eigenpairs by (1), v()), we can write

o0 — Z y Do)
Jj=1

with some coefficients y/) determined by e(®). We can thus manipulate the objective in the minimiza-
tion problem above as follows:

Ip4) O = oo (3 o),
j=1

n
_ HZ Y9 p(M14) Z,<J>||A
j=1
In view of Ao) = A M o) and thus M~1A o) = 1Dy () this is
_ HZ Y9 p(20)) U(j)”A_
j=1

By pulling the maximal value of |p(A())| out of the sum (Quiz 4.6: Can you fill in the details why this
is possible?), we can estimate this quantity further:

< ,-E},'f‘?fnh’(’l(j))' H]Z'; V(j)“(j)”,q
- s O,
Combining this with (4.31), we see
1e® s < min{ max [p(29)[11e® | p € M, p(0) = 1}
= min{ max |p(A)]|p € Tle, p(0) =1} e
and since the eigenvalues lie in the interval [a, f],

le® 1 < min{ max |p(2)l|p € T p(0) =1} e (432)
z€|a,p]

le™ L4
et lla
p(0) =1 can attain on the interval [«, f] spanning all generalized eigenvalues of A w.r.t. M.

We have thus estimated by the smallest maximal absolute value any polynomial p € II; with
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The question about the optimal polynomial in (4.32) can be answered by Chebyshev polynomials; we
refer you to Elman, Silvester, Wathen, 2014, Theorem 2.4 if you want to know more details. It turns
out that the optimal value

miny max z eIl s 0)=1
1 {ze[ ) ]|P( )|’P k P( ) }
depends only on kK = ﬂ/(l and it is given by

-1
(\/_K+1)k (\/_K—].)k
\/E—l \/E'i'l

=i

From there, we finally obtain

k
Ve -1
le® )14 < 2 (\/E+1 lle]]a.

which is precisely (4.32). Squaring both sides and dividing by 2, we also obtain (4.30a). |

Corollary 4.20 (Maximal number of iterations required in Algorithm 4.17, compare Corollary 4.9).
Given positive numbers € and ¢,, it takes

2k
2 -1
k < {ﬁ In (—ﬂ iterations until 2 (\/E ) < g,
4 VK

& K+1
k
K 2 K—1
k < {i In|— w iterations until 2 VK < &.
2 E9 \/E+ 1

Proof. The proof is similar to Corollary 4.9 and it uses that

>—>0

holds for all k > 1. m]

Remark 4.21 (on Theorem 4.19).

(i) The estimates (4.30a) and (4.32) establish the R-linear convergence of the respective quantities to
zero.

(i) Compared to the estimates (4.13c) and (4.13d) for the gradient descent method, we obtain the

k
reduction factor (%) in place of (

k—1

m)k, which is generally much better.

(iii) The superiority of the CG method compared to the gradient descent method is also reflected in
the estimates for the maximal iteration numbers to achieve a certain reduction in the quantities
x") = d(x*) and ||x"*) — x*|| o, respectively. The bounds for the maximal iteration numbers are
$(x®)) = $(x*) and x®) = x*||, respectively. The bounds for the maximal iteration numlb
proportional to \/k for the CG method, not proportional to k.
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(a) Iterates (x(k)) of the method. Each color corresponds to a different initial guess x(%).

10°
D
10
10°®

10
10°
104 1010 b
105 F
10® : ‘ ‘ : : : 1018 —l : : : : : ‘

0 5 10 15 20 25 30 0 5 10 15 20 25 30
(b) The norm of the gradient V§*) = (c) The objective values ¢(x*)) — (x*) converge

IVad(x ) pe = Ir® |y does not monotonically. The black line illustrates the
necessarily converge monotonically. bound (4.30a).

Figure 4.3: [llustration of the convergence behavior of Algorithm 4.17 from a number of initial guesses
x(9) No preconditioning (M = Id) is used. The two eigenvalues of the matrix are = 1 and
B =10 so the condition number is k = 10.
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10'

100 L

10-1 L

102 F

10°F

10—10 L
107 F

10°F

10-6 1 1 1 L L | 10-15 L 1 1 1 L |
0 5 10 15 20 25 30 0 5 10 15 20 25 30

(@) The norm of the gradient V§®*) = (b) The objective values ¢(x*)) — ¢(x*) converge
IVamd(x®)ye = Ir®|ly does not monotonically. The black line illustrates the
necessarily converge monotonically. bound (4.30a).

Figure 4.4: Illustration of the convergence behavior of Algorithm 4.17 from a number of initial guesses
x(9). No preconditioning (M = Id) is used. Here A is a random matrix of dimension 100 X100
with eigenvalues in the interval [, f] = [1,100] so that the condition number is k = 100.

(iv) As was the case for Theorem 4.8, the estimates of Theorem 4.19 are worst-case estimates since they
do not depend on the initial guess x°). In fact, as can be seen in Figure 4.3c and Figure 4.4b, the
actual contraction factor for the objective values can be significantly smaller for some initial guesses
than the estimate (4.30a) suggests.

(v) Other informative error bounds than (4.30) and (4.32) and convergence results can be obtained by
proceeding as in the proof of Theorem 4.19 and choosing other polynomials to bound the error with.

The iterates of the conjugate gradient method have a further remarkable property, which we will
exploit later on:

Lemma 4.22 (Growth of the distance from the initial guess'). Consider the iterates x*) of the conjugate
gradient method (Algorithm 4.17). As long as x%) # x* holds, the sequence ||x®) — x|y is strictly
increasing.

Note: The steepest descent method does not have this property.

Proof. Statement (i) in Lemma 4.14 implies that

k-1
rE)T(x® —x) = 3 g (r9)dD =0 forall k > o. ()
i=0 —

=0

!4In the literature, we find this result often only for the case x(0) = 0, see for instance Nocedal, Wright, 2006, Theorem 7.3.
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We now show by induction that (x*) — x(®)"Ad® > 0 holds for k > 1. Initially, for k = 1,
Statement (i) in Lemma 4.14 once again yields

=0

(x® = xOY A dD = ¢ © (GO)TAL (—p D 4 g0 Oy
— 2 B (@)1 g©

—_———— ——
>0 >0 >0

> 0.
We now proceed with the step from index k to k + 1:
(D) (O Tap gUet) = (e (keD) _ (O Tar (pg=1p (k1) 4 kD) (ko))
— ,B(k+1) (x(k+1) _ x(O))TM d(k) by (*)
— B () 4 (0 g (k) _ (O pp (k)
= B+ (5 B) _ xONTprg(k) 4 () gkst) (g(R)yTpp g (k)
> 0. (%)

Due to the induction hypothesis as well as a'*) > 0, &+ > 0 and (d®)"™Md*) > 0, the entire
expression is positive.

The desired result now easily follows from

||+ — x(O)“?V[ = [|x®) + ¢ F gk - x(0)||]2w

— ”x(k) — x(0) ”12\4 +2 g™ (x(k) _ x(o))TM d® 4 (a(k))Z ||d(k) ”12\4 ) (%)
— —————
>0 >0 >0
O

The relations (sx) and (s#x) allow us to compute the informative quantities

w® = ||x® —x(O)IIZZM (4-332)
g(k) = (x(k) _x(O))TMd(k) (3.33b)
y® = 1ld®5, (4-330)

on the side without any noticeable effort. This can be achieved by inserting, at the appropriate positions
in Algorithm 4.17 (Quiz 4.7: Where?), the relations

w® =0, w*D = () 4o a® ) 4 (k)2 () see (xxx) (4.342)
£ =0, ERH iz pU) (£ 4 My 1) see (%) (4.34b)
y© =50, yUrD = sy (plerthy2 (0 (confirm). (4-340)

The remarkable fact about this is the possibility to keep track of (4.33) without requiring access to the
matrix M, or even matrix-vector products with M. Notice that we usually do not have the latter since
we only need matrix-vector products with M~! in Algorithm 4.17.

End of Week 3
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§ 5 LINE SEARCH METHODS FOR NONLINEAR UNCONSTRAINED PROBLEMS

We consider in this section a large class of methods to solve general, nonlinear unconstrained prob-

lems
Minimize f(x) where x € R". (UP)

The methods we consider are so-called line search methods. In every iteration, a line search method
first determines a search direction and subsequently finds a step size (or step length) a(¥), that

leads to the next iterate via
k) . (k) () g (k)

Assumption 5.1. Throughout § 5 we are assuming that f: R" — R is a C! function.

Most line search methods, in particular the ones we consider, require that d‘¥) is a descent direction
for the objective f at the current iterate x(¥), i. e., that

f(x®yd® <o (5.1)

holds, see Definition 4.4. This implies that we have descent at least for sufficiently small positive step
sizes a(k),
f(x(kﬂ)) = f(x(k) +a® gy < f(x(k))

and it motivates the term descent method.

Most methods' we are discussing in § 5 determine the search direction d'¥) by considering a local
quadratic model of the ojective:

g% (D) = FPOy 4+ (x®)d + % dH®d. (5.2)

This model uses the data f(x¥)) and f’(x(*)) at the iterate x¥) and it agrees with f regarding that
data at d = 0: . .
¢ (0) = f(x™¥)
and  (¢)"(0) = £ (=)

The matrix H'¥) is the Hessian of the model, briefly: the model Hessian. In case H®) = £ (x(%)),
the model ¢'¥) is the second-order Taylor polynomial of f at x*). However, in general, the model
Hessian is chosen to be any symmetric and possibly positive definite matrix. In fact, different line
search methods differ w.r.t. their choice of the model Hessians H¥), and thus with respect to the
search directions they use.

The search direction d¥) is obtained by minimizing (possibly only to a certain accuracy) the quadratic
polynomial ¢*):
Minimize q(k) (d), deR™ (5.3)

As we know from Lemma 4.1, the following cases can occur:

Swith the exception of nonlinear conjugate gradient methods
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(i) When H® is s.p.d., then the unique solution of (5.3) is given by the unique solution of the
linear system
HBd = -Vf(x). (5.4)

(ii) When H®) is symmetric and only positive semidefinite, then (5.3) is either unbounded, or else
has infinitely many minimizers. In any case, the minimizers of (5.3) are precisely the solutions
of the linear system (5.4)."°

(iii) When H®) is symmetric but not positive semidefinite (i. e., at least one eigenvalue of H*) is
negative), then (5.3) is an unbounded problem. However, the linear system (5.4) may still be
uniquely solvable, or solvable with multiple solutions, or not solvable. The solutions of the linear
systems (if any) are either all saddle points'7 of ¢'¥), or they are all global maximizers. (Quiz 5.1:
Is this statement clear?)

To solve (5.3) and (5.4), respectively, we can employ the conjugate gradient (CG) method from § 4.6.
However, it would be useful to enhance it so that it checks and reacts to the potential occurrence of
non-positive eigenvalues in the model Hessian H*). We will see more details on that later.

§ 5.1 A GENERIC DESCENT METHOD

We begin by considering the following model algorithm of a generic line-search descent method:

Algorithm 5.2 (Generic line-search descent method).
Input: initial guess x(*) € R"

Input: routine to evaluate f and f’ (or Vf)

Output: approximate stationary point of (UP)

1 Setk =0

2: while stopping criterion not met do

3 Determine a search direction d®) such that f'(x*))d*) < 0 / descent direction
& Choose a step size a'®) > 0 such that f(x® + o d*)) < £(xK)) / obtain descent
5: Set xF+) = x (k) 4 o (k) g (k) / take the step
6: Setk :=k+1

7: end while

8 return x(k)

In order to analyze the convergence properties of this generic algorithm and to determine further
requirements for the descent directions and step sizes, we ignore the stopping criterion for now, so that
Algorithm 5.2 produces infinite sequences of iterates x¥), search directions d¥) and step sizes a¥).
In practice, of course, we will use a stopping criterion to be discussed later.

16The solution set of the linear system (5.4) is either the empty set or an affine subspace of R” whose dimension agrees with
the dimension of ker H(K).

'7A stationary point x of f is called a saddle point of f if the Hessian f/(x) is indefinite, i. e., has at least one positive and
at least one negative eigenvalue.
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We will see that, in general, we cannot expect the iterates x(¥) to converge overall, but there may be
convergent subsequences with different limit points (although this rarely occurs in practice). We recall

that the limit points of convergent subsequences (x(km)) are precisely the accumulation points of
(x®))
x").

We would like the accumulation points of the sequence of iterates{x*)} to be “special” points. There-
fore, it would be desirable to have the following property:

When x* is an accumulation of (x(k)), then f’(x*) = 0, i.e., x* is stationary. (5.5)

The relatively weak property (5.5) is often referred to as the global convergence of an algorithm.
In particular, global convergence does not mean that one obtains a global minimizer. By contrast, it
means that one obtains a convergence result (5.5) that is valid for arbitrary initial guesses x(°). Notice
that (5.5) does not assert that an accumulation point even exists.® It turns out that, in general, we
cannot expect more. Under additional assumptions on f, one may be able to show stronger results,
for instance

||Vf(x(k)) || has an accumulation point at 0. (5.6a)
The entire sequence ||Vf(x(k)) || converges to 0. (5.6b)
Accumulation points of (x*)) are stationary. (5.6¢)
The entire sequence (x(k)) converges to a stationary point. (5.6d)
The entire sequence (x(k) ) converges to a local miminizer. (5.6€)

We will now investigate the minimal requirements on the search directions d'*) and step sizes a‘¥)
in Algorithm 5.2 that ensure global convergence in the sense of (5.5). To this end, two properties are
essential:

(1) The search directions d¥) are “good descent directions”.

(2) The step sizes a'¥) are chosen so that the achievable descent along the search direction d*) is
“sufficiently exploited”.

We use the user-defined M-inner product in the space of optimization variables and search directions R".
Since all norms in R" are equivalent, all concepts and properties of algorithms in the remainder of § 5
are qualitatively independent of the choice of M. However, the choice of M is still important through
its impact on the convergence properties and stopping criteria.

REQUIREMENTS ON THE DESCENT DIRECTIONS

Definition 5.3 (Admissible search directions). Suppose that x) and d'¥) the sequences of iterates and
search (descent) directions generated by an algorithm of type Algorithm 5.2. The sequence d'®) of search

BIndeed, an example such as f(x) = x for x € R shows that any algorithm with the global convergence property (5.5)
couldn’t produce an accumulation point, since f has no stationary point.
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directions is termed admissible in case

f(x®)y gt

-0 = '(x(k)) — 0. (5.7)
14® [y !

Note: The admissibility is a property that the sequence of search directions generated by a particular
algorithm, applied to a particular problem (objective), started from a particular initial guess may or
may not possess. One is, of course, interested in designing algorithms which generate admissible
search directions for arbitrary objectives f and initial guesses x(?).

(xR @)
lld %) |[ar
Therefore, we can interpret the condition (5.7) as follows: when the directional derivatives in the

normalized search directions converge to zero, then it is due to the derivatives converging to zero
and not due to the search directions becoming inefficient (which would be the case if they become
essentially M-orthogonal to the steepest descent direction —V; f). This reflects our first goal (item (1)
above) that the search directions are “good descent directions”.

The expression is the directional derivative of f at x(¥) in the direction d¥) normalized.

Condition (5.7) is purely qualitative. By contrast, the angle condition

chosen search direction
— Y F(x 0, g _pr (50 gk)
cos £(~Vaf(x®)),d®)) = (=Vmf(x™"™) M 7 (x9)) >n (5.8)

e VMR I dF e L7 ) gl ® flag
steepest descent direction

with some 1 € (0,1) is a stronger, quantitative condition, which is moreover easy to verify. It means
that the angles (as measured in the M-inner product) between the chosen search directions d‘*) and
the directions of steepest descent —V; f(x¥)) are uniformly bounded away from 90°.

Lemma 5.4 (Angle condition implies admissibility). Suppose that x'*) and d®) are the sequences of
iterates and search (descent) directions generated by an algorithm of type Algorithm 5.2. If the angle
condition (5.8) holds with some 1y € (0,1), then the sequence d'¥) of search directions is admissible.

Proof. We have
f'(x(k)) d®) = (Vf(x(k)),d(k)) = (VMf(x(k)),d(k))M.

The angle condition (5.8) implies

/(xR gk) ’
‘fT > IV f N las = 7 1F ()T flag= > 0.
14| m
When the left-hand term goes to zero, then f”(x*) must go to zero as well. m

As we already mentioned, almost all of the algorithms we will discuss in detail determine their search
directions from the solutions of linear systems

HR® = v f(x®) (5.4)
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with a symmetric and possibly positive definite matrix H*), the model Hessian. In the s. p. d. case, in
view of

F ) d® = —f G [(HO) V)] = v )T HO) VD) <o, (59)

d®) is a descent direction as long as f"(x*)) # 0 holds. However, when H®) is not positive definite,
then d*) may fail to be a descent direction.

In the s. p. d. case, we can show that as long as the sequence of model Hessians remains “well behaved”,
the sequence of search directions satisfies the angle condition (5.8) and thus is admissible as well.

Lemma 5.5 (Bounded condition numbers imply the angle condition'®). Suppose that x*) and d'*) are
the sequences of iterates and search (descent) directions generated by an algorithm of type Algorithm 5.2.
Suppose that the search directions are obtained from (s.4), where H®) € R™" is a sequence of s. p. d.
model Hessians. Suppose, moreover, that the generalized condition numbers of HX) w.r.t. M satisfy

AmaX(H(k);M) —

(k). —
k(HY; M) = o (M) <K

Then the sequence of search directions d*) satisfies the angle condition (5.8) with

2V 1
n= > —

K+1  +x

Proof. We perform a couple of equivalent reformulations of the claim to obtain

2k
= V)Y > K—ﬁnvMﬂx(’”)nM 14l

2

e @P)H®IE > %HM”H(")G{(")HM 11d® ] since HHd®) = v f(x*))
K

4k

" (MR gR 2 1 gR) 2

(K+Dﬂ| [l 114 1y

((d"SNYTH®R MTHE g ((dW)TAL gk B (k +1)2

((dENTHK) g(k))2 T 4k

AN ((d(k))TH(k)d(k))z >

The statement in the previous line, however, is true due to the generalized Kantorovich inequality
(Corollary 2.2). |

We summarize our findings on search directions:

the model Hessians H*) have bounded condition numbers
= the angle condition (5.8) holds

= the search directions are admissible (5.7).

91n the literature, one often finds this result only in the case M = Id, and with the non-optimal bound 5 = %; see for
instance Ulbrich, Ulbrich, 2012, S.32 or Nocedal, Wright, 2006, eq.(3.19).
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REQUIREMENTS ON THE STEP SIZES

We now address the step sizes ). The following example shows that the mere requirement
f(x(k) +a® gl < f(x(k))

is not sufficient to obtain a reasonable convergence behavior.

Example 5.6 (Too small step sizes>®). Consider the objective f: R — R, f(x) = x?, initial guess x*) =1,
search directions d©) = —1 and the Euclidean inner product M = 1. With step sizes a'¥) = (%)lﬁz, we
obtain the sequences of iterates according to

k
x(k+1) — x(k) +0((k) (_1) — x(o) _ Z(%)HZ _ % " (
i=0

This implies x**) < x &) and f(x*+D) < f(x*)). However, x*) — x* = 1/2, which is not a stationary
point of f.

The step sizes in the previous example are too small and thus they violate our second goal (item (2)
above) since they do not exploit the achievable descent sufficiently well. We therefore introduce the
following qualitative condition on the step sizes.

Definition 5.7 (Admissible step sizes). Suppose that x'*) and d©) are the sequences of iterates and
search (descent) directions generated by an algorithm of type Algorithm 5.2. The sequence a'®) of step
sizes is termed admissible in case

Fx® 4+ a®g®y < £(x®)  forallk € Ny, (5.10a)

(5 o)
k) o o (K) g6y _ g 6) f&)
[ +ad™) - f(x) >0 = 1O — 0. (5.10b)

We can interpret (5.10b) as follows: when the progress in the objective values converges to zero, then
it is due to the normalized directional derivatives converging to zero and not due to the step sizes
becoming too small. In other words, admissible step sizes do make sufficient use of the descent available
in the direction d®.

Condition (5.10) is purely qualitative. By contrast, the condition that the step sizes be efficient, i.e.,
there exists 8 > 0 such that

(5.11)

F(x® 4@ gk < £(x*)y g (M)z

1d &) I

for all k € Ny is a stronger, quantitative condition, which is moreover easy to verify.

2°from Alt, 2002, Beispiel 4.4.1
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Lemma 5.8 (Efficiency implies admissibility). Suppose that x*) and d*) are the sequences of iterates
and search (descent) directions generated by an algorithm of type Algorithm 5.2. If the sequence of step

sizes a'®) is efficient, then it is also admissible.

Proof. Suppose that a%) is efficient, i. e.,

7 (x(K)Yy 4(K)
0< Q(M

2
< (x(k)) _ (x(k) + a(k)d(k))
1d®) || ) ! f

Therefore (5.10a) is clear. To show (5.10b), suppose
f(x(k) + (x(k)d(k)) —f(x(k)) —0.
Since 6 is strictly positive, this implies

f(x®)yqdto)

— 0,
1d®) || m

which confirms (5.10b).

Using the assumptions of admissible search directions and admissible step sizes, we will obtain a
theorem (see Theorem 5.9 below) on the global convergence of Algorithm 5.2. However, in view of
the expected convergence result (5.5), we will have to work with accumulation points (limits of subse-
quences) of the iterates. This means that we should refine the notion of admissible search directions
(5.7), the notions of admissible step sizes (5.10) as well as efficient step sizes (5.11) to subsequences.
We denote such subsequences here with (x(k)) KeK> where K C N is an infinite subset of the index

set Ny. (Quiz 5.2: How does this notation relate to the notation for subsequences (x(k([))) introduced

in § 2.77)

In detail, the refined conditions on subsequences read as follows:

admissible search directions:

Fr(x®yd® ek keK

0o = f’(x(k))—>0,

1| m
angle condition:
— ()Y g
f((kx) ) =— 27 forallkeK (5.8")
IVarf (xS N 1@V |
admissible step sizes:
f(x(k) +a® gy < f(x(k)) for all k € N, (5.10a’)
7 (k) g(k)
(k') (k) (k) _ (k) keN, f(x ) keK s
f& +a¥d) - f(x') — 0 = TG (5.10b%)
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efficient step sizes:

f(x*))dt)

(8 4 g0y < p(0 9(
/ ! 1) ||

2
) forall k € K. (5.11)

The statements of Lemma 5.4 and Lemma 5.5 continue to hold when restricted to subsequences. For
the analog of Lemma 5.8, we have to make (5.10a’) an assumption rather than a conclusion.

We now show a global convergence theorem for the model Algorithm 5.2.

Theorem 5.9 (Global convergence of model Algorithm 5.2). Suppose that Algorithm 5.2 generates an
infinite sequence of iterates x¥), search directions d*) # 0 and step sizes a'¥). Suppose that x* is an
accumulation point of x'*) and that (x(k))keK is a subsequence converging to x*. Finally, suppose that
the subsequences (d(k))keK and (a(k))keK of search directions and step sizes are both admissible. Then

Fx =0,

Note: In other words, when a generic descent algorithm (Algorithm 5.2) produces admissible search
directions and admissible step sizes, then any accumulation point of the iterates is stationary.

Quiz 5.3: What goes wrong in Example 5.6?

k
Proof. Due to the continuity of f, we have f(x*)) LR, f(x*). Moreover, by admissibility of the step
sizes (5.10a’), the entire sequence f(x¥)) is monotone decreasing. Therefore, the entire sequence in
fact converges: f(xK)) — f(x*). Consequently, we also have

FEED) = fx®) = f +aWad®) - f(x®) — 0.
The admissibility of step sizes along the subsequence, (5.10b’), implies

Fr(x®yd® ek
ld®|

Since the search directions along the subsequence are in turn admissible, (5.7°), we can conclude

Fx®) L5,

On the other hand, since f is of class C', we also have

K

FE®) =5 ).
This shows f”(x*) = 0. O
§ 5.2 STEP SIZE STRATEGIES

In this section we will see how efficient step sizes (5.11) or at least admissible step sizes (5.10) can be
found in general.
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ARMIJO BACKTRACKING LINE SEARCH

The Armijo backtracking line search is the simplest step size strategy and it is sufficient in many
situations. Suppose that d'¥) is a descent direction for f at x(X). In order to obtain sufficient decrease,
the Armijo condition requires that the step size « satisfy

F® 1 ad®) < £ ) + oo f (x®)d® (512)

holds. Here o € (0,1) is the given Armijo parameter. Using the auxiliary function (line search
function)

p(a) = f(x +ad®)
to simplify notation, we can write the Armijo condition (5.12) equivalently in the form
¢(a) < @(0) +oag’(0). (5.12)

Step sizes a > 0 which satify (5.12) are termed Armijo step sizes. Condition (5.12) requires that the
step size o realizes at least the o-fraction of the first-order descent suggested by the tangent of ¢ at
a=0.

Notice that due to the chain rule, ¢ inherits the C! property of f, and we have

o () = f (x® +ad®)d® (5-132)
and, in particular, ¢’(0) = f'(x®)d®. (5.13b)
¢(a)
?(0
)+UQ¢Ym
a

Figure 5.1: Illustration of step sizes a > 0 satisfying the Armijo condition (5.12) (blue). As an example,
the Armijo parameter is chosen as ¢ = 0.05.

We will now answer the question whether Armijo step sizes exist, and how to find them.

Lemma 5.10 (Existence of Armijo step sizes). Suppose that d is a descent direction for { at x, and that
the Armijo parameter satisfies o € (0,1). Then there exists @ > 0 such that (5.12) holds for all « € [0, a].
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Proof. ¢’ is continuous at 0, which implies that there exists @ > 0 such that
¢'(a) < o¢’(0) holdsforall a € [0,a].
From Taylor’s theorem 2.4 we obtain that there exists & € [0, «] such that

p(a) = ¢(0) +a ¢’ (§)
< 0(0)+o0a¢’(0).

Therefore, the Armijo condition (5.12) holds for all ¢ € [0, «]. O

We have seen that the Armijo condition is always satisfied in an interval starting at & = 0. However,
we need to select a step size which is not too small, as demonstrated by Example 5.6. This can be
achieved by a backtracking strategy: run through a sequence of trial step sizes from large to small
until the Armijo conditon (5.12) is satisfied for the first time.

Algorithm 5.11 (Armijo backtracking line search).
Input: initial trial step size a

Input: routine to evaluate ¢

Input: pre-computed function values ¢(0) and ¢’(0)
Input: Armijo parameter o € (0,1)

Input: backtracking parameter f € (0,1)

Output: step size a satisfying the Armijo condition (5.12)

1 Setf:=0

2: while Armijo condition (5.12) does not hold for a do

3 Seta = fa / new trial step size
4 Sett =f+1

5: end while

6: return a

Remark 5.12 (on Algorithm 5.11).

(i) In Algorithm 5.11, we did not number the trial step sizes a® q® by an index in order to avoid
confusion with the step size a®) which eventually gets used in the k-th iteration of the outer
algorithm (Algorithm 5.2).

(ii) Ewvery trial step size that fails to satisfy the Armijo condition “costs” one additional evaluation of ¢,
i e., one additional evaluation of f.

(iii) The Armijo parameter is often chosen to be small, e. g., o = 1072 or even o = 10™*. A typical value
for the backtracking parameter is f = 1/2.

(iv) It follows from Lemma 5.10 that Algorithm 5.1 terminates after finitely many iterations with a
successful trial step size o« > @ . (Recall that @ is the upper bound of any interval [0, @] containing
only Armijo step sizes.)
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(v) In a practical implementation, one often adds further checks and stopping criteria to Algorithm 5.11.
For instance, we need to safeguard against ¢’(0) > 0 (d is not a descent direction) and against too
many unsuccessful trial steps.

Suitable values for the initial trial step size @ in Algorithm 5.11 depend on how the search directions
d) are generated in the outer method. We will see more on that when we discuss concrete instances
of Algorithm 5.2. Since the backtracking strategy only shortens the initial trial step size, we need to
ensure that the initial trial step size is sufficiently large in order to obtain admissible step sizes that
exploit the achievable descent sufficiently well. This is what the following result is about.

Lemma 5.13 (Armijo backtracking line search produces admissible step sizes). Suppose that Algo-
rithm 5.2 generates an infinite sequence of iterates x*) and search (descent) directions d*) # 0. Suppose
moreover that the step sizes «*) are obtained by the Armijo backtracking line search (Algorithm 5.11)
with initial trial step size «®). Assume that K C Ny is an infinite index set such that the subsequence
(x(k))keK is bounded. Finally, suppose that /: [0, c0) — [0, 00) is any monotone increasing function and
that the initial trial step sizes satisfy

_ff(x(k)) d®)

(k,0) 11 4(F)
RO )y 2y
14

) forallk € K. (5.14)

Then the step sizes (a(k))keK are admissible.

Proof. We need to show (5.10a’) and (5.10b’). The first condition is a direct consequence of the Armijo
condition holding at a®) > 0

f(x(k) +a® gy < f(x(k)) +oa® f'(x(k)) d®),
———
<0

the fact that d%) is a descent direction and that ¢ is positive. It remains to verify (5.10b’).

By assumption, the sequence (x(k))k < 18 bounded. Therefore, it has a convergent subsequence with
index set K’. By continuity of f, (f (x(k))) rex converges. Due to the Armijo condition (5.12), the
sequence f(x¥)) is monotone decreasing, so that in fact the entire sequence f(x¥)) converges. From
there and the Armijo condition (5.12) we conclude

f(x(kH)) —f(x(k)) = f(x® + a® gk —f(x(k)) < aa(k)f’(x(k)) d®) < 0.
The left-hand side converges to 0, therefore we must have
a® 7 (x*Fy g® . (%)
In order to verify (5.10b’), we need to show

Fr(x®yd® ek
1d%) ||
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In the remainder of the proof, we distinguish indices k € K according to the following cases:
a(k)f’(x(k)) d®)
a®[ld®) ||y

we use the assumption (5.14) in case a*) = g(k0),

is small.

When a®(|d®|| s is “large”, then

When a®(|d®) ||,/ is “small”, then
| i we use the Armijo condition (5.12) in case a®) < a(&0),

By assumption, the sequence (x(k)) ek 1s bounded, hence the continuous function f” is uniformly
continuous “near the (x(k)) wek - More precisely, suppose that R > 0 is any fixed number, then f” is
uniformly continuous on the compact set

Ag = cl U BM (x0)),
keK

(Quiz 5.4: Why is this set compact?) Now suppose that ¢ > 0 is given. Then there exists § > 0 such
that

If"(¥) = f(@Dlmr < (1-0) e
holds for all y,z € Ag such that ||y — z||y < 8. Possibly by making & smaller, we can assume & < R.
Thus, in particular, we obtain

”f’(x(k) +e) —f’(x(k))”M,1 <(1-0)e forallk €K, |e|lm <. (%)
€AR €AR

We now set : B
o= min{5ﬁ, lﬁ(e)} € (0,9).

Due to the convergence in (x), there exists an index ky € Ny such that

a®f (x*)d™| < e5 holds for all k > k. E)

From now on, let k € K, k > ky, be arbitrary. We are going to show that

f(x®)ydto
1d®

holds, which proves (5.10b°). We distinguish the following cases, as anticipated above:

Case 1: O ||d®) ||y >
In this case we immediately conclude

_ (0 gk

< % since d'®) is a descent direction
[
= (x0) g0
— o a®d® )y
)

< % by (##x) and the assumption in case 1
=e.
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Case 2: a0 ||d®) ||y < § and a®) = o(k0)
We obtain

(_ff(x(k)) d

< o |d® ||y by assumption (5.14)
[ )

) by the assumption in case 2

< ¥(e) by the choice of §.
Since ¥ is monotone increasing, we conclude

7 (x)) @)
1d® ||

Case 3: a®||d®||r < § and a®) < (k0

The assumption a*) < ¢(®?) means that the initial trial step size (and possibly some of the subsequent
trial step sizes) did not satisfy the Armijo condition. Since a¥) was the first trial step size to satisfy
the Armijo condition (5.12), the previous trial step size, f~'a¥), violated it:

dﬁ_la(k)f'(x(k))d(k) < f(x(k) +ﬁ_1(x(k)d(k)) —f(x(k)).
By Taylor’s theorem 2.4, there exists £%) € (0,1) such that

o 57 a® (x9N a®) < fig®) f(xH) 4 g1g 0 g0 3(00) g (k)
and thus

O'f’(x(k)) d®) < f (x(k) +ﬁ_1a(k) §(k)d(k)) d®)
— f'(x(k)) 4% 4 [f'(x(k) +ﬁ_1a(k) 5z(k)d(k)) —f'(x(k))]d(k)
< f'(x(k)) d®) 4 ”f’ (x(k) +ﬁ_1a(k) ér(k)d(k)) _f/(x(k))”M—l ||d(k)||M-
————

—e(k)
The vector e¥) satisfies
le® s = B~ &8 11l
< p71s by the assumption in case 3 and since £ € (0,1)
<4 by the choice of §.

We may thus apply estimate (++) to the inequality above to obtain
o f' (x¥)d® < f(x)d™ + (1= 0) e [ld® || .
Sorting terms and dividing by ||d¥ || finally yields

_ff(x(k)) d®
T d®ly
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Remark 5.14 (Armijo backtracking line search produces efficient step sizes). When we choose/(z) = cz

with some ¢ > 0, i. e, when we use initial trial step sizes satisfying

—f (x®)y (k)
ld® N

and if f’ is Lipschitz continuous on the sublevel set Mf(x(o)) = {x e R"| f(x) < f(x()}, then one
can show that Algorithm 5.11 produces not only admissible, but efficient step sizes.

aro 1™ |Im = ¢ (5.15)

To conclude the presentation of Armijo backtracking strategies, we consider a modification of Algo-
rithm 5.1 which often produces trial step sizes more effectively than simple backtracking & ~» f«a in
case the Armijo condition fails on the initial trial step size.

The modification is based on the fact that we have available the data of the line search function ¢
¢(0), ¢'(0)<0 and ¢(a)
for the current trial step size a. Using this data, we can fit a quadratic polynomial
pla) =a+ba+ca’

The conditions® p(0) = ¢(0), p’(0) = ¢’(0) and p(«) = ¢(a) uniquely define the coefficients

a=9(0),  b=¢'0) = (p(@-0(0)-¢'(0)a) (5:16)

Naturally, this quadratic model of ¢ will be used only when the Armijo condition (5.12) failed at the
trial step size «, i. e., in case

p(a) = 9(0) —¢"(0) a > p(a) —¢(0) —0o @' (0) @ >0

holds, which implies ¢ > 0. This in turn means that the unique global minimizer a* = —% of p
satisfies
oo —¢'(0) &
2 (p(a) = 9(0) = ¢"(0) @)
We then choose a* as the next trial step size o, but in order to avoid drastic changes or even an
increase from « to a*, we clip a* to the interval [f a, f ] according to

Ea, ifa* < Ea,
at = min{max{a*,/_ia},ﬁa} =qa*, iffa<a*< Ea,
Ea, ifa* > Ba,

where 0 < f§ < B < 1 are the clipping parameters.?> This modified Armijo backtracking line search
maintains the essential properties of the simple Armijo backtracking line search. In particular, the
admissibility (and potentially efficiency) of the accepted step sizes (see Lemma 5.13 and Remark 5.14)
continue to hold.

For completeness, we present the modified Armijo backtracking line search procedure in Algo-
rithm 5.15.

2'Fitting a polynomial using function values and derivatives is known as Hermite interpolation. Using function values
only is known as Lagrange interpolation.
22Using f = = B we get back our previous simple backtracking strategy where a* = fa.
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Algorithm 5.15 (Modified Armijo backtracking line search with interpolation).
Input: initial trial step size o

Input: routine to evaluate ¢

Input: pre-computed function values ¢(0) and ¢’ (0)

Input: Armijo parameter o € (0,1)

Input: backtracking parameters 0 < f§ < B <1

Output: step size a satisfying the Armijo condition (5.12)

1 Settf =0
2: while Armijo condition (5.12) does not hold for a do
-0’ (0 2
3 Set a* = AOL / minimizer of quadratic polynomial
2 (p(e) — 0(0) — ¢’ (0) @)
& Set o = min{max{a*, pa},p a} / clip it and use as new trial step size

5: Setzet =€ +1
6: end while
7. return a

WOLFE-POWELL LINE SEARCH

Recall from Lemma 5.10 that the Armijo condition
Fx® +ad®) < Fx®) 4 oa f/(x%)d®  or @(a) < 9(0) +ag’(0) (5.12)

always holds in some interval [0, @]. Therefore, we combined the Armijo condition with backtracking,
where we generate trial step sizes from large to small, in order to avoid overly small step sizes.

Alternatively, we could require, in addition to (5.12), the curvature condition
F(x® 4 ad®)yd® > (xFyg®  or ¢ (a) > 7¢'(0) (5.17)
or even the strong curvature condition
1f (x® +ad®)dW) < -z f/(x®)d® or ¢’ (a)] < -1’ (0) (5.18)

to hold, where 7 € (0,1) is the curvature parameter. The curvature condition (5.17) demands that
the derivative of ¢ at « is not too negative, namely that it is larger (has less descent) than at @ = 0.
However, it would be fine for ¢ to increase near «; see Figure 5.2. This curvature condition already
avoids too small step sizes a near 0.

The strong curvature condition (5.18) demands that, in addition, the derivative of ¢ at « it not too
positive either. The condition can be interpreted as the requirement that ¢ be an approximately
stationary point of ¢. Note: When « is a local minimizer of ¢, then (5.18) holds with 7 = 0.

The Armijo condition (5.12) and the curvature condition (5.17) together are referred to as the Wolfe-
Powell conditions. The Armijo condition (5.12) and the strong curvature condition (5.18) together are
referred to as the strong Wolfe-Powell conditions. Consequently, step sizes @ > 0 which satisfy the
above conditions are referred to as Wolfe-Powell step sizes and strong Wolfe-Powell step sizes,
respectively.

62 https://tinyurl.com/scoop-nlo 2023-05-13


https://tinyurl.com/scoop-nlo

©O®S Nonlinear Optimization

o(a)

o

Figure 5.2: Illustration of step sizes & > 0 satisfying the curvature condition (5.17) (red). As an example,
the curvature parameter is chosen as 7 = 0.1.

o(a)

POt oa

Figure 5.3: llustration of step sizes @ > 0 satisfying both the Armijo condition (5.12) (blue) and the
curvature condition (5.17) (red). As an example, the Armijo parameter is chosen as o = 0.05
and the curvature parameter is chosen as 7 = 0.1.

A simple example such as ¢ () = —a shows that the curvature condition may not be satisfiable without
further assumptions on f. The following result gives a sufficient condition for strong Wolfe-Powell
step sizes to exist.

Lemma 5.16 (Existence of (strong) Wolfe-Powell step sizes). Suppose that d is a descent direction for
f at x and that the Armijo and curvature parameters satisfy 0 < ¢ < 7 < 1. Suppose, moreover, that f
is bounded below on the ray {x + ad | a > 0}. Then there exists a step size a; > 0 such that the strong
Wolfe-Powell conditions (5.12) and (5.18) (and thus also the regular Wolfe-Powell conditions (5.12) and
(5.17)) hold in a neighborhood of a;.

Proof. We abbreviate as usual ¢(a) := f(x + a d). Since by assumption, ¢ is bounded below on Ry, ¢
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intersects the Armijo line
a ¢(0)+0 ¢'(0) a,

——

<0

which is unbounded below, in at least one positive point. Suppose that ¢; is the smallest positive point
of intersection (Quiz 5.5: Why does @ exist?). Then we have

p(a1) = ¢(0) + 0 ¢"(0) 1.

In view of ¢’ (0) < 0, the Armijo condition (5.12) holds for all « € [0, a1], i. e., the Armijo line lies below
@ on this interval. From the mean value theorem 2.4, we infer the existence of a, € (0, ;) such that

| 2@ =) _

251

¢ (o o ¢'(0).

And thus we obtain the strong curvature condition (5.18) at a,:

l¢" (a2)| = =0 ¢"(0) < -7 ¢’(0).

Due to the continuity of ¢’, the strong curvature condition (5.18) and thus also the regular curvature
condition (5.17) continue to hold for all @ in a neighborhood of a;. O

We now address an algorithm to find a Wolfe-Powell step size. To simplify notation, we introduce the
auxiliary function

Y(a) = p(a) —¢(0) —0¢'(0)

so that we can write

the Armijo condition (5.12) & ¢(a) <0, (5.12°)
the curvature condition (5.17) < —(r—0)|¢’(0)] < ¢ (), (5.17°)
the strong curvature condition (5.18) < —(7—-0) ¢’ (0)| < ¥’ (a) < (r+0) ¢ (0)]. (5.18)

>0

We restrict the discussion to the regular Wolfe-Powell condition, i. e., (5.12) and (5.17). See for instance
Geiger, Kanzow, 1999, Kapitel 6.3 for the strong Wolfe-Powell condition.

Lemma 5.17 (Inclusion of Wolfe-Powell step sizes, see Geiger, Kanzow, 1999, Lemma 6.1). Suppose
that 0 < a < b are chosen such the conditions

Y(a) <0 and Y'(a) <0 (5.19a)
as wellas (b) =0 (5.19b)

hold; see Figure 5.4. Then there exists a* € (a, b) such that
Y(a) <0 and Y'(a")=0

holds. In particular, the Wolfe-Powell conditions (5.12") and (5.17°) hold in a neighborhood of o*.
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Proof. Let us denote by a* a global minimizer of

Minimize {/(a) on the compact interval [aq, b].

The assumptions on a and b imply that * belongs to the open interval (a, b). Consequently, a* is
also a local minimizer of the unconstrained problem “Minimize ¢ («) where & € R”, and thus we have
¥’ (a*) = 0. From ¥/(a) < 0 and ¢’ (a) < 0 we infer /(a*) < 0. Since both (5.12°) and (5.17") hold with
strict inequalities at «*, continuity implies that they hold in a neighborhood of a*. O

¥(a)

Figure 5.4: lllustration of the condition (5.19) and the statement of Lemma 5.17.

Note: The condition (5.19a) is readily seen to hold at a = 0. This motivates the strategy to first find a
right boundary b so that (5.19b) holds as well, and then to approximate a* by nesting intervals.

Algorithm 5.18 (Wolfe-Powell line search).

Input: initial trial step size a

Input: routine to evaluate ¢ and ¢’

Input: pre-computed function values ¢(0) and ¢’(0)
Input: Armijo and curvature parameters0 < o <7 <1
Input: expansion parametery > 1

Input: nesting parametersy,y € (0,1/2]

Ou
1
2:

3:

PN @R

tput: step size a satisfying the Wolfe-Powell conditions (5.12) and (5.17)

Seta:=0andb =«

Set{ =0

while p(b) < ¢(0) + 0 ¢’ (0) b and ¢’ (b) < t¢’(0) do  / phase 1 repeatedly expands [0, b] until
(5.19) holds

Setb =yb / expand the right boundary b
Sett :=¢+1
end while / now we have (5.19)
Seta :=b

while Armijo condition (5.12) or curvature condition (5.17) is violated at « do / phase 2 repeatedly
shrinks [a, b] until (5.12) and (5.17) hold
Choose a € [a + Y (b—a),b-y(-a) / for instance, choose the midpoint
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10: if o(a) = ¢(0) + 0 ¢’ (0) @ then / Armijo condition is violated at «
1 Setb =« / reduce the right boundary b
12: else

13: Seta =« / increase the left boundary a
14 end if

15: Sett =f¢+1
16: end while
17: return o

Remark 5.19 (on Algorithm 5.18, compare Remark 5.12).

(i) The Armijo parameter is often chosen to be small, e.g., o = 1072 or even ¢ = 10~*. Depending
on the characteristics of the outer method (which determines the search directions), the curvature
parameter T > o should be chosen “small” as well, e. g., T = 0.1, or otherwise “large”, e.g., 7 = 0.9.

(ii) Each iteration of phase 1 “costs” one additional evaluation of ¢ and ¢’, i. e., one additional evaluation
of f and f’, or rather the directional derivative of f in the direction of the current search direction;
compare (5.13). Each iteration of phase z “costs” one additional evaluation of ¢.

(iii) Using Lemma 5.17, it is not difficult to see that Algorithm 5.18 terminates after finitely many steps
under the conditions of Lemma 5.16:

+ The while loop beginning at Line 3 terminates, since for b sufficiently large, the Armijo
condition (5.12) is violated. For such b, we have {/(b) > 0, i e., (5.19b) holds.

o At the first iteration of the while loop beginning at Line 8, the conditions (5.19) of Lemma 5.17
are satisfied. Consequently, they continue to hold also in all subsequent iterations.

 The length of the intervals [a, b] in phase 2 goes to zero if infinitely many iterations of the
while loop beginning at Line 8 were performed. However, as shown in Lemma 5.17, there
is an open set of points which satisfy both the Armijo condition (5.12) and the curvature
condition (5.17) inside any of the intervals [a, b] considered in phase 2. Therefore, phase 2
must terminate.

(iv) The step size accepted by Algorithm 5.18 may be larger or smaller than the initial trial step size
provided by the user.

(v) As was already noted for the Armijo backtracking line search (Algorithm 5.11) in Remark 5.12, in
a practical implementation, one often adds further checks and stopping criteria to Algorithm 5.11.
For instance, we need to safeguard against ¢’(0) > 0 (d is not a descent direction) and against too
many unsuccessful trial steps.

(vi) An algorithm for the strong Wolfe-Powell line search can be found in Geiger, Kanzow, 1999, Kapi-
tel 6.3.

The admissibility of step sizes generated by the Wolfe-Powell line search algorithm is shown in the
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following result. Clearly, this result also applies to step sizes satisfying the strong Wolfe-Powell
conditions.

Lemma 5.20 (Wolfe-Powell line search produces admissible step sizes). Suppose that Algorithm 5.2
generates an infinite sequence of iterates x'*) and search (descent) directions d'*) # 0. Suppose moreover
that the step sizes a'X) are chosen so that they satisfy the Wolfe-Powell conditions (5.12) and (5.17) (for
instance by Algorithm 5.18).3 Assume that K C Ny is an infinite index set such that the subsequence

(x(k))keK is bounded. Then the step sizes (“(k))keK are admissible.

Proof. As in the proof of Lemma 5.13 we obtain the result
—a(k)f'(x(k)) d% =0 (%)
It remains to show

(x5 d® ek
lla®) ]

To this end, let ¢ > 0.

Just like in the proof of Lemma 5.13, we can argue that the boundedness of (x(k) ) e entails that the
continuous function f” is uniformly continuous “near the (x(k)) wek - More precisely, there exists
d > 0 such that

||f'(x(k> +e) —f’(x(k))HM,1 <(1-1)e forallk €K, |le|m <.
Because of (x), there exists an index ko € N such that
a®f (x®)d®| < e5 forall k > k. ()
From now on, let k € K, k > ko, be arbitrary. Similarly as in the proof of Lemma 5.13, we consider the
following cases:

Case 1: X ||d®) ||y > §
Precisely as in the proof of Lemma 5.13, we obtain

_fr (5 0)) gk
0< % since d®) is a descent direction
lld &) ||
~ —a(k)f’(x(k)) d®)
@B d® Iy
)
< % by (%) and the assumption in case 1

=E£.

23Notice that, in contrast to condition (5.14) in Lemma 5.13, there is no lower bound on the initial trial step size necessary to
be observed.
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Case 2: ™ ||d®) ||y < 6
In this we argue with the satisfaction of the curvature conditon (5.17) for a*):

£ (x®)d® < 7 (x®) 1 g0 gk)y go).
The addition of [f'(x)) d®)| = —f"(x*)) d*) on both sides yields

(1-1) |f'(x(k)) d(k)| < f'(x(k) + a(k)d(k)) d®) _ f'(x(k)) d®)
< |f’ (x(k) + a(k)d(k)) d© — £ (xR d(k)|
<[If (x® +a®a®) ~ £ )|y 1d O g
Invoking now the uniform continuity, we obtain
-0 ") dW) < (1-1) e ld V| m,

and hence
—f' (xK)y dto)

1d

Analogously as with the Armijo backtracking line search (Remark 5.14), one can also show the efficiency
of step sizes when f” is Lipschitz continuous on the sublevel set Mf(x(o)) = {x € R"| f(x) <

fGx)).

In concluding, we also remark that Line 9 in phase 2 of Algorithm 5.18 leaves some freedom in the
choice of the next trial step size . The available data ¢(a), ¢’ (a), ¢(b) and ¢’ (b) lends itself to a cubic
Hermite interpolation, using the model

pla)=a+ba+ca®+da’.

Provided that a unique local minimizuer a* of p exists, we can calculate it explicitly and subsequently
clip it to the interval [a, b]:
a = max{a, min{b, a" } }.

One needs to pay attention to the fact that not all of the data ¢’(a) and ¢’ () is necessarily available
in the current iteration of Algorithm 5.18. In this case one may proceed with a quadratic polynomial as
in the modified Armijo backtracking line search method.

Remark 5.21 (Scaling invariance of the Armijo and curvature conditions). The Armijo and curvature
conditions (5.12), (5.17) and (5.18) are invariant w.r.t. affine scaling in the domain and codomain spaces.
Suppose that we consider, besides the objective f, another objective g related via

fx) ~ gx)=yf(Ax+Db)+3,
where A € R™" is non-singular, b € R",y > 0 and § € R.
Then the following holds: a step size a that satisfies any of the conditions (5.12), (5.17) or (5.18) for g at x

with search direction d, satisfies the same conditions for f at Ax + b with the search direction Ad. Since
the scaling of an optimization problem is often arbitrary, this is a desirable property.
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§ 5.3 GRADIENT DESCENT METHOD

In the remainder of § 5 we consider different concrete realizations of the generic descent method
Algorithm 5.2. The methods differ w.r.t. the way the search directions d¥) are generated and w.r.t.
the choice of the line search method (Armijo or Wolfe-Powell) to determine the step sizes a*). As
was already mentioned, the methods discussed here obtain the search drection at an iterate x(*) by
minimizing a quadratic model of the objective

§¥ @) = FB) + f Oy d 2 dHBL (5.2)

When the model Hessian H'¥) is s. p. d., this is equivalent to the solution of the linear system

H®G®) =y (xR, (5.4)

The gradient descent method (also known as steepest descent method) for our generic uncon-
strained linear problem
Minimize f(x) where x € R" (UP)

generates its search directions in the same way we already know from § 4.2, when f was a quadratic
polynomial. That is, we use

Md(k) — _Vf(x(k)) or d(k) — _M_1Vf(x(k)) = —VMf(X(k)) (5‘20)

This corresponds to using a constant model Hessian H*) = M in the model (5.2):
1
¢P () = f) + /W) d+ S dTMd,

The choice of the inner product M is due to the user. As was already mentioned in Remark 4.7,
one refers to the case M = Id as the classical gradient descent method without preconditioning,.
Otherwise one speaks of a preconditioned gradient descent method with preconditioner M.

The particular choice of d*) in the gradient descent method clearly implies the angle condition (5.8)
with the maximal possible value, 7 = 1. In particular, the search direction d'¥) is a descent direction
for f at x¥), as long as f’(x¥)) # 0 holds.

A simple strategy is sufficient to determine admissible step sizes (5.10). One typically employs the
Armijo backtracking line search (Algorithm 5.11) or the version with interpolation (Algorithm 5.15).

The efficiency condition (5.15) requires that the initial trial step size satisfy
ko) =S (x)a®
l4 22—
1d @15
—(VMf(x(k)), d(k))M
lld 13,
_ la®g,
k)1l2
1d13,

since d¥) = —VMf(x(k))

=cC
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with some constant ¢ > 0. This simply suggests to impose a lower bound on the initial trial step sizes
in gradient descent methods. We will re-label ¢ as « in Algorithm 5.22 below.

In addition to observing this bound, it is useful to construct initial trial step sizes using information
from past iterations. Assuming that the descent achievable in the current step is equal (to first order)
to the descent in the previous step (when the accepted step size was a¥~1), we obtain the following
proposal for an initial trial step size a6 at iteration k > 1:

a0 1 (xx(0)) qk) — (k=D g7 ( (k=1)) g(k=)

(k0) _ (k- y f kD) gtk
F1(x) 4®

= «o

Plugging in the descent directions used in the gradient descent method, this becomes

(k0) _ (k 1) ”VMf(x(k 1))”M (k-1) ||d(k_1)”]2\4
* oy, |2
IV af (x )1y 1413

Alternatively, we could use the actual descent achieved in the previous step instead of its linearization,
which would result in

o0 — FEED) —f) ) - W)
IVanf (xEN)113, lld® 1%, '

We state the full gradient descent method in Algorithm 5.22, using the above considerations for the
initial trial step size. As was the case for our methods in § 4 addressing the minimization of quadratic
polynomials, we refer to the value of the derivative of f at an iterate x(¥) as the residual r*),

The global convergence of Algorithm 5.22, in the sense that every accumulation point of the sequence
of iterates x¥) is a stationary point, follows directly from the global convergence theorem s.9.

Algorithm 5.22 (Gradient descent method for (UP) w.r.t. the M-inner product and Armijo backtracking
line search).

Input: initial guess x'*) € R"

Input: routine to evaluate f and f’ (or Vf)

Input: s.p.d. matrix M (or matrix-vector products with M~*)

Input: Armijo parameter o € (0,1) / to be passed through to the Armijo backtracking line search
Input: backtracking parameter € (0,1) / to be passed through to the Armijo backtracking line search
Input: lower bound o > 0 for the initial trial step sizes

Output: approximate stationary point of (UP)

1 Setk =0

2 Set (O == f(x(0) / evaluate the initial objective value
3 Setr(® = £ (x(O) = Vf(x(?) / evaluate the initial residual
s Setd©® = —pM1(0

5 Set 81 = —(r(0)7d©) /89 = IV f (x5, = 14113,
6: while stopping criterion not met do

7 ifk =0 then
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8 Set a0 = o / no information from previous iteration available

9: else

10 Set ak0) = max{g, %}

11: end lf

12: Determine a step size®) > 0 from an Armijo backtracking line search procedure (Algorithm 5.11),
applied to p(a) = f(x® + ad®)), with initial trial step size a*?), Armijo parameter o and
backtracking parameter f 7 ¢(0) = f%) and ¢’ (0) = 6% are already known

13: Set x(k+1) = x (k) 4 (k) g(k)

14 Set f+D) = f(x (k1)) / can be returned by the Armijo backtracking line search routine

15 Set p(k+1) .— f/(x(k+1))T — Vf(x(k“))

16: Set dk+) .= —pf-1p (k)

i Set 50 = —(r(kHD)Tg(RH) /8FD = ||Vprf (x D)5, = [|dF 3,
18: Setk =k+1

19: end while

20: return xK)

In Line 12, we could also invoke the modified Armijo backtracking method (Algorithm 5.15), with the
backtracking parameter f replaced by the pair of parameters 0 < f < f < 1.

As a stopping criterion, we can choose again any of the conditions from (4.14), i. e., stop on the relative
or absolute magnitude of the derivative or gradient

P lag = 17 G g = 19w f ) e = 1d®) e = (8%)2.

These quantities are already available in the algorithm. A limited interpretation in the sense of
Lemma 4.1 is also possible. In case the sequence x¥) converges to a local minimizer that satisfies the
second-order sufficient optimality conditions (Theorem 3.3), then we have: for all ¢ > 0, there exists
é > 0 such that

e <5 and I GOl Sews = 6@ =l < (2 +e) e
N
~l/a
where @ = Apin (' (x*); M) is the smallest eigenvalue of the Hessian at the solution w.r.t. M. In
other words, when we are sufficiently close to a local minimizer satisfying the second-order sufficient
optimality conditions, then the norm of the derivative (or the gradient) is — up to the factor 1/a — a
useful measure of the distance to the solution.

Other often used stopping criteria are

k k-1 k 0
R TR A R

F®) = faeE N < e w6l 1F0) - F(x ).

These are triggered by slow progress in the iterates or the objective values, respectively. One typically
- 2

sets Erfel = (e

It is remarkable that it is possible to monitor the quantities [|x*) — x( =5 and [|x®) — x|,

although the matrix M (or matrix-vector products with M) may not be available. Matrix-vector
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products with M~ are sufficient. The following quantities are useful for this purpose and can be
recursively updated, compare (4.33):

w® = |]x® —x(0)||]2v[ (5.212)
f(k) = (x(k) _ x(O))TM d®) = _(x(k) _ x(O))Tr(k) (5.21b)
8@ = 1d®1, (5.21¢)

The details are left as an exercise.

§ 5.4 NEWTON’S METHOD

Newton’s method is known as a method to solve a (nonlinear) equation F(x) = 0, where F: R" — R" is
a C! function. For optimization purposes, we apply it to the first-order necessary optimality conditions,
i.e., we have F(x) = Vf(x) = 0, and thus f is assumed to be of class C2.

The idea of Newton’s method to find a zero (root) of F is as follows. Suppose x(%) is an initial guess.
We replace F by its linear Taylor model at x(°) and determine the zero of this model instead. This
results in

Fx+F(x)(x-x =0 o x=x-Fx")Fx©),

provided that the Jacobian F’(x(?)) is non-singular. This zero of the linear model is used as the next
iterate x| etc. This procedure is known as the (local) Newton’s method.

Algorithm 5.23 (Local Newton’s method for F(x) = 0).
Input: initial guess x(*) € R"
Input: routine to evaluate F and F’
Output: approximate zero of F
1 Setk =0
2: while stopping criterion not met do
3 Determine the Newton direction by solving

F'(x(k)) 4% = —F(x(k))

Set x4 = x (k) 4 g(k)
Setk = k+1

end while

return x %)

N @ h

AUXILIARY RESULTS

We recall some auxiliary results, which you may know from Grundlagen der Optimierung (Herzog,
2022) or other classes. As usual, we equip R" with the M-inner product. Recall from § 2.2 that the
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operator norm of a matrix K € R™" that represents a map K: R" — R”" is defined by

Kx
1K ey = max KXl
I

Although in finite dimensions all norms are equivalent, the above norm is not always the most
appropriate choice: some matrices A € R™" actually represent maps A: R” — (R")*, where (R")*
is the dual space of R". The appropriate inner product in the dual space is the M~ !-inner product,
leading to

A x[[p-1
[Allp-1pm = max ———=—
x20 lxllm
Consequently, we would use
A~ rllm

A7l 1 = max
|| ”M(—M 1 r£0 ||r_||j\/171

for the inverse of A. We also need the case B: (R")* — R".

Lemma 5.24 (Banach’ lemma).

(i) Suppose that K € R™" is a matrix |K||pr—m < 1. ThenId — K is non-singular, and we have the
following estimate on the norm of its inverse:

1
1(1d = K) Mmem € ———.
1— K| mem

(ii) Suppose that A, B € R™" are such that ||Id — BA||pr—m < 1. Then A and B are both non-singular,
and we have

Bl pe—pr-1
1-|lId - BAllmem

Al m-1m
1-|Id - BA|lmem

und  ||[A |y p-r <

1B ar-1pr <

Note: Statement (i) states that “small” perturbations of the identity matrix are still invertible. State-
ment (ii) states that Id— BA “small”,i.e., B ~ A™}, entails that A and B are both necessarily invertible.

Proof. Statement (i): For x € R”, we have

1(Id = K) x[lm = llx - Kx|lm

> |lxllar = [1Kx||m by the triangle inequality
> (1= [IKllmem) llxlls - since [[Kx[lm < [IKllmremr llx]|u-
N————
>0

This implies (Id — K) x # 0 for x # 0, ie, Id — K is injective and thus non-singular.

Now let y € R" be arbitrary and x := (Id — K)~!y. Then the above estimate shows
Iyllsr = (1= [IKllyresn) 1(1d = K) "yl

Id-K)™! 1
= 04— K) ey = max 10 Ve .
BT e 1 Kl
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Statement (ii): We set K := Id — BA, whence ||K||p—m < 1holds. Due to Statement (i), we find that
Id - K =1Id — (Id — BA) = BA is non-singular, i. e., A and B are both non-singular. Moreover,

(Id-K)'=BA)'=A"'B"!

= Bl'=A(d-K)™!
= B m-rem < NAly-1cmll(0d = K) 7 Hlmem
Allp-1c
< m by Statement (i)
1= [IK|mem
 lAllyew
1—|[1d = BA[|mem
The remaining inequality follows similarly. O

Lemma 5.25 (Implications of the invertibility of the Jacobian). Suppose tat F: R* — R" isa C function
and that x* € R" is arbitrary with non-singular Jacobian F’ (x").

(i) Then there exists a neighborhood Bg” (x*) and a constant ¢ > 0 such that F’'(x) is invertible for all
X € ng(x*). Moreover,

IF’ (x) " llpep— < ¢ holds for all x € By (x*). (5.22)

(ii) Suppose now in addition that F(x*) = 0 holds. Then there exist a neighborhood Bg” (x*) and a
constant > 0 such that

lx = x*llsr < BIFG) Iy for all x € By (x"). (5.23)

B can be chosen as 2 |F’ (x*) ™| st

Note: Statement (i) is an instance of the fact from functional analysis that the set of boundedly
invertible linear operators between two Banach spaces is open. Statement (ii) allows us to estimate
the norm of the error ||x — x*||; from the norm of the residual [|F(x)||p-1.

Proof. Statement (i): Since F’ is continuous at x, there exists § > 0 such that

1

2|IF () I me

IF (x") = F' ()|l m-rem < €
holds for all x € Bg/f (x*). Consequently,

1d = F'(x*) "' F' ()l = IIF"(x*) T (F'(x") = F'(x)) lmem

< 1F' () e IF () = F () llp-1m

1
<-=-<1
2
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By Statement (ii) of Lemma 5.24 [with A = F/(x) and B = F’(x*) "], we can conclude that F’(x) is
non-singular for all x € ng[ (x*) with

IF” (") Ml pepa-

< 2|IF (") lpemer = c.
= PG F @l 1) e =5

IF" ()l meepat <

Statement (ii): Since F is differentiable in x*, there exists — for the same £ > 0 as above —a § > 0
such that

IF(x) = F(x*) = F/(x*)(x = x*) |y < ellx —x*||m  for all x € By (x).

Therefore, for all x € Bg’I (x*),

I1F )| =

—_———

> ||F (x*)(x = x)||p—1 = |F(x) = F(x™) = F'(x*)(x — x")||y-1 by the triangle inequality.

In view of ||lx = x*|ls = |F"(x") 7'F" (x*) (x = x")Im < I1F" (") g1 IF (x7) (¢ = x%) || g1, we can
estimate this by

I1F ) [ p-
1

IE () 7 ppeepat

=¢|lx —x"||m Dby the definition of ¢,

[l = x"llar — e llx = x7[|m

and the claim follows with = ¢71. i

Lemma 5.26 (Auxiliary estimate). Suppose that F: R" — R" is a C! function and x* € R". For all
e > 0, there exists 6 > 0 such that

IF(x) = F(x*) = F'(x) (x = x) I+ < e llx = x"||m

holds for all x € Bg/[(x*).z“

Proof. Take ¢ > 0. The triangle inequality implies

IF(x) = F(x") = F'(x) (x = x*) [l -
< NF(x) = F(x") = F'(x") (x = x) Iy + 1F (%) = F' () I rmllx = x|l

Since by assumption, F is differentiable in x*, there exists §; > 0 uch that
* * * E *
|IF(x) = F(x") = F'(x")(x = x") |1 < 3 llx = x*(|m

holds for all x € Bgvf (x*). On the other hand, F’ is continuous in x*, which implies the existence of
8, > 0 such that

’ * 4 €
IF" () = F ()l < 5

holds for all x € Bg;’ (x*). The conclusion follows with § := min{d;, 6>} m|

24Briefly, we can also denote this result as [|[F(x) — F(x*) = F/(x) (x = x*)||p = o (l|lx = x*||m)-
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LocAL NEWTON’s METHOD FOR F(x) =0

We are now in a position to prove a convergence theorem for local Newton’s method.

Theorem 5.27 (Convergence of local Newton’s method). Suppose that F: R" — R" is a C' function
and that x* € R" is a point where F(x*) = 0 and F’ (x*) is non-singular. Then there exists a neighborhood
Bg’f(x*) such that

(i) x* is the unique zero of F in Bg’f(x*).

(ii) For any initial guess x(*) € Bg’l (x*), the local Newton’s method is well-defined, and it generates a
sequence x) which converges to x*.

(iii) (x(k)) converges to x* Q-superlinearly w.r.t. the M-norm.

(iv) IfF’ is Lipschitz continuous in Bg”(x*), then this convergence is even Q-quadratic.
Proof. Statement (i): By Statement (ii) of Lemma 5.25, there exists §; > 0 such that x™ is the only zero
of F in B! (x*).

Statement (ii): By Statement (i) of Lemma 5.25, there exist §; > 0 and ¢ > 0 such that F'(x) is
non-singular for all x € Bg’f (x*) and

IF" () et < ¢ = 21F () " e pt- (*)

By Lemma 5.26, given ¢ = 1/(2c), there exists §; > 0 such that
* ’ * 1 *
1F () = Fx™) = () (x = 2 llag < ol = %7l

holds for all x € Bg’zf (x*). Now set § := min{Jy, &;, 8} and choose x(*) € Bg/f (x*) arbitrarily. Then the

next iterate x(M = x(0) — F/(x(9)~1F(x(9)) is well-defined, and we have

e = x"llag = [1x® = x" = F () TP ()
= IF ) TF )@ =2 = F®) + F) [l
IF ) M lpgepat I @) = F') = F' (2O (29 = ) g

IA

IA

1 %
¢ —[1x'® — x*||um
2c

|
Ak
=

and thus x!) again belongs to Bg’f (x*). By induction, x*) is well-defined, it belongs to Bg’f (x*), and
x®) — x* Q-linearly w.r.t. the M-norm.
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Statement (iii): We begin by setting up an equation for the error:

x(k+1) —x* = x(k) —x* = F/(x(k))—l(F(x(k)) _ F(x*))
= F' (x") P (x®) (x® - x*) = (F(x®) - F(x"))]

1
= F'(x®))~! [F'(x(k))(x(k) —x") - / F'(x® 41 (x* = x50 (x® - x*) dt
0
1
= F'(x)~! [ / F'(x™) = F'(x® 4 ¢ (x* = xF)y) dt] (x®) — x7).
0
This gives us the following fundamental estimate:

||x<k+1) - x"||m =D® ()

1
< ||F’(x(k))_1||M(_M1/ IF/(x®) = F' (e 1 (o = ) ymr g Q™ =¥ lag ()
0

=](k)

Due to x*) — x*, we infer that x®) + t (x* — x(¥)) — x* uniformly for t € [0,1]. Moreover, F’ is
continuous, and thus for any ¢ > 0, there exists an index ky € N such that

ID® () ||p-1ps < ¢ forall k > ko and all ¢ € [0,1].
This implies
0<I1® = /OlllD(k)(t)llM-l(_M dt <¢ forallk > k.
This in turn gives I¥) — 0. But now () and (+*) give us
e =2l <IN x® = x|y < e llx™ = x|

for all k > ko, which is the Q-superlinear convergence.

Statement (iv): Since x*) and x®) + ¢ (x* — x(¥)) belong to By(x*) for all ¢t € [0,1], we can estimate
the integral in a better way, using the stronger assumptions:

1 1
L
1<’<>=/ IF/ 8y = F'(x®) 4t (x* = x O] 0 dts/ Lt = x 8|y dt:§||x(k)—x*||M.
0 0

From (**) we now obtain

L
R P [

Remark 5.28 (on local Newton’s method (Algorithm 5.23)).

(i) Local Newton’s method (Algorithm 5.23) may break down since F'(x'¥)) is not guaranteed to be
invertible, in case the initial guess x°) lies outside the unknown neighborhood of local convergence
BM(x).

[

(ii) The simplified Newton’s method, which uses the fixed matrix F'(x(*)) (assumed to be invertible)
instead of F' (x'*)), still converges Q-linearly w.r.t. the M-norm.
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LocAL NEWTON’S METHOD IN OPTIMIZATION

Newton’s method in optimization can be motivated in one of two ways:

(i)

(if)

The first-order necessary optimality condition for (UP) reads

Vf(x) =0,

see Theorem 3.1. When we employ Newton’s mmethod to solve this (generally nonlinear)
equation F(x) = Vf(x) with Jacobian F’'(x) = f”/(x), we obtain the iteration

x D =1 — 7 (x0) IV £ (x0), (5-24)

At the current iterate x(K), we replace (UP) by the minimization of the quadratic model
1
¢" (@) = f) + f () d+ o dHP d (5.2)

where the model Hessian is the symmetric matrix H*) = £ (x(¥)). That is, (5.2) becomes the
second-order Taylor polynomial. If H(¥) is positive definite, then the unique solution of (5.2) is
characterized by the linear system

f”(x(k)) d®) = —Vf(x<k)).

When one uses the fixed step size a¥) = 1 and sets
xkD) o (B) o (B) gy — (k) g (k)

we obtain again the iteration (5.24).

Remark 5.29 (on local Newton’s method for (UP)).

()

(if)

(iii)

(iv)

Theorem 5.27 proves the local Q-superlinear (or local Q-quadratic) of local Newton’s method towards
a stationary point x* of f, provided that f" (x*) is non-singular. The point x* may be a local
minimizer, a local maximizer, or a saddle point of f, unless we make an assumption or have
knowledge about the definiteness of f”'(x*).

Iff" (x%)) is 5. p. d., then the Newton direction d'¥) obtained from the Newton system
fr®)d® = V(") (5-25)
is a descent direction for f at x, as long as f'(x©)) £ 0; compare (5.9):
£/ a9 = VO ) U0 <o,
Due to the fixed step size a®) = 1 (instead of line search), descent from iterate to iterate, i.e.,

FxFDy < £(x*)), is not guaranteed when x'¥) is still “far” from the local minimizer x*.

Local Newton’s method is invariant w.r.t. affine scaling. This is in contrast to the steepest descent
method.

f""(x) is a bilinear form accepting two directions and returning a number. Consequently, when we
specify only a single direction, the resulting object becomes a linear form. It is thus appropriate to
view the Hessian "' (x) as a map R" — (R™)* and to use the associated operator norm.

78
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A GLOBALIZED NEWTON’S METHOD IN OPTIMIZATION

We now seek to globalize the local Newton’s method. In order to be able to apply the global convergence
theorem 5.9, we require the search directions and the step sizes to be admissible. We will realize these
requirements via a (generalized) angle condition and an Armijo backtracking line search. In addition,
we pay attention not to disturb the local Q-superlinear convergence.

Algorithm 5.30 (Globalized Newton method for (UP)).

Input:
Input:
Input:
Input:
Input:

initial guess x'*) € R"

routine to evaluate f and f’ (or Vf)

routine to evaluate f"’ (or matrix-vector products with f"’)

s. p. d. matrix M (or matrix-vector products with M™!)
globalization parametersn € (0,1), p > 0 and exponent p > 0

Input: Armijo parameter o € (0,1/2)  / to be passed through to the Armijo backtracking line search
Input: backtracking parameter § € (0,1) / to be passed through to the Armijo backtracking line search
Output: approximate stationary point of (UP)
1 Setk =0
2 Set f(O = f(x(?) / evaluate the initial objective value
3 Setr(® = f(xO)T = Vf(x(®) / evaluate the initial residual
4 Set déo) =M1 / evaluate the negative M-gradient
5 Set 8 = ~(r(*)'dy) 78 = 19mf )iy, = lldg” 15,
6: while stopping criterion not met do
7 Attempt to solve the Newton system

10:

11:

12:
13:
14:
15:
16:
17:
18:

applied to () = f(x'®) + ad®)), with initial trial step size o

f”(x(k)) d](\f) =—r® (5.26)

if the Newton system is not solvable or not uniquely solvable then

Set %) = dék) / use the steepest descent direction as fallback
else / Newton direction dz(\f) available
Evaluate the generalized angle condition for the Newton direction
£y dy” < —minfn, plldg” I3} l1dg a1yl (5:27)
if true then
Setd¥) = dl(\f) / use the Newton direction
else
Setd¥) = dék) / use the steepest descent direction as fallback
end if
end if

Determine a step size @™ > 0 from an Armijo backtracking line search procedure (Algorithm 5.11),
(k0) = 1, Armijo parameter o and

backtracking parameter f3 /9(0) = £ and ¢’ (0) = —=6%) in case of d*) = d((;k>, or
@' (0) = f" (x5 d® in case of d¥) = dl(\f), are already known

20:

Set x (k1) .= x{\/‘) +a® g
Set f+D) = f(x (k1)) / can be returned by the Armijo backtracking line search routine
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21: Set r(k+1) .— f/(x(k+1))T _ Vf(x(k+1))

22 Set d((;kﬂ) = M) / evaluate the negative M-gradient
23: Set §(k+D) .= —(r(k+1))Td(Gk+l) /) S+ = HVMf(x(kH))Hi/I _ ||dé;k+1)||;z\/[

24: Setk =k+1
25: end while
26: return x¥)

So the basic idea of Algorithm 5.30 is to use the negative M-gradient dék) in case the Newton direc-
tiond ](\f ) is either not available, or in case it is not a good descent direction. To decide the latter, we verify

its angle with the direction of steepest descent. We know that the steepest descent direction d = dék)
satisfies the angle condition (5.8), i.e.,

%Y d < = 1V f ) aa ldllar = =1 1S a1l ar

with the maximal possible value, 5 = 1. In (5.27), we require qualitatively the same condition for the
Newton direction, with some smaller value 5 € (0, 1). Moreover, as the norm of the gradient ||dék) 1BY;
becomes smaller, the convergence proof will exhibit that we can be even less strict and we can replace
n by a term going to zero. To be concrete, we use the term p ||dék) ||'X4 for this purpose. This explains
the condition

£/ d < —minfn. plldg” 15} l1dg Il Nl

that we employ the check the descent quality of the Newton direction dl(\f) in (5.27). A range of
similar conditions achieving the same goal is also conceivable; see for instance Geiger, Kanzow, 1999,
Kapitel 9.2 or Ulbrich, Ulbrich, 2012, S.49.

Remark 5.31 (on globalized Newton’s method (Algorithm 5.30)).

(i) The parameters p and p are often chosen relatively small, e. g.,

p=10"% and p=10"1

(ii) As in our previous algorithms, we may have available the preconditioner only in the form of
matrix-vector products with M. In order to evaluate (5.27), however, we need to be able to compute
||d1(§) |lar as well, which appears to be unavailable.

There is, however, an elegant way out. If we solve the Newton system (5.24) using the CG method
(Algorithm 4.17) with preconditioner M and initial guess 0, we have available by (4.33)—(4.34) the
M-norm of the iterates and thus also the M-norm of the solution d](\f).

Moreover, the CG method can be easily modified to accommodate the situation that the Newton
system is not solvable, or not uniquely solvable. This is the case when a direction of non-positive
curvature is encountered during the CG iterations, i. e., when the quantity 0 in Algorithm 4.17
becomes < 0. We describe these modifications below (Algorithm 5.41) in the context of inexact
Newton methods, where we also take advantage of the fact that it may not be necessary to solve

(5.24) exactly.
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(iii) The approach to globalization taken in Algorithm 5.30 is to reject the Newton direction if it does not
exist or does not offer a sufficiently negative directional derivative, and to replace it by the steepest
descent direction. There are other approaches that modify the Newton direction so that it always
exists and offers sufficient descent. One can, for instance, add a multiple of the identity matrix (or
rather a multiple of the preconditioner) to f" (x'X)) when the latter is found not to be “sufficiently
positive definite”. The modified Newton system then reads

[ (x®) + e M| d®) = -V (x0))

with some © > 0; see for instance Geiger, Kanzow, 1999, S.93 and Nocedal, Wright, 2006, S.51.
We now proceed to show the global convergence of Algorithm 5.30.

Theorem 5.32 (Convergence of globalized Newton’s method). Suppose that f is of class C*. Suppose
that x* is an accumulation point of x'¥) and that (x(k))keK is a subsequence converging to x*. Then the
search directions (dX)) . and step sizes («¥)), _ are admissible. Consequently, we have f’(x*) = 0.

Proof. We verify the prerequisites of the global convergence theorem 5.9, which then implies f’(x*) = 0.
To this end, we set

Ky ={keK:d® = d](\f)} (index set of Newton steps)
Ks == K\ Ky (index set of gradient steps).

Step (1) Wir first show the admissibility of the search directions. That is, we have to show that

keK

(&) g(k)
f(x'%)) kek 0 implies f’(x(k))“ﬁo- (5.7))

[

For indices k € Kg we have d*) = ~M~'V£(x(®)) and thus

F xRy d® IV f ()3,
1d5 || IVarf (x5 || ar

= [IVarf (x®) ||t

k k
The left-hand side of (5.7’) thus implies || Vs f () || s L 0, which is equivalent to f” (x¥)) kKo,

0.

For the complementary indices k € Ky, the generalized angle condition (5.27) reads

/(x(k))d(k) . . )
_fHd(k—)ll > min{n, pldg” I3} ldg” I = 0.
M

The left-hand side of (5.7°) thus implies ||dék) v = NVarf (x| a K, 0, which is the same as

£y KRN,
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Step (2) The convergence of (x(k) ) ¢ and the C*-property of the objective imply that the subsequence of
Hessians f” (x(K)) converges as well, and consequently the subsequence £’ (x¥)) is bounded (in
any norm we might impose on the space of n-by-n matrices), so that we have || f/ (x*))|| pr-1_pm <
C for k € K. For the Newton steps, we recall f”/(x)d = —Vf(x), which we can also write as
~M71f"(x)d = Vpf(x). By the definition of matrix norms, see (2.4), we find

1

ld® |y >
||f"(x(k)) ||M*1<—M

1
1V anf () [ar = E”VMf(x(k))”M for k € Ky,

and clearly
4% 1ag = LIV acf )l for k € Kg,

so overall we have

} —f (xK)) dto)

1 1
d > min{—,l} \Y x ) > min{—,l
14 s > min{ = 1} 1900 (<Ol TS

5 (5.28)

for all k € K. In view of the initial Armijo trial step size being a*?) = 1, we satisfy condition
(5.14) of Lemma 5.13 with ¢/(t) = min{¢, t/C}, which in turn implies the admissibility of the step
sizes along the subsequence.

Next we show that, under appropriate assumptions, Algorithm 5.30 eventually becomes identical to
the local Newton’s method, which means that

4% = d}(\f) and o® =1 (5.29)

holds for all k sufficiently large. Consequently, the local convergence theorem 5.27 applies, which
yields the fast (at least Q-superlinear) convergence of the entire sequence of iterates, as soon as it is
sufficiently close to a local minimizer satisfying second-order sufficient optimality conditions.

Theorem 5.33 (Transition to fast local convergence in Algorithm 5.30, see Ulbrich, Ulbrich, 2012,
Satz 10.14). Suppose that f is of class C2. Suppose that x* is an accumulation point of x*) and that
(x(k))keK is a subsequence converging to x*. Assume, moreover, that the Hessian f"'(x*) is s. p. d. Then
the following holds:

(i) f'(x*) =0 holds, i.e., x* satisfies the second-order sufficient optimality conditions.

(ii) The entire sequence x'*) converges to x*.

(iii) There exists an index ko € Ny such that (5.29) holds for all k > ko. Consequently, x'¥) converges to
x* Q-superlinearly w.r.t. the M-norm.

(iv) Iff” is Lipschitz continuous in a neighorbood of x*, then the convergence is Q-quadratic.

Proof. We do not provide the proof but refer the interested reader to Ulbrich, Ulbrich, 2012, Satz 10.14
for the time being. O
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§ 5.5 NEWTON-LIKE METHODS

From the point of convergence analysis, the globalized Newton’s method (Algorithm 5.30) is superior
to the steepest descent method (Algorithm 5.22) since it offers a Q-superlinear convergence phase.
However, Newton’s method has a number of drawbacks as well:

(1) The Hessian f”’(x) may be expensive to evaluate, and it is needed in addition to the first-order
derivative f”(x) of the objective.

(2) The solution of the Newton systems

fx9)d® = —vr(x®) (5.25)

is often more expensive compared to the evaluation of the gradient direction
Md® = —vf®).

After all, M is constant and can be factorized using the Cholesky decomposition when the
number of optimization variables is moderate.

We will address both issues simultaneously. To this end, we consider methods which allow us to
(1) replace the Hessian f”(x¥)) by a (s. p. d.) model Hessian H*) and

(2) solve the linear system
H® d® = -vf(x") (5:30)

iteratively, and possibly only inexactly.

The latter means that effectively we are solving a linear system
H® d® = —vf(x®) +¢® (531

with an implicitly defined residual {¥). To this end, we will typically specify a tolerance of the form
17 flagot < e

As a starting point, we consider a generic local Newton-like method with no line search.

Algorithm 5.34 (Generic Newton-like method for (UP)).
Input: initial guess x'*) € R"
Input: routine to evaluate f and f’ (or Vf)
Input: symmetric model Hessian H'©) € R™" (possibly s. p. d.)
Input: routine to determine the symmetric model Hessians H*) (possibly s. p. d.)
Input: s.p.d. matrix M (or matrix-vector products with M™1)
Output: approximate stationary point of (UP)
1 Setk =0
2: while stopping criterion not met do
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Determine a search direction d*) by (inexactly) solving H®)d*) = —v f(x(¥))
JHRB K = v (x©) 4+ 0 with some residual {©)
Set x(F+V) = x () 4 ()
Determine the next model Hessian H**!)
7 Setk =k+1
8: end while
9: return x (k)

SAN AL

The following questions arise:

(1) What are the requirements for H*) and {¥) in order to obtain fast (“Newton-like”, i. e., Q-
superlinear) convergence?

(2) What practical approaches exist to choose the matrices H*) and to impose a bound for residual
norm {®), with an eye to reducing the numerical effort?

As we did for Newton’s method (§ 5.4), we begin by considering an analog of Algorithm 5.34 to
find a zero of a C! function F: R” — R". In place of the exact Jacobians F’ (x(k)), we use model
Jacobians H®), which are supposed to be non-singular but not necessarily symmetric or positive
definite.

Algorithm 5.35 (Generic Newton-like method for F(x) = 0).
Input: initial guess x'*) € R"
Input: routine to evaluate F
Input: routine to determine the non-singular model Jacobians H*)
Input: s.p.d. matrix M (or matrix-vector products with M™1)
Output: approximate zero of F
1 Setk =0
2: while stopping criterion not met do
3 Determine a search direction d'*) by (inexactly) solving HF) d©) = —F(x(%))
4 JH®) 45 = V£ (x0) 4+ ¢ ®) with some residual {*)
50 Setx(k+) = x (k) 4 (k)
6: Setk =k+1
7: end while
g return xF)

In a nutshell, the sequence generated by Algorithm 5.35 is governed by

H(k)d(k) — _F(x(k)) + g(k)

.32
k) () gl (5.32)
The following lemma shows that the fast local convergence of any sequence x¥) converging to a zero

of F is related to the question how well the elements of that sequence satisfy the true Newton systems
Fx®)) + P (x®)) (x 0+ _ x(0)) = o,
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Lemma 5.36 (Characterization of fast local convergence). Suppose that F: R" — R" is a C' function
and that x®) is any sequence in R" converging to x* with non-singular Jacobian F'(x*). Then the
following are equivalent:

(i) x) converges Q-superlinearly w.r.t. the M-norm, and we have F(x*) = 0.

(if) For any e > 0 there exists an index kg € Ny such that*

IF () + F (x) (2D = x Ol < el = x Wy for allk > k. (5.33a)

(iii) For anye > 0 there exists an index ko € Ny such that*®

IF(x®) + F (x®) (x*+D — x®N) e < elx® = x|y forallk > k. (5.33b)

(iv) For any ¢ > 0 there exists an index ko € Ny such that*’
IF(x®) + F (") (% = xO) [y < e [lx® = x Oy forall k > ko. (5.33¢)
Proof. We begin with some preliminary estimates. Since F is of class C! and F’ (x*) is non-singular, there

exists a neighborhood Bg/l(x*) and constants ¢, C > 0 such that ||F’(x)||yr-1p and || F (x) 7Y preeps—
hold for all x € Bg’f (x*); compare Lemma 5.25. The mean value theorem 2.4 gives us

Fx®D) Z F(x*) = F/ (x" + £ (k) _ ) (k4D _ )
with some £*) € (0,1). We thus conclude
el = x|y < [F(e®) = Fxc) Iy < Clle ™ = [lar. (%)
for sufficiently large k € Nj.

Another application of the mean value theorem 2.4 yields

F(x(k+1)) _ F(x(k))
=F (x4 ER) (kD) _ x ) (x*) — x(®))  where £R e (0,1)
= P (0 (x5 10 [ (x84 FO (kD) 1 (8))) ()] (o) _ by

and thus

IF(x®*D) = F(x®) = F/(x®) (e = x @) g

< IF (x50 4 & (D = x Oy} = P (B || yger g [ FD = B[

briefly: [|F(x*)) + F(x(5)) (x D) — x) 1 = o[l 1) — B yp)
2briefly: ||F(x®)) + F’ (x(k)) (e — xCDy 10 = o([lx®) = x| )
*Tbriefly: ||F(x)) + F’(x*) (x®+) — x®)y|1 00 = o[l = x ) |14p)
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As in the proof of Lemma 5.20 we can now exploit the uniform continuity of F” “near the (x(k))”. This
entails that, for any ¢ > 0, there exists an index ky € Ny such that

IE D) = F(x®) = F/(x®) (e = x @)y < e [l = %Oy ()

holds for all k > k.

Statement (i) = Statement (ii) and Statement (iii): The triangle inequality and the Q-superlinear
convergence imply that, for sufficiently large k, we have

e =g < xS = D g o = g < S = D g O =

and thus
[l = x*|lar < 2 [l = x|, (k)

On the other hand, the triangle inequality and the Q-superlinear convergence also imply that
e i L e e [ R [
holds for sufficiently large k, whence
I — 2By < 26— x* . (svs)

In other words, the quantities [|x**1) — x(®)||,; and ||x*) — x*|| 3y “control each other” for k sufficiently
large.

Let £ > 0 be arbitrary. We can estimate

IF G 4+ F () (e = O gy

< IFED) = F(x ™) = F/ () (e = x O pgor + IF D) = P [l
. SN——
< elle™ = x® g+ [FED) = F(x)llyr by () =0

for k sufficiently large. We need to address the second term in the previous inequality:

IF(x® D) = F(x*)llyr < ClIx™ = x*ll - by ()

< Cllx% = x*||m by the Q-superlinear convergence.

for k sufficiently large. Plugging tihs estimate into the previous inequality is Statement (ii).

Moreover, as we demonstrated in (x+##), [|x) — x*||5r and [|x &) — x)||5; are different by at most a
constant factor, we also have proved Statement (iii).

Statement (ii) or Statement (iii) = Statement (i): We estimate
JIF (x+D) [ g0

IE® D) = F(x®) = F'(x®) (x5 = O [[ygr + [F ) + P (x®) e = x®) 1y
e lle ) = x® g+ W) + F (O T = x Oy by ().

IA

IN
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By Statement (ii) or Statement (iii), the second term can be bounded by & ||x**) — x| 1 or & ||x*) —
x*||m, respectively. In any case, we have

IF e ) g1 < e fle® D = x® |y + 26 [ ®D — B3y = 3¢ ]xFD — x B,

for sufficiently large k. In view of x¥) — x*, we find F(x**!) — 0 and thus F(x*) = 0.

It remains to show the Q-superlinear convergence of x(¥). For any ¢ € (0, c), we have
¢l =l < IFGE D)y by ()
< 3ellx ) — By

< 6€||x(k+1) - x"||m by (),

and thus

(k+1)

6¢
x4 =l < = ™~ [l

for sufficiently large k. This shows the Q-superlinear convergence of x*) to x* w.r.t. the M-norm.

Statement (ii) & Statement (iv): The difference of the terms inside the norms on the left hand sides
in (5.33a) and (5.33¢) is [F/(x%)) — F/(x*)] (x**) — x())_ Its norm can be estimated as follows:

TP () = F/ ()] (e = ) g
< ||F’(x(k)) _ F,(x*)HM*l(_M ||x(k+1) _ x(k)”M

(k+1)

<elx —x® ||y by the continuity of F’

for sufficiently large k. The triangle inequality, either in the form
IF G+ F/ (8 (e = ) -4
< IO +F () (D = x4 1T (1) = F ()] D = O gy
< NFGS) + F () (9 = x B | pgr e [l = 5O
or in the form
IF ) + P (") (e — )y
< IPGE) + F (x®) (25D = O ay + 1T (x®) = F/ ()] (25D = xE) [l

< FG®) + F (x9) (5 = xE) [y + e | EHD = %O,

each for sufficiently large k, now shows the equivalence of Statement (ii) and Statement (iv). O

We now apply this lemma to Algorithm 5.34, where the sequence of iterates x %) is generated via (5.32).
The residual these iterates leave in the true Newton systems can be expressed as

F(x(k)) + F'(x(k)) (x(k+1) _ x(k))
= F(x®) + F'(x0)) g® N
- F(x(k)) +F'(x<k)) d® — F(x(k)) gk gk 4 §’(k)
- [F'(x(k)) _ H(k)] d® + g(k)_

We thus obtain from Lemma 5.36 the following corollary.
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Corollary 5.37 (Characterization of fast local convergence). Suppose that F: R" — R™ is a C' function
and that x'®) is a sequence generated by (5.32) that converges to x* with non-singular Jacobian F’(x*).
Then the following are equivalent:

(i) x®) converges Q-superlinearly w.r.t. the M-norm, and we have F(x*) = 0.

(ii) For any e > 0 there exists an index kg € Ny such that

||[F'(x(k)) - H(k)] d® + gv(k)”M_1 <e|x®V —x®| forallk > k. (5.34a)

(iii) For any e > 0 there exists an index ko € Ny such that

|[F'(x®) = HB]a® + 7B <ellx® =x*|ly  forallk > k. (5.34b)

(iv) For any e > 0 there exists an index ky € Ny such that

||[F’(x*) - H(k)] d® + gv(k)”M,l <e¢ ||x(k+1) - x(k)llM forallk > k. (5.34¢)

This set of equivalent of conditions that ensure the local Q-superlinear convergence are known as
Dennis-Moré conditions, introduced in Dennis, Moré, 1974. They exhibit that two requisites are
sufficient to ensure fast convergence:

(1) The residual in the linear system, ||{¥)||,;-1, goes to zero faster than ||x**) — x (O ||;,.

(2) The difference between the Jacobian F/(x(¥)) and the model Jacobian H¥), evaluated in the
direction of d¥), goes to zero faster than ||x**!) — x(¥)||,;. Note: It is not necessary for H*) to
approximate the Jacobian F’(x(K)) in its entirety!

We will discuss in the following two classes of methods that are specializations of Algorithm 5.34. The
first class of methods are inexact Newton methods (§ 5.6), which use H®) = F’(x(®)). The second
class of methods are quasi-Newton algorithms (??), which feature {*) = 0.

§ 5.6 INEXACT NEWTON METHODS

Inexact Newton methods use the true Jacobian H*) = F/(x(¥)) in the linear systems (5.31), but they
solve them only inexactly, leaving a residual { %)

F'(x®)d® = —F(x®) + ¢ (535)

We measure the norm of the residual in the linear system (5.35) relative to the norm of the outer
residual F(x¥)) associated with the current iterate x(K). We require

1Z® Ny = 1 (2 ®) d® + Fx®) [y < n® JFGD) gy (536)

with some 1% € (0,1). The sequence (U(k)) is known as a forcing sequence.
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Note that F(xK)) is the residual associated with the zero vector, and hence

||residual associated with d || ;-1 15 || pr-s )

= <n®. .
||residual associated with 0]| ;-1 |F (x| pp — 1 (537)

Thus we can interpret the forcing sequence as the relative reduction of the residual required in the
linear system F’(x(8)) d) = —F(x(¥)), compared to a zero initial guess. It is evident that we should
demand n*) < 1. Otherwise, d'*¥) = 0 would constitute a sufficiently accurate solution.

We refer to Algorithm 5.34 as an inexact local Newton’s method in case H®) = F'(x®)). For
completeness, we state the algorithm as

Algorithm 5.38 (lokal inexact Newton’s method for F(x) = 0).
Input: initial guess x(*) € R"
Input: routine to evaluate F and F’
Input: spd Matrix M (oder Matrix-Vektor-Produkte mit M~!)
Input: routine to determine the forcing sequence <)
Output: approximate zero of F
1 Setk =0
2: while stopping criterion not met do
3 Determine a search direction d%) by (inexactly) solving H®) d*) = —F(x(®)) 5o that the residual
() = F'(x®)) d®) 4 F(x0)) satisfies the condition

1Z® Nagr < NP g (5.36)
4 Set x(k+D) = x(k) 4 g(k)
5 Setk = k+1
6: end while
7

return x(k)

Note: With 7¥) = 0, we obtain again the exact local Newton’s method.

We can now specify a local convergence theorem for Algorithm 5.38.

Theorem 5.39 (Convergence of Algorithm 5.38). Suppose that F: R" — R" is a C! function and that
x* € R" is a point where F(x*) = 0 and F' (x*) is non-singular. Suppose that x'*) is a sequence generated
by Algorithm 5.38, where the elements of the forcing sequence satisfy n®) <7 < 1 for all k € Ny. Then
there exists a neighborhood Bg’r(x*) such that

(i) x* is the unique zero of F in ng(x*).

(ii) For any initial guess x*) € Bg[(x*), the local inexact Newton’s method is well-defined, and it
generates a sequence x) which converges to x*.

(iii) (x(k)) converges to x* Q-linearly w.r.t. the M-norm.
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(iv) If, in addition, n®) N\, 0 holds, then the convergence is Q-superlinear.

(v) IfF’ is Lipschitz continuous in Bg’f(x*), and if, in addition to n® \ 0, we even have n®) <
C||F(x ")) || ps—+ with some constant C > 0, then this convergence is even Q-quadratic.

Proof. We only give a sketch of the proof. Statement (i) can be shown as Theorem 5.27. A guide to
proving Statement (ii) and ?? can be found in Geiger, Kanzow, 1999, Satz 10.3. For Statement (iv), we
use the characterization of Q-superlinear convergence by Corollary 5.37. We have

(7 (™) = HEY ad® 4 By = 170 ][
D e
-0 <™ NVFEE) Iy by (5.36).

As in the proof of Lemma 5.36, see (x), we have | V£ (x% )| -1 < C|lx®) — x*|| 3 for sufficiently large
indices k and thus

I (x9) = H®) d® + ¢ Oy < 0 ™ =27
Since %) \ 0, we satisfy (5.34b).

Statement (v) follows similarly as in Theorem 5.27. |

A possible rule for the choice of the forcing sequence 1¥) that guarantees the local Q-superlinear
convergence is

n® = min{7y, (|VF(x*))%. .} (538)

with some 77 < 1and 0 € (0,1], for instance 7 = 1/2 and 0 = 0.5.2

In the remainder of § 5.6 we consider a practical approach to the inexact solution of the Newton systems,
while simultaneously globalizing the inexact local Newton’s method (Algorithm 5.38). Since in this
class we are discussing globalization for Newton-like methods only in the context of optimization
(and not for general root-finding), we switch back to the optimization context now. That is, we have
F(x) =Vf(x)and F'(x) = " (x).

We need to take into account the following:

(1) The Newton system f”(x)) d = =V f(x)) is to be solved iteratively*. In this way, we can
take advantage of the fact that an inexact solution is sufficient and we can stop once the residual
norm for the linear system falls below the threshold dictated by the forcing sequence; see (5.36).
We refer to the inexact Newton direction as d](\f ),

(2) The inexact Newton direction dl(\f ) is required to be, at the very least, a descent direction for the
objective f at the current outer iterate x (<.

28More precisely, we even obtain the Q-superlinear convergence with rate 1+ 6 with this choice.
*9rather than using a direct solver such as Gaussian elimination

90 https://tinyurl.com/scoop-nlo 2023-05-13


https://tinyurl.com/scoop-nlo

©O®S Nonlinear Optimization

(3) As we did in the globalized exact Newton’s method (Algorithm 5.30), we need to verify whether
the inexact Newton direction d 1(5 ) offers sufficient descent. If not, then we fall back to taking a
step in the steepest descent direction.

It turns out that we can reach the first and the second goal simultaneously by a clever use of the
conjugate gradient method (Algorithm 4.17), applied to the symmetric linear system A d = b, where

A=f"(x®) and b=-Vf(x®).

As a stopping criterion, we employ the relative criterion (4.14a) with &, = 7'¥), and the zero vector
serves as initial guess. In case the CG algorithm finishes “without an incidence”, then — due to (5.37)
— the solution returned is an inexact solution of the Newton system with sufficiently small residual
norm in the sense of (5.36).

Remark 5.40 (inner and outer iterations). In what follows we will sometimes use the terms inner
iterations and outer iterations. The outer iterations of those of the outer optimization method, which
is the inexact Newton’s method in this subsection. The quantities used in the outer iterations are the
iterates x\*), search directions d®), step sizes a® et

On the other hand, every search direction d) will now be found in an iterative way, which refer to as
inner iterations. In order to help avoid confusion, we will denote the inner iteration index by £. Also, the
iterates of the inner solver for the linear system Ad = b will be termed d'*) instead of x\*). The search
directions in the inner solver will be p'*) instead of d*). The residuals in the inner solver will be {*)
instead of r©).

What could be the incidences that might occur in the CG algorithm in the present context? On the one
hand, we might reach the maximum number of iterations before reaching the relative tolerance. On
the other hand, the symmetric matrix A might not be positive definite. This means that the function

1
¢(z) = 5 TAz-b"z

has a least one direction p € R", p # 0, of non-positive curvature; i.e., p’Ap < 0 holds. A lack of
positive definiteness does not mean that a search direction of non-positive curvature will actually
be encountered during the inner iterations. On the one hand, the required tolerance may be reached
beforehand. But even for exact solutions (& = 0), not all right hand sides b actually invoke directions
of non-positive curvature.

In any case, if a direction p*) with () := (p¥)TAp(® < 0 is encountered, a reaction is required
since otherwise,

« in case #Y) = 0, a division by zero would occur in Line 8 of the CG algorithm (Algorithm 4.17),

« in case ¥ < 0, the CG algorithm could be continued; however, we might lose the property
that the iterates d() are descent directions for f at x(¥). This can be confirmed by examples.
As long as all search directions p'©) are directions of positive curvature (9(“) > 0), the descent
property remains intact; see Lemma 5.42.
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For the reasons above, it is customary to employ a variant of the CG method known as truncated
conjugate gradient method (truncated CG method) as inner solver in a globalized inexact Newton
method. Starting from a zero initial guess, iterate until either the relative stopping criterion (4.14a) is
verified, or a search direction of non-positive curvature is encountered. In that case, the most recent
iterate d*) is returned as inexact solution.

For completeness, we state below the truncated CG algorithm. Notice that we chose the specific
stopping criterion (5.37) instead of a general criterion.

Algorithm 5.41 (Truncated conjugate gradient method for symmetric systems Ad = b w.r.t. the
M-inner product; compare Algorithm 4.17).

Input: right-hand sideb € R"

Input: symmetric matrix A (or matrix-vector products with A)

Input: s. p.d. matrix M (or matrix-vector products with M~")

Input: relative residual e,

Output: approximate solution of Ad =b

1 Sett =0

2 Setd®) =0 / zero initial guess
3 Set {0 == —b / evaluate the initial residual
s Setp® = —M~17(0)

5+ Set 60) = ([ O)p©) /80 = 7O,
6: while§") > gfela(m do / check stopping criterion (5.37)
7 Setql¥) := Apl)

8: Set 00 = (q(t’))Tp(f)

o if0Y >0 then

10: Set a't) = 5([)/9(”

11 Set d(*1) = () 4 a(f)p(")

12: Set () = (O 4 (0 g(0)

13 Setp(t’+1) — —M_l(:(“'l)

14: Set 5+ -— _(g((+1))Tp({’+1) //5((’+1) — ||§(t’+1) ”]2\/[4
15: Set ’B(Hl) — 5(t’+l)/5(¢’)

16: Setp(t’+1) = p(t’+1) +ﬁ(£’+1)p(€)

17: Sett =f+1

18: else

19: Abort the while loop

20: end lf

21: end while
22: returnd?

It still remains to be proved that the approximate solution d*) that the truncated CG method generates
and that is to be used as inexact Newton direction d ](\f ), is indeed a descent direction for the objective f

at the current outer iterate x(¥). This means that we need to show f’(x*)) d(©) < 0 or equivalently,
b'd® > 0.

Lemma 5.42 (The truncated CG method generates descent directions). Suppose thatb # 0 and that
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d©,...,d® have been generated by Algorithm 5.41 for some £ > 1. Then the following holds.
(i) MY =0 forj=1,...,¢L

(ii) b'p) = ¢V, forj=0,....¢L.

-1
(iii) b7d) = Z at) ||§(j) ”12\/1-1 ist positive and strictly monotonically increasing in £.
j=0
Proof. Statement (i): Since we use the zero vector as initial guess, we have {(*) = A0 — b = —b for the

initial residual. Therefore,
bMWD = —(OyM D =0 forj>1
according to (4.28).
Statement (ii): The initial search direction is p(®) = —M~1¢(®) and hence we have
b = (M = 1E 15
By induction, we find for j > 0:

pr(jH) — bT(—M_lg(jH) + ﬂ(j+1) p(j))

=0+ pUt) pTpl) by Statement (i)
1O,
= M= () b )
=G y (4.24)
ICOIE,
=1I¢ (+1) ||}2VI_1 by the induction hypothesis.

Statement (iii): Since Algorithm 5.41 generated the iterates d(*), ..., d®), the numbers 6(*, ..., (=1
are all strictly positive. Consequently, «/) = §()/0) > 0 is also positive for j = 0,...,¢ — 1. We
consider the expression

-1 -1
bTd® = pT Z o) p) = Z o) ”éV(j)”jzvrl

7=0 j=0

with the last equality due to Statement (ii). The residuals (%), ..., =D are all # 0, otherwise the
stopping criterion in Algorithm 5.41 would have been triggered. Therefore, the above expression is
strictly increasing w.r.t. ¢. O

Remark 5.43 (on Algorithm 5.41).

(i) The first search direction is p®) = M~'b, which is equal to the steepest descent direction —M ™'V f (x ¥))
in the optimization context. When p'®) is a direction of positive curvature (if 0©) > 0), then dV is
the same as though we had applied the steepest descent method with Cauchy step size (Algorithm 4.6).
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(ii) By contrast, when p'®) is a direction of non-positive curvature, Algorithm 5.41 stops and returns
d©® = 0. This is, of course, not a useful descent direction for the outer, inexact Newton method, as
will be detected by a quality test for the inexact Newton direction, and a fallback to a gradient step
will be the consequence.

(iii) The strictly increasing monotonicity of b'd'?) = —f'(x¥)) d©) w.r.t. the iteration counter £ means
that the descent properties of the iterates d'*) progressively improve, as long as the search direc-
tions p'©) remain directions of positive curvature for A. Therefore, it is reasonable to continue
performing CG iterations until either the desired tolerance is reached, or a direction of non-positive
curvature is encountered. This is the strategy Algorithm 5.41 is following.

As we already mentioned, the globalization of the inexact Newton method can be done along the same
lines as in Algorithm 5.30. This leads to the following algorithm.

Algorithm 5.44 (Globalized inexact Newton method for (UP); compare Algorithm 5.30).

Input: initial guess x'*) € R"

Input: routine to evaluate f and f’ (or Vf)

Input: routine to evaluate f”’ (or matrix-vector products with f"’)

Input: s.p.d. matrix M (or matrix-vector products with M™1)

Input: routine to determine the forcing sequence <)

Input: globalization parametersn € (0,1), p > 0 and exponent p > 0

Input: Armijo parameter o € (0,1/2)  / to be passed through to the Armijo backtracking line search
Input: backtracking parameter € (0,1) / to be passed through to the Armijo backtracking line search
Output: approximate stationary point of (UP)

1 Setk =0

2 Set f(O) = £(x(0) / evaluate the initial objective value

3 Setr(® = £ (xO) = Vf(x(?) / evaluate the initial residual

4: Set déo) =M1 / evaluate the negative M-gradient

5 Set 8 = —(r©)Tdy) /80 = [ Vaif (<O, = 157113,

6: while stopping criterion not met do

7: Determine the inexact Newton direction dj(\f) using Algorithm 5.41 with A = f” (x5, b = -,
preconditioner M and relative residual &g = ry(k)

8 Evaluate the generalized angle condition for the Newton direction

F®dy < —minfn, pIdg 15} 157 1w Iy (5:27)

o: if true then

10: Setd®) = d](\f ) / use the inexact Newton direction

11 else

12: Setd¥) = dék) / use the steepest descent direction as fallback

13 end if

14 Determine a step size®) > 0 from an Armijo backtracking line search procedure (Algorithm 5.11),
applied to p(a) = f(x®) + ad®)), with initial trial step size «'*°) = 1, Armijo parameter o and
backtracking parameter f /9(0) = f5) and ¢’ (0) = =5%) in case of d*) = d((;k), or

@' (0) = f'(x5)) dz(\f) in case of d'¥) = dl(\f), are already known
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Setx(k“) = x(k) + (x(k)d(k)

15:

16: Set fk+1) = £(x(k+1)) / can be returned by the Armijo backtracking line search routine

17: Set r(k+1) — f/(x(k+1))T — Vf(x(k+1))

18: Set d((;kﬂ) = =Mk / evaluate the negative M-gradient
k k

19: S€t5(k+l) — _(r(k+l))Tdé +1) //5(k+1) — ”VMf(x(kH))“]z\/[ _ Hdé +l)||/2\/1

20: Setk = k+1
21: end while
22: return x(k)

Remark 5.45 (on Algorithm 5.44).

(i) See Remark 5.31 on choosing the globalization parameters p and p.

(ii) The quantity ||d1(§) ||pm required to evaluate the generalized angle condition (5.27) can be returned
at negligible additional cost by the truncated CG algorithm (Algorithm 5.41), as described in (4.33)—

(4.34).

The global convergence of Algorithm 5.44 can be verified very similarly as in Theorem 5.32. In fact,
Step (1) in the proof (admissibility of search directions) remains exactly the same since the generalized
angle condition and the fallback to steepest descent directions remains the same as in Algorithm 5.30.
In Step (2) (admissibility of step sizes), we need to take into account the fact that the inexact Newton
direction satisfies the Newton system only with a residual. We end up replacing the estimate (5.28)

by
(k)

1=n® | —f (xR g
, } (5-39)

¢ lld® Iy

for all k € K, and we have to modify the function ¢ accordingly. (Quiz 5.6: Can you fill in the
details?)

1-—
14 lyr 2 min{——Z— 1} [[Vpef () s = min

The transition to fast local convergence can be shown similarly as in Theorem 5.33. We can verify
again that
d® =dP and o™ =1 (5.29)

holds for sufficiently large indices k. Consequently, the convergence mode (Q-linear, Q-superlinear or
even Q-quadratic) follows depending on the choice of forcing sequence, using Theorem 5.39; see also
Geiger, Kanzow, 1999, Satz 10.8.

The combination of the inexact Newton method as outer algorithm with the truncated CG algorithm as
inner solver is often referred to as truncated Newton CG method. Since we do not necessarily need
to set up the full Hessian matrix £’ (x(¥)), but matrix-vector products with f”’(x¥)) are sufficient, one
also speaks of a Hessian-free optimization. Matrix-vector products with f”/(x(*)) can be realized,
e. g., using algorithmic diffentiation techniques (Chapter 4).

End of Week 5
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