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1 Programmieriibung 2 zu Grundlagen der Optimierung
(WS2021)

1.1 Einfiihrung
1.1.1 Verantwortlich

e Prof. Dr. Roland Herzog
e Dr. Georg Miiller
e M.Sc. Masoumeh Hashemi

Die Webseite dieser Veranstaltung finden Sie unter https://tinyurl.com/scoop-gdo.

1.1.2 Zielsetzung

Das Ziel dieses Jupyter Notebooks ist es, IThnen das Verhalten des Simplex-Algorithmus aus Kapi-
tel 2 des Skripts zur Lésung linearer Optimierungsprobleme nahezubringen. Wir werden 1. Das
Simplex Verfahren mit zugehoriger Phase I und verschiedener Index-Auswahlverfahren implemen-
tieren 1. Die Implementierung testen 1. Den Einfluss zweier verschiedener Indexauswahlregeln
auf den Simplex-Algorithmus untersuchen 1. Den Einfluss von der Wahl der Toleranzen im
Simplex-Algorithmus untersuchen 1. Die Performance des Simplex-Algorithmus untersuchen 1.
Tschebyschow-Zentren berechnen und visualisieren

1.1.3 Zur Bedienung des Notebooks

Bitte schauen Sie hier unter dem Punkt “Bedienung” fiir mehr Informationen zur Nutzung und
Bedienung des Notebooks.

1.2 Implementierung des Simplex-Verfahrens fiir lineare Programme

In diesem Abschnitt implementieren wir das Simplex-Verfahren- den Kern dieser Program-
mieriibung. Bevor wir mit dem Simplex selbst beginnen kénnen, bendtigen wir jedoch Auswahlver-
fahren fiir die Indizes, die anhand der reduzierten Kosten in die Basis aufgenommen werden bzw.
anhand des Quotiententests aus der Basis entfernt werden. Konkret wollen wir die folgenden Regeln
implementieren: 1. Die Auswahlregel nach Bland fir den in die Basis aufzunehmenden Index 1.
Die Auswahlregel nach Bland fiir den aus der Basis zu entfernenden Index 1. Die Steepest-Descent-
Auswahlregel, fiir den in die Basis aufzunehmenden Index, welche den Index mit dem kleinsten
Fintrag im reduzierten Kostenvektor zuriickgibt 1. Die Auswahlregel nach Bland fiir den in die
Basis aufzunehmenden Index

Aufgabe: Vervollstandigen Sie den Code und fithren Sie die Zelle aus.


https://tinyurl.com/scoop-gdo
https://scoop.iwr.uni-heidelberg.de/intro-jupyter/

[1]: | # This module implements indexr selection rules for the primal simplex method
import numpy as np

def blands_entering rule(reduced_cost, tolerance):
nimn
Accepts:
reduced_cost: the reduced cost wvector of full length
tolerance: a tolerance on when to consider a reduced
»cost "actually" negative
Returns:
The lowest index with corresponding negative reduced,
~cost entry

nnn

return np.where(reduced_cost < -np.abs(tolerance)) [0] [0]

def blands_leaving rule(restrictions):
Accepts:
restrictions: the indices corresponding to the,
whalfspaces restricting further movement along the update direction. These,
~components will be zero in the iterate after the update was performed.
Returns:
The lowest index that restricts further movement

nmnun

return restrictions[0]

def steepest_descent_entering rule(reduced_cost, tolerance):
Accepts:
reduced_cost: the reduced cost wvector of full length
tolerance: unused
Returns:
The index with lowest corresponding negative reduced,
~cost entry

nmnn

return np.where(reduced_cost == min(reduced_cost)) [0] [0]

def largest_index_leaving rule(restrictions):

nnn

Accepts:
restrictions: the indices corresponding to the,
~halfspaces restricting further movement along the update direction. These,
~components will be zero in the iterate after the update was performed.
Returns:
The largest index that restricts further movement



nmnn

return restrictions[-1]

Jetzt, wo wir die Auswahlregeln zur Hand haben, folgt die Implementierung des Simplex-
Algorithmus.

Aufgabe: Vervollstindigen Sie den Code und fithren Sie die Zelle aus.

[2]: # This module implements the primal simplex method for solwing linear programs

# It consists of two functions: The "actual" simplex method in,
srun_primal_simplex_method,

# which expects a basis for a initial feasible basic vector as input, and the,
wwrapper

# primal_simplex_method, which will do a phase I if mo initial basis was,
wprovided for

# the original problem.

import numpy as np

def primal_simplex_method(A, b, c, B = None, entering rule =
~blands_entering_rule, leaving_rule = blands_leaving_rule, parameters={}):
nimn
Solve a linear optimization problem in standard form, i.e., a problem of
the form
min c*x
s.t. Az = b, = >= 0,
using the primal simplex method with Bland's rule.

This function wraps the actual simplex in order to include ay
wphase-I-search, if
no initial feasible basic point s provided.

Accepts:

the linear cost's wector

> the constraint's matriz

: the constraint's right-hand-side vector

: basis tndices for initial feasible basic vector
defaults to None, in which case a basis will be,

o >0

~determined from a Phase I
entering rule: the rule that selects the index that enters the,
~basis from the reduced cost wvector
leaving_rule: the rule that selects the index that leaves the,
~basis from the quotient vector
parameters: optional parameters (dictionary);
the following key/value pairs are evaluated:
["maz_iterations"]: mazimum number of iterations



["tol"]: tolerance for optimality,
~check on reduced cost vector entries and feasibility in phase I
["verbosity"]: "verbose" or "quiet"
["keep_history"]: whether or not to store the,
witeration history (0, 1 or 2)

Returns:
result: a dictionary containing the key/value pairs
solutton: final tterate
function: the final iterate's objective walue
basis_indices: the final iterate's basis indices
i1terations: number of iterations performed
exitflag: flag encoding why the algorithm terminated
0: optimal solution found
1: problem is unbounded
2: mazimum number of titerations reached
3: problem is infeasible (In which case,
sall other fields of result will be None)
# Check some parameter requirements and set to default 2f mot provided
verbosity = parameters.get("verbosity", "quiet")
tol = parameters.get("tol", 0)

# If inttial basis for feasible basic vector was not provided, find one,
<in phase I
if B is None:
# Dump some output
if verbosity == 'verbose':
print("No initial basis provided. Starting phase I.")

# Get problem dimensions
m, n = A.shape

# Generate input data for the phase-I-problem

A_T = np.hstack((A, np.diag(np.where(b >= 0, 1, -1))))
bI=0

c_I = np.hstack((np.zeros(n), np.ones(m)))

B_I = range(n, n+m)

# Solve phase-I-problem
phase_I_result = run_primal_simplex_method(A_I, b_I, c_I, B_I,,
sentering_rule, leaving rule, parameters)

# Check if phase I terminated correctly
if phase_I_result["exitflag"] == 2:
raise BaseException("Phase I terminated because the
omaximum number of iterations were performed.")



if phase_I_result["exitflag"] == 1:
raise BaseException("Phase I terminated because the

~problem was detected as unbounded.")

# Check for feasibility of the initial problem
if any(phase_I_result["solution"][n:] > np.abs(tol)):

result = {
"solution" : None,
"function" : None,
"basis_indices" : None,
"iterations" : None,

"exitflag" : 3

# Dump some output
if verbosity == 'verbose':
print ('\n\nOriginal problem was found to be

~infeasible in phase I. Phase II won\'t be performed.\n')

return result

# Get initial basis for phase II from solution of phase I
B = list(set(phase_I_result["basis_indices"]))
N_real = list(set(range(n)) - set(B))

# Remove all unwanted artificial indices from basis in case ofy,
~degeneracy (postprocessing)
try:
# Get largest basis index
max_basis_index = max(B)

# If largest basts index s artificial, swap tt out
while max_basis_index >= n:
# Obtain representations for monbasic columns,

<of A in current basts
D = np.linalg.solve( A_I[:,B], A[:,N_real] )

# Determine swap index as the largest of they
wones contributing most to e_maxr_basis_index (gquaranteed to be nmonzero)

entering_basis = N_real[np.argmax(np.abs(D[np.
~where(np.array(B, copy=False) == max_basis_index) [0],:]1))]

# Swap out largest index in B
B = list(set(B) - set([max_basis_index]) |,

~set([entering basis]))



if verbosity == 'verbose':
print ("Replaced artificial basis indexy
<%4d with real index %4d." 7 (max_basis_index, entering basis))

# Get new largest basis index
max_basis_index = max(B)
except:
raise ValueError("Index swap failed in
~phase-I-post-processing.")

else: # B was mnot None
# Dump some output
if verbosity == 'verbose':
print("Initial basis provided.")

# Run the phase II optimization
if verbosity == 'verbose':
print ("\nStarting Optimization.")
result = run_primal_simplex_method(A, b, c, B, entering_rule,
~leaving_rule, parameters)

return result
def run_primal_simplex_method(A, b, c, B, entering rule, leaving_rule,,

~parameters) :

nnn

<

Solve a linear optimization problem in standard form, i.e., a problem o
the form
min c*x
s.t. Az = b, = >= 0,
using the primal simplex method with Bland's rule.
Ezpects a Basis for an initial feasible basic point to be supplied.

Accepts:

the linear cost's wvector

: the constraint's matriz

: the constraint's right-hand-side vector

: basis indices for initial feasible basic wvector
parameters: optional parameters (dictionary);

entering_rule: the rule that selects the index that enters they

o >0

~basis from the reduced cost wector
leaving_rule: the rule that selects the index that leaves the,
~basis from the quotient wector
parameters: optional parameters (dictionary);
the following key/value pairs are evaluated:



["maz_iterations"]: maximum number of iterations
["tol"]: tolerance for optimality,

—~check on reduced cost vector entries and feasibility in phase I

["verbosity"]: "verbose" or "quiet"
["keep_history"]: whether or not to store they

siteration history (True or False)

Returns:

svalue

wterminated

<reached

nimnn

result: a dictionary containing the key/value pairs
solution: final iterate
function: the final iterate's objective,

basis_indices: the final iterate's basis indices
tterations: number of iterations performed
exitflag: flag encoding why the algorithm,

0: optimal solution found
1: problem is unbounded
2: mazimum number of iterations,

def print_header():

Tl (R I SR — — — —— — ——————"
print(' ITER 0BJ OBJCHNG  MINREDCOST |,

<~ CHSREDCOST ENTERING LEAVING ")
print (' —————— oo

# Get the algorithmic parameters, using defaults if missing

max_iterations

= parameters.get("max_iterations", 1e3)

tol = parameters.get("tol", 0)
verbosity = parameters.get("verbosity", "quiet")

keep_history =

parameters.get ("keep_history", False)

# Define exitflags that will be printed when the algorithm terminates

exitflag messages = [
'Reached optimal solutiomn.',
'Problem is unbounded.',
'Reached maximum number of optimization steps.',

# Get problem dimensions

m, n = A.shape

# Remove all duplicate indices from initial basis and check length
B = list(set(B))



if len(B) != m:
raise ValueError("Size of initial basis does not match problem|
~dimension")

# Initialize initial iterate and non-basis indexr set from initial basis
X = np.zeros(n)
try:
x[B] = np.linalg.solve(A[:,B], b)
except:
raise ValueError("Could not compute iterate from basis.")
N = list(set(list(range(n))) - set(B))

# Check the initial tterate for feasibility
if any(x < 0):
raise ValueError("Initial iterate is infeasible.")

# Initialize variables for simplex iteration loop
iterations = 0O

exitflag = None

f_old = np.inf

# Prepare a dictionary to store the history
if keep_history:

history = {
"iterates" : [J,
"objective_values" : [],
"basis_indices" : [],
"entering_basis" : [],
"leaving_basis" : []

}

# Perform simplex iterations unttl termination criterion is met
while exitflag is None:

# Compute current function value
f=c¢cTO0x

# Record the current iterate, its function value and the basis
if keep_history:
history["iterates"].append(x.copy())
history["objective_values"].append(f)
history["basis_indices"].append(B)

# Dump some output
if verbosity == 'verbose':
if (iterations’%10 == 0): print_header()



of-f_o0ld), end = ''")

<,B].T, c[B])

«computed.")

wentries

~termination

ll)

print (' %4d %11.4e Y%11.4e' % (iteratioms, f,.

# Stop when the mazimum number of iterations has been reached
if iterations >= max_iterations:

try:

except:

exitflag = 2
break

# Compute reduced cost vector (sN)
reduced_cost = np.zeros(n)
reduced_cost[N] = c[N] - A[:,N].T @ np.linalg.solve(A[:

raise ValueError ("Reduced cost vector could not be

# Dump some output
if verbosity == 'verbose':

print(' %11.4e' % (np.amin(reduced_cost)), end = '')

# Check for optimality by checking sign of reduced cost wvector,

# and also check if numerical inaccuracy is prohibiting proper

if all(reduced_cost >= -np.abs(tol)):

exitflag = 0O
break

# Remember function value

f_old =

f

# Select new entering basts indexr using Bland's rule
entering_basis = entering_rule(reduced_cost, tol)

# Dump some output
if verbosity == 'verbose':

print(' Y%11.4e' Y, (reduced_cost[entering basis]), end

# Record the index that enters_basis
if keep_history: history["entering basis"].
~append (entering_basis)

# Dump some output



if verbosity == 'verbose': print(' %ad ' Yy
- (entering_basis), end = '')

# Compute update direction
delta_x = np.zeros(n)
try:
delta_x[B] = - np.linalg.solve(A[:,B], A[:
~,entering_basis])
except:
raise ValueError("Update direction could not be

ocomputed.")

# Check for unboundedness

if all(delta_x >= -np.abs(tol)):
exitflag = 1
break

# Compute steplength from quotient test

quotients = np.full(n, np.inf)

quotients[delta_x < -np.abs(tol)] = -x[delta_x < -np.abs(tol)] /
< delta_x[delta_x < -np.abs(tol)]

step_length = np.amin(quotients)

# Compute indexr that will leave the bastis
leaving_basis = leaving_rule(np.where(quotients ==
~step_length) [0])

# Record the leaving basis index
if keep_history: history["leaving basis"].append(leaving basis)

# Dump some output
if verbosity == 'verbose': print(' %4d ' o

~(leaving_basis))

# Update iterate

x[B] = x[B] + step_length * delta_x[B]
x[leaving_basis] = 0

x[entering_basis] = step_length

# Update basis and nonbasts
B = list(set(B) - set([leaving_basis]) | set([entering_basis]))
N = list(set(N) - set([entering_basis]) | set([leaving_basis]))

iterations = iterations + 1

# Dump some output

10



[3]:

if verbosity == 'verbose':
print ('\n\nThe simplex method is exiting with flag %d.\n'y
o%h(exitflag) + str(exitflag_messages[exitflag])+'\n' )

# Create and populate the result to be returned

result = {
"solution" : x,
"function" : ¢.T Q@ x,
"basis_indices" : B,
"iterations" : iteratioms,

"exitflag" : exitflag

# Assign the history to the result tf required
if keep_history: result["history"] = history

return result

1.3 Test der Simplex-Implementierung

Die Implementierung des Simplex hat einige Fallunterscheidungen anzustellen. Um zu iiberpriifen,
ob Ihre Implementierung (weitestgehend) korrekt ist, stellen wir IThnen in der néchsten Zelle ein
paar Testfille zur Verfiigung, anhand derer sie ihre Implementierung testen kénnen.

Aufgabe: Fiihren Sie die unten Zelle aus, und priifen Sie, ob ihr Simplex die Testfélle 16sen kann.

# This script tests the simplex method for wvarious scenarious for debugging,
wpurposes

# The following tests are performed using bland's rule for entering and exiting:

# 1. Can the simplex method detect an infeasible initial basis correctly,
o (Mozart problem)

# 2. Can the Mozart problem be solwved correctly from given initial basis

# 3. Can the Mozart problem be solved correctly with a phase I searchy
<beforehand to compute initial basis

# 4. Check @f Phase I can detect infeastbility of the problem correctly,
s (infeasibly modified Mozart problem)

# 5. Check if a degenerate basis returned from Phase I is modified to be,
~feasible for phase II in post—-processing

# Not checked: Detection of unboundedness of the initial problem
import numpy as np

# Set parameters for simplex method

simplex_parameters = {

"max_iterations" : 1000,
"verbosity" : "verbose",

11



"keep_history" : True

# Define the mozart problem

A_mozart = np.array([[1, 1, 1, 0, 0],
2, 1, o, 1, 01,
[1, 2, 0, 0, 111)

c_mozart = np.array([-9, -8, 0, 0, 0])

b_mozart = np.array([6, 11, 9])

# Modify the Mozart problem to become infeasible by fizing z_1 to -1
A_mozart_infeasible = np.vstack((A_mozart, [1, 0, 0, 0, 0]))
b_mozart_infeasible = np.hstack((b_mozart, [-1]))

# Define a problem that requires post processing of phase I result
n = 10

m= 8

A_post_processing = -np.hstack((np.eye(m),np.ones((m,n-m))))
b_post_processing = np.zeros(m)

c_post_processing = np.ones(n)

# Start checking
# Check <f infeasible initial point is detected
print ('###### Check 1: Checking if infeasible initial point is detected')
try:
result = primal_simplex_method(A_mozart, b_mozart, c_mozart, B = [0, 3,
~4], parameters = simplex_parameters)
except ValueError as err:
print("Simplex error: {0}\n".format(err))
if (str(err) == "Initial iterate is infeasible."):
print ("----- > Check 1 passed")
else:
raise BaseException("Infeasible initial basis not handled,
wcorrectly")

# Check <f mozart problem can be solved correctly
print ('###### Check 2: Checking if Mozart problem can be solved correctly from,
~feasible point')
result = primal_simplex_method(A_mozart, b_mozart, c_mozart, B = [0, 2, 4],
oparameters = simplex_parameters)
if result(["exitflag"] == 0 and set(result["basis_indices"]) == {0, 1, 4}:
jereiyets (M= > Check 2 passed")
else:
raise BaseException("Mozart problem not solved correctly")

# Check <f phase I works without degeneracy in the phase I solution basts
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print ('###### Check 3: Checking if phase I works without degeneracy in the
~phase I solution basis')
result = primal_simplex_method(A_mozart, b_mozart, c_mozart, B = None,,
~parameters = simplex_parameters)
if result(["exitflag"] == 0 and set(result["basis_indices"]) == {0, 1, 4}:
print("----- > Check 3 passed")
else:
raise BaseException("Mozart problem not solved correctly including,
~phase I")

# Check detecting of infeasibility in phase I
print ('###### Check 4: Checking if infeasibility in problem is detected')
result = primal_simplex_method(A_mozart_infeasible, b_mozart_infeasible,,
~c_mozart, B = None, parameters = simplex_parameters)
if result["exitflag"] == 3:
print("----- > Check 4 passed")
else:
raise BaseException("Infeasiblity not handled correctly")

# Check if degenerate basis in phase I is handled correctly
print ('###### Check 5: Checking if degenerate phase I basis is handled,
wcorrectly!')
result = primal_simplex_method(A_post_processing, b_post_processing,,
~c_post_processing, B = None, parameters = simplex_parameters)
if all(np.array(result["basis_indices"]) < n):
ereiyets (M= > Check 5 passed")
else:
raise BaseException("Degenerate phase I basis not handled correctly")

###### Check 1: Checking if infeasible initial point is detected
Initial basis provided.

Starting Optimization.
Simplex error: Initial iterate is infeasible.

————— > Check 1 passed

###### Check 2: Checking if Mozart problem can be solved correctly from feasible
point

Initial basis provided.

Starting Optimization.

ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
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0 -4.9500e+01 -inf -3.5000e+00 -3.5000e+00 1

1 -5.3000e+01 -3.5000e+00  0.0000e+00
The simplex method is exiting with flag O.

Reached optimal solution.

————— > Check 2 passed

###### Check 3: Checking if phase I works without degeneracy in the phase I
solution basis

No initial basis provided. Starting phase I.

ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
0 2.6000e+01 -inf -4.0000e+00 -4.0000e+00 0
6
1 4.0000e+00 -2.2000e+01 -2.0000e+00 -2.0000e+00 1
5
2 2.0000e+00 -2.0000e+00 -1.0000e+00 -1.0000e+00 3
7
3  0.0000e+00 -2.0000e+00  0.0000e+00
The simplex method is exiting with flag O.
Reached optimal solution.
Starting Optimization.
ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
0 -5.1000e+01 -inf -1.0000e+00 -1.0000e+00 4
3
1 -5.3000e+01 -2.0000e+00  0.0000e+00

The simplex method is exiting with flag O.
Reached optimal solution.

————— > Check 3 passed
###### Check 4: Checking if infeasibility in problem is detected
No initial basis provided. Starting phase I.
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ITER
LEAVING
0
6
1
5
2
7
3
0
4

2.7000e+01

1.0500e+01

8.0000e+00

4.0000e+00

1.0000e+00

OBJCHNG

-inf

-1.6500e+01

-2.5000e+00

-4.0000e+00

-3.0000e+00

MINREDCOST

-4.0000e+00

-2.5000e+00

-2.0000e+00

-2.0000e+00

0.0000e+00

CHSREDCOST

-3.0000e+00

-2.5000e+00

-2.0000e+00

-2.0000e+00

ENTERING

The simplex method is exiting with flag O.
Reached optimal solution.

Original problem was found to be infeasible in phase I. Phase II won't be
performed.

————— > Check 4 passed
###### Check 5: Checking if degenerate phase I basis is handled correctly
No initial basis provided. Starting phase I.

ITER 0BJ 0OBJCHNG  MINREDCOST  CHSREDCOST ENTERING

LEAVING
0 0.0000e+00 -inf  0.0000e+00

The simplex method is exiting with flag O.
Reached optimal solution.
Replaced artificial basis index 17 with real index 7.
Replaced artificial basis index 16 with real index 6.
Replaced artificial basis index 15 with real index 5.
Replaced artificial basis index 14 with real index 4.
Replaced artificial basis index 13 with real index 3.
Replaced artificial basis index 12 with real index 2.
Replaced artificial basis index 11 with real index 1.
Replaced artificial basis index 10 with real index 0.
Starting Optimization.
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[4]:

ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING

0 0.0000e+00 -inf -7.0000e+00 -7.0000e+00 8
1 0.0000e+00  0.0000e+00  0.0000e+00

The simplex method is exiting with flag O.
Reached optimal solution.

————— > Check 5 passed

1.4 Einfluss der Index-Auswahlregeln

Die obigen Tests wurden mit den Auswahlregeln von Bland durchgefiihrt, die in der Veranstaltung
besprochen wurde. Wir wollen jetzt an einem ausgewdhlten Beispiel das Verhalten der beiden
Verfahren gegeniiberstellen.

Aufgabe: Losen Sie das unten stehende Problem mit Threm Simplex Verfahren — einmal fiir die
Index-Auswahlverfahren-Kombination Steepest-Descent fiir entering und der Regel von Bland fiir
leaving sowie einmal fiir die Regel von Bland (sowohl fiir entering und leaving) — indem Sie die
néchste Zelle ausfithren.

# Set parameters for the simplex method
simplex_parameters = {
"max_iterations" : 20,
"verbosity" : "verbose",
"keep_history" : True

# Set the data

A = np.array([[0.25, -8, -1, 9, 1, 0, 0],
[0.5, -12, -0.5, 3, 0, 1, O],
fo, o, 1, 0,0, 0, 11D

np.array([-0.75, 20, -0.5, 6, 0 ,0, 0])

np.array ([0, 0, 1]1)

8
b

# Solve the problem using steepest descent rule in simplex algorithm

result_steepest_descent = primal_simplex_method(A, b, c, B = [4, 5, 6],
—entering rule = steepest_descent_entering_rule, parameters =
~simplex_parameters)

# Solve the problem using bland
result_bland = primal_simplex_method(A, b, c, B = [4, 5, 6], parameters =

~simplex_parameters)

Initial basis provided.
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Starting Optimization.

ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
____;___;T;;;;e+00 -inf -7.5000e-01 -7.5000e-01 0
4
1 0.0000e+00 0.0000e+00 -4.0000e+00 -4.0000e+00 1
5
2 0.0000e+00 0.0000e+00 -2.0000e+00 -2.0000e+00 2
0
3 0.0000e+00 0.0000e+00 -3.0000e+00 -3.0000e+00 3
1
4 0.0000e+00 0.0000e+00 -1.0000e+00 -1.0000e+00 4
2
5 0.0000e+00 0.0000e+00 -2.0000e+00 -2.0000e+00 5
3
6 0.0000e+00 0.0000e+00 -7.5000e-01 -7.5000e-01 0
4
7 0.0000e+00 0.0000e+00 -4.0000e+00 -4.0000e+00 1
5
8 0.0000e+00 0.0000e+00 -2.0000e+00 -2.0000e+00 2
0
9 0.0000e+00  0.0000e+00 -3.0000e+00 -3.0000e+00 3
1
_E;;; _________ 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
___;;___;j;;;;e+00 0.0000e+00 -1.0000e+00 -1.0000e+00 4
2
11 0.0000e+00  0.0000e+00 -2.0000e+00 -2.0000e+00 5
3
12 0.0000e+00  0.0000e+00 -7.5000e-01 -7.5000e-01 0
4
13 0.0000e+00  0.0000e+00 -4.0000e+00 -4.0000e+00 1
5
14 0.0000e+00  0.0000e+00 -2.0000e+00 -2.0000e+00 2
0
15 0.0000e+00  0.0000e+00 -3.0000e+00 -3.0000e+00 3
1
16  0.0000e+00  0.0000e+00 -1.0000e+00 -1.0000e+00 4
2
17 0.0000e+00  0.0000e+00 -2.0000e+00 -2.0000e+00 5
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18 0.0000e+00  0.0000e+00 -7.5000e-01 -7.5000e-01 0
4
19  0.0000e+00  0.0000e+00 -4.0000e+00 -4.0000e+00 1
5
ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING

20 0.0000e+00  0.0000e+00

The simplex method is exiting with flag 2.
Reached maximum number of optimization steps.

Initial basis provided.

Starting Optimization.

ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
____;___6T;;;;e+00 -inf -7.5000e-01 -7.5000e-01 0
4
1 0.0000e+00  0.0000e+00 -4.0000e+00 -4.0000e+00 1
5
2 0.0000e+00  0.0000e+00 -2.0000e+00 -2.0000e+00 2
0
3 0.0000e+00  0.0000e+00 -3.0000e+00 -3.0000e+00 3
1
4 0.0000e+00  0.0000e+00 =-1.0000e+00 -5.0000e-01 0
6
5 -2.0000e-01 -2.0000e-01 -1.4000e+00 -1.4000e+00 4
3

6 -1.2500e+00 -1.0500e+00 0.0000e+00

The simplex method is exiting with flag O.
Reached optimal solution.

Aufgabe: Beschreiben Sie Thre Beobachtung zum Verhalten des Algorithmus in beiden Féllen.
Inwiefern entspricht das Threr Erwartung?

TODO Ihre Antwort hier

In der Steepest-Descent Variante stellen wir fest, dass die maximale Anzahl der Iterationen aus-
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[5]:

genutzt wird, ohne dass sich am Kostenfunktional etwas dndert, obwohl die reduzierten Kosten zum
Basis betretenden Index offensichtlich negativ sind und nicht im Bereich numerischer Fehler liegen.
Das Verfahren tauscht also nur Basisindizes an einer degenerierten Ecke ohne, dass Fortschritt
entsteht.

Schauen wir uns die ein- und ausgetauschen Basisindizes an, dann stellen wir fest, dass alle 5
Iterationen die Indexwahlfolge

ENTERING LEAVING

=W NN = O
N = OOt

) 3

stattfindet, welche aus der Startbasis {4,5,6} wieder die Ausgangsbasis macht (Jeder entering
Index wird in der iibernédchsten Iteration wieder als leaving aus der Basis geschmissen und am
Ende werden die Indizes 4 und 5, die am Anfang aus der Basis entfernt wurden, wieder in die Basis
gesteckt). Der Algorithmus startet also in einen Zyklus von Linge 6 und bleibt dort hingen.

In der Losung mit der Regel von Bland werden die ersten 4 Iterationen genauso ausgefiihrt, doch
bevor das Ursprungspaar (4,5) wieder in die Basis getauscht wird, wie im Steepest Descent Fall,
werden wieder andere Indexkombinationen gewéhlt, die nach 2 weiteren Schritten zur Terminierung
im Optimierer fithren.

Das beobachtete Verhalten ist insofern zu erwarten gewesen, dass wir bei der Regel von Bland
Zyklen ausschliefen kénnen — bei der Steepest-Descent Regel hingegen nicht. Wir wissen auch,
dass Zyklen mindestens Lange 3 haben, das konnten wir hier auf beobachten. Auflerdem konnten
wir auch hier sehen, dass Zyklen nur auftreten kénnen, wenn die Iterierte eine degenerierte Ecke
ist.

1.5 Toleranzen in der Implementierung

Bisher haben wir alle Berechnungen mit Algorithmusparametern durchgefiihrt, die keine Toleranzen
berticksichtigt haben. Das war bei den obigen Problemen kein Problem, im Allgemeinen muss das
aber keine gute Idee sein, wie wir hier sehen werden.

Aufgabe: Fiihren Sie die nachfolgende Zelle aus.

# This script visualizes the degenerate behavior of the simplex algorithm when
~tolerances are set to 0.

# We solve a number of random examples until we find one where we expecty
—numerical issues and rerun that

# example again in verbose mode to analyze the output

import sys

sys.path.append('src/")

from visualization_functions import *

# Set parameters for simplex method
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simplex_parameters = {
"max_iterations" : 150,
"verbosity" : "quiet",
"keep_history" : False

# Set parameters for random testing
max_n = 50

min n = 5

max_random_entry = 10

# Create pseudo random number generator with reproducable seed
np.random.seed (0)
rng = np.random.default_rng(np.random.MT19937 (seed=0))

#Get pseudo random data sizes from sampling
number_of_samples = 1000

N rng.integers(min_n,max_n+1,number_of_samples)
M = rng.integers(l, N, number_of_samples)

# Solve test instances until we find one that needs maz iterations
for n, m in zip(N, M):
# Dump some output
print (' ##### R Trying out n = %d, m = %dy
o Y Y (n,m))

# Create pseudo random optimizer data (primal and dual)

x_opt = np.hstack((up.zeros(m), max_random_entry * rng.random(n-m)))
s_opt = np.hstack((max_random_entry * rng.random(m), np.zeros(n-m)))
lam = max_random_entry * (rng.random(m) - 0.5)

# Create pseudo random constraint matriz
A = np.hstack((np.eye(m), rng.random((m, n-m))))

# Create constraint rhs
b =A 0 x_opt

# Create cost functional for which z_opt is an optimizer
c =A.T Q@ lam + s_opt

# Create basts
B = np.arange(0, m)

# Compute optimal function wvalue
f_opt = ¢ @ x_opt

# Start simplex <terations and store results plus problem dimensions
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result = primal_simplex_method(A, b, c, B, parameters =,
~simplex_parameters)

if result["exitflag"] == 2:
print('Maximum iterations needed. Running again in verbose mode.
<')

break;

# Rerun the example in verbose mode
simplex_parameters["verbosity"] = 'verbose'
result = primal_simplex_method(A, b, c, B, parameters = simplex_parameters)

HHHHHH AR R R R EE Trying out n = 27, m = 12 ######### A
Maximum iterations needed. Running again in verbose mode.
Initial basis provided.

Starting Optimization.

ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING

0 1.8631e+03 -inf -3.5410e+01 -2.4447e+01 12
5

1 1.0725e+03 -7.9066e+02 -2.7501e+01 -6.6896e+00 13
8

2 9.2522e+02 -1.4726e+02 -2.1775e+01 -8.0460e+00 14
2

3 9.1874e+02 -6.4798e+00 -2.4819e+01 -3.8210e+00 8
11

4 8.6958e+02 -4.9159e+01 -2.2305e+01 -9.5124e+00 15
13

5 8.1112e+02 -5.8467e+01 -2.6130e+01 -5.8192e+00 5
9

6 7.6716e+02 -4.3956e+01 -2.1423e+01 -1.8782e+01 16
5

7 5.3837e+02 -2.2879e+02 -2.3363e+01 -1.2963e+01 2
10

8 5.2820e+02 -1.0174e+01 -1.1929e+01 -6.1474e+00 13
4

9 4.9705e+02 -3.1145e+01 -1.3491e+01 -3.5045e+00 17
6

ITER 0OBJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING

LEAVING
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10  4.8902e+02 -8.0309e+00 -1.8293e+01 -4.3706e-01 4

13

11 4.8778e+02 -1.2448e+00 -1.8204e+01 -1.4367e+00 11
2

12 4.8116e+02 -6.6162e+00 -1.5977e+01 -1.3188e+00 13
8

13 4.7601e+02 -5.1530e+00 -1.6949e+01 -9.2355e-01 2
15

14 4.7342e+02 -2.5898e+00 -1.6774e+01 -1.5333e-01 18
7

15 4.7267e+02 -7.4455e-01 -1.6683e+01 -3.5092e+00 19
14

16 4.4290e+02 -2.9769e+01 -3.5208e+01 -1.8923e+01 7
12

17  3.9518e+02 -4.7721e+01 -1.5458e+01 -2.2633e+00 15
11

18 3.8761e+02 -7.5728e+00 -1.2605e+01 -7.7763e-01 14
18

19  3.8752e+02 -9.4805e-02 -1.3087e+01 -1.3087e+01 21
4
ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING

20  3.4882e+02 -3.8697e+01 -8.9822e+00 -2.4627e+00 6
7

21 3.3071e+02 -1.8110e+01 -1.2108e+01 -9.5573e-01 12
2

22 3.2359e+02 -7.1211e+00 -1.1239e+01 -1.1952e+00 22
6

23  3.1350e+02 -1.0091e+01 -1.2305e+01 -1.9766e+00 5
21

24  3.0823e+02 -5.2674e+00 -1.1727e+01 -1.2325e+00 6
13

26 3.0350e+02 -4.7274e+00 -1.1046e+01 -1.1953e-01 9
6

26 3.0327e+02 -2.2866e-01 -1.1013e+01 -7.5265e+00 23
0

27  2.9605e+02 -7.2206e+00 -9.1309e+00 -9.2215e-01 13
9

28  2.9113e+02 -4.9255e+00 -8.3643e+00 -3.0666e-01 4
5

29  2.9090e+02 -2.2644e-01 -8.3516e+00 -6.5670e-01 8
4
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ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING

30 2.9003e+02 -8.6629e-01 -8.3029e+00 -4.8790e+00 21
8

31 2.8573e+02 -4.3032e+00 -8.0611e+00 -2.2921e+00 6
1

32 2.6520e+02 -2.0527e+01 -6.2746e+00 -2.1764e+00 24
12

33  2.4816e+02 -1.7046e+01 -3.7389e+00 -3.4969e+00 7
3

34 2.4154e+02 -6.6155e+00 -1.4122e+00 -1.4122e+00 18
17

35 2.4103e+02 -5.1476e-01 -6.8144e+00 -4.1110e-01 1
23

36 2.4077e+02 -2.5695e-01 -6.3316e+00 -1.6544e+00 25
1

37 2.3860e+02 -2.1743e+00 -2.2463e+00 -5.8384e-01 20
6

38 2.3646e+02 -2.1330e+00 -3.1033e+00 -3.1033e+00 26
7

39  2.3426e+02 -2.2047e+00 -3.5527e-15 -3.5527e-15 12
19

ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING

LEAVING

40  2.3426e+02 0.0000e+00 -8.8818e-16 -8.8818e-16 17
13

41 2.3426e+02 -5.6843e-14 -8.8818e-16 -8.8818e-16 19
24

42  2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19

43  2.3426e+02 2.8422e-14 -8.8818e-16 -8.8818e-16 19
24

44  2.3426e+02 2.8422e-14 -1.7764e-15 -1.7764e-15 24
19

45  2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24

46  2.3426e+02 2.8422e-14 -1.7764e-15 -1.7764e-15 24
19

47  2.3426e+02 0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
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48  2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24

19
49  2.3426e+02 5.6843e-14 -8.8818e-16 -8.8818e-16 19
24
ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
50 2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
51 2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
52  2.3426e+02 2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
53 2.3426e+02 0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
54  2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
55  2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
56  2.3426e+02 5.6843e-14 -1.7764e-15 -1.7764e-15 24
19
57 2.3426e+02 0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
58  2.3426e+02 -2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
59  2.3426e+02 2.8422e¢-14 -8.8818e-16 -8.8818e-16 19
24
ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
60 2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
61 2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
62  2.3426e+02 2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
63  2.3426e+02 0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
64  2.3426e+02 2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
65  2.3426e+02 2.8422e-14 -8.8818e-16 -8.8818e-16 19
24

24



66  2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24

19
67 2.3426e+02 2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
68  2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
69  2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
70  2.3426e+02  2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
71 2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
72  2.3426e+02 5.6843e-14 -1.7764e-15 -1.7764e-15 24
19
73  2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
74  2.3426e+02 2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
75  2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
76  2.3426e+02 5.6843e-14 -1.7764e-15 -1.7764e-15 24
19
77  2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
78  2.3426e+02  0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
79  2.3426e+02  2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
80  2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
81 2.3426e+02 -2.8422e¢-14 -8.8818e-16 -8.8818e-16 19
24
82  2.3426e+02 2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
83  2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
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84  2.3426e+02 5.6843e-14 -1.7764e-15 -1.7764e-15 24

19
85  2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
86  2.3426e+02  2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
87  2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
88  2.3426e+02 5.6843e-14 -1.7764e-15 -1.7764e-15 24
19
89  2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
90 2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
91 2.3426e+02  0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
92  2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
93  2.3426e+02 0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
94  2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
95  2.3426e+02 2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
96  2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
97  2.3426e+02 0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
98  2.3426e+02 2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
99  2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
100 2.3426e+02 5.6843e-14 -1.7764e-15 -1.7764e-15 24
19
101 2.3426e+02  2.8422e¢-14 -8.8818e-16 -8.8818e-16 19
24
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102  2.3426e+02 -2.8422e-14 -1.7764e-15 -1.7764e-15 24

19
103  2.3426e+02 0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
104  2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
105  2.3426e+02 0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
106  2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
107  2.3426e+02  2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
108  2.3426e+02  0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
109  2.3426e+02  0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
110  2.3426e+02  0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
111 2.3426e+02  0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
112 2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
113 2.3426e+02 0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
114  2.3426e+02 5.6843e-14 -1.7764e-15 -1.7764e-15 24
19
115 2.3426e+02  0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
116 2.3426e+02  0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
117 2.3426e+02  2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
118  2.3426e+02 -2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
119  2.3426e+02  2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
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120  2.3426e+02 -2.8422e-14 -1.7764e-15 -1.7764e-15 24

19
121 2.3426e+02  0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
122 2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
123  2.3426e+02 0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
124  2.3426e+02  2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
125 2.3426e+02  0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
126  2.3426e+02 -2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
127  2.3426e+02 5.6843e-14 -8.8818e-16 -8.8818e-16 19
24
128  2.3426e+02  0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
129  2.3426e+02  2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING
130 2.3426e+02 -5.6843e-14 -1.7764e-15 -1.7764e-15 24
19
131 2.3426e+02 5.6843e-14 -8.8818e-16 -8.8818e-16 19
24
132 2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
133  2.3426e+02 -2.8422e¢-14 -8.8818e-16 -8.8818e-16 19
24
134  2.3426e+02 5.6843e-14 -1.7764e-15 -1.7764e-15 24
19
135  2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
136  2.3426e+02  2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
137  2.3426e+02  0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
138  2.3426e+02  2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
139  2.3426e+02 -2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
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ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING

140  2.3426e+02 -2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
141 2.3426e+02 5.6843e-14 -8.8818e-16 -8.8818e-16 19
24
142 2.3426e+02 0.0000e+00 -1.7764e-15 -1.7764e-15 24
19
143  2.3426e+02  0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
144  2.3426e+02  2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
145  2.3426e+02  0.0000e+00 -8.8818e-16 -8.8818e-16 19
24
146  2.3426e+02 -2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
147  2.3426e+02 5.6843e-14 -8.8818e-16 -8.8818e-16 19
24
148  2.3426e+02 -2.8422e-14 -1.7764e-15 -1.7764e-15 24
19
149  2.3426e+02  2.8422e-14 -8.8818e-16 -8.8818e-16 19
24
ITER 0BJ OBJCHNG  MINREDCOST  CHSREDCOST ENTERING
LEAVING

150 2.3426e+02 -2.8422e-14

The simplex method is exiting with flag 2.
Reached maximum number of optimization steps.

Aufgabe: Beschreiben Sie das beobachtete Verhalten und geben Sie eine Begriindung fiir das
Verhalten.

TODO Ihre Antwort hier

Wir kénnen beobachten, dass in dem Testbeispiel die maximale Anzahl der Iterationen genutzt
wird, ohne dass der Algorithmus von sich aus terminiert. In den letzten Iterationen sehen wir, dass
immer wieder die Indizes 12 und 19 gegeneinander aus der bzw. in die Basis getauscht werden.
Das Kostenfunktional dndert sich entweder kaum und es tritt teilweise sogar Aufstieg auf. Die
reduzierten kosten sind in der Gréflenordnung der Maschinengenauigkeit.

Wir wissen, dass Zykel im Simplex-Verfahren mindestens Lange 3 haben, und dass das Simplex-
Verfahren in jeder Iteration entweder Abstieg produziert oder keine Funktionswertidnderung liefert.
Beide Ergebnisse sind hier nicht zu beobachten — entweder hat also der Code noch einen Bug,
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[6]:

oder es liegen numerische Probleme vor. Nach 40 Iterationen mit verniinftigen Werten, springen
die reduzierten Kosten plotzlich in die Gréflenordnung der Maschinengenauigkeit, die getauschten
Indizes zykeln mit Lange 2 und es folgt gelegentlicher Aufstieg im Kostenfunktional. Das spricht
ganz stark fiir numerische Ungenauigkeiten, die bei der zufilligen Wahl der Daten auftreten. Das
Simplex-Verfahren ist ziemlich sensibel gegeniiber Rundungsfehlern. Es realisiert in dem obigen
Fall nicht, dass es nach den 40 Iterationen schon den Minimierer gefunden hat und bricht daher
nicht ab. Einfiihren einer Toleranz beim Priifen ob Optimalitét, bei der Auswahl der Neuen (Nicht-
)Basisindizes und beim infeasibility-Check stabilisiert das Verfahren erheblich. Was man hier aber
wahlt und welche Félle man genau abdecken mdéchte, ist nicht so einfach zu bestimmen und mit
eine der Stellschrauben, die in kommerzieller oder hochentwickelter Software modifiziert werden
koénnen.

1.6 Simplex-Performance

Wir wissen aus dem Skript bereits, dass das Simplex-Verfahren zwar meist “schnell” doch manch-
mal “langsam” ist. Konkreter ist der worst-case Zusammenhang der Simplex-Iterationen und der
Raumdimension midnestens exponentiell. Das Beispiel, dass das zeigt ist der Klee-Minty Wiirfel
mit einem dazugehoérigen Kostenvektor. Eine Variante des Problems ist das Folgende:

Maximiere 2" 'z, +2" 22, + ...+ 2%, ; +x, iber z € R"

T < 5
4z, + T < 25
<125

sodass  8z;+ 4dx,+x4

2" +2" g+ A4, +x, < B
und x> 0.

Aufgabe: Vervollstindigen Sie den Code in der folgenden Zelle um das Problem von Klee-Minty
in so vielen wachsenden Raumdimensionen zu l6sen, wie es Ihr Rechner in verniinftiger Zeit hergibt
(die Laufzeit steigt exponentiell! Viele werden es nicht sein) und fithren Sie die Zelle aus.

# This script illustrates the simplex algorithm's bad case complexzity on ay
<Klee-Minty cube

from visualization_functions import *

# Set mazimum cube dimension (actual spatial dimension, not problem size n im,
snormal form)
cube_max_dim = 10

# Set parameters for simplex method
simplex_parameters = {

"max_iterations" : 2%*cube_max_dim,
"tol" : le-15,
"verbosity" : '"quiet",
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"keep_history" : True

# Initialize container for the iterations needed
iterations = []
dimensions = range(2, cube_max_dim+1)

for n in dimensions:
# Set the data for the cube
A = np.hstack((np.eye(n), np.eye(n)))
for i in range(l, n):
A[i,0:i] = np.power(2, np.arange(i,0,-1)+1)
b = np.power(5, np.arange(l, n+1))

# Set the cost functional wvector
¢ = - np.hstack((np.power(2, np.arange(n-1, -1, -1)), np.zeros(n)))

# Set initial basis
initial_basis = list(range(n, 2+*n))

# Solve the problem using steepest descent

result = primal_simplex_method(A, b, c, B = initial_basis,,
—entering rule = steepest_descent_entering_rule, parameters =,
~simplex_parameters)

# Remember tteration numbers

iterations.append(result["iterations"])

# Plot cube <f plottable
if n <= 3:
plot_simplex_iterates(np.vstack([A[:,:n], -np.eye(n)]), np.
~hstack([b, np.zeros(n)]), result["history"]["iterates"], np.ones(n))
if n ==
plt.gca() .view_init(elev=10., azim=20)

# Output required iterations
for n in range(2, cube_max_dim+1):
print("Iterations required to solve problem with cube dimension %4d:
<%d" % (n, iterations[n-2]))

# Plot iteration numbers and the exponential
plot_klee_minty_iteration_numbers(dimensions, iterations)

Iterations required to solve problem with cube dimension 2: 3
Iterations required to solve problem with cube dimension 3: 7
Iterations required to solve problem with cube dimension 4: 15
Iterations required to solve problem with cube dimension 5: 31
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Iterations required to solve problem with cube dimension 6: 63
Iterations required to solve problem with cube dimension T: 127
Iterations required to solve problem with cube dimension 8: 255
Iterations required to solve problem with cube dimension 9: 511

Iterations required to solve problem with cube dimension  10: 1023

Simplex iterations in polyhedron
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Simplex iterations in polyhedron
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Simplex iterations for the Klee-Minty problem
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Dass dieser “bad-case” nicht reprasentativ fiir die “typische” Simplex-Performance ist, wollen wir

uns anhand der folgenden, randomisierten Beispiele veranschaulichen.

Aufgabe: Fiihren Sie die folgende Zelle aus.

[7]:

# This script visualizes the performance of the simplex algorithm for wvarious,

<randomly generated data sets.

# The "random" data sets are generated as follows

#

# Set n and set 0 < m < n

ware zero
# Set s* with n-m random postitive numbers and zeros in complementary postitionsy

~to T 7*

# Set z* with m random positive numbers in random positions, other components,
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# Set A as a mzn matriz with random numbers

# Set b*x = Az*

# Set lam_optbda* as random wvector

# Set ¢ = AT lam_optbda* + s*

#

# This way, the first order optimality conditions are satisfied (which are alsoy
wsuffictent for LPs), i.e.,

# x* 15 a solution to the LP.

# Note that x* will also be a vertexr (a feasible basic vector) - see the number,
<of zero entries.

# Note that generally, A can not be guaranteed to have full rank.

import numpy as np
from visualization_functions import *

# Set parameters for simplex method
simplex_parameters = {

"max_iterations" : 1000,
"tol" : le-15,
"verbosity" : "quiet",

"keep_history" : True

# Set parameters for random testing
max_n = 100

min n = 5

max_random_entry = 100

results = []

# Create pseudo random number gemerator
rng = np.random.default_rng(np.random.MT19937())

#Get pseudo rTandom data sizes from sampling
number_of_samples = 500

N rng.integers(min_n,max_n+1,number_of_samples)
M = rng.integers(l, N, number_of_samples)

# Solve test instance for all samples
for n, m in zip(N, M):
# Dump some output
print (" ###H#HHH S 1 = Yd, m = %d,
R ), (n,m))

# Create random xz_opt with m positive monzero entries

x_opt = max_random_entry * rng.random(n)
x_opt[rng.choice(n, n-m, replace = False)] = 0
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# Create random s * with n-m positive nonzero entries complementary to,
~T_opt

s_opt = max_random_entry * rng.random(n)

s_opt = np.where(x_opt > 0, 0, s_opt)

# Create random lambda_opts
lam_opt = max_random_entry * (rng.random(m) - 0.5)

# Create pseudo random constraint matriz
A = max_random_entry * (rng.random((m, n)) - 0.5)
# Create constraint rThs

b =A 0 x_opt

# Create cost functional for which z_opt is an optimizer
c =A.T @ lam_opt + s_opt

# Compute optimal function wvalue
f_opt = c @ x_opt

# Start simplex iterations and store results plus problem dimensions

results.append(primal_simplex_method(A, b, c, B = None, parameters =
~simplex_parameters))

results[-1]1["n"] = n

results[-1]1["m"] = m

results[-1] ["norm_of_distance"] = np.linalg.
norm(results[-1] ["solution"]-x_opt)

results[-1] ["diff_in_objective"] = results[-1]["function"]-f_opt

# Dump some output

if results[-1]["exitflag"] == 0:
print('Solution found.')

else:
print('No solution found.')

print ('Norm of distance between x_opt and solution is: %11.4e' %,
wresults[-1] ["norm_of distance"])

print('Difference in function values between f and f_opt is: %11l.4e' %,
wresults[-1] ["diff_in_objective"])

# Plot iterations over n
plot_simplex_iterations_over_dimension(results)

# Plot iterations over sum of n and m
plot_simplex_iterations_over_sum(results)
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# Plot tterations over quotient of m and n
plot_simplex_iterations_over_quotient(results)

R R R Y 1 = 56, m = 30 ##H##HHHHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.1766e-12
Difference in function values between f and f_opt is: 1.0477e-09
Y D = 6, m = 3 #HHHHRRHRRRRRREEEEE
Solution found.

Norm of distance between x_opt and solution is: 6.3553e-14
Difference in function values between f and f_opt is: 0.0000e+00
HHHHE R R Y 1 o= 70, m = O HHHHHHHHHHHHHHHHHEHEEY
Solution found.

Norm of distance between x_opt and solution is: 3.7753e-12
Difference in function values between f and f_opt is: -3.0122e-09
HHHHHHHE R R R R R EEE 0 = 100, m = 46 #HE##HHHHHFFHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.4858e-12
Difference in function values between f and f_opt is: -5.1223e-09
HHHHHHHHEE R R R R EE D = 68, m = 18 #HHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 4.1606e-13
Difference in function values between f and f_opt is: -9.3132e-10
HHHHHHHHH R R R Y 1 = 46, m = 36 #HH#HHHHHEHHHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.9479e-11
Difference in function values between f and f_opt is: 9.3132e-10
R Y 1 o= B0, m = 21 ####HHHHEHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.2345e-13
Difference in function values between f and f_opt is: -2.6193e-10
R R Y 1 o= 24, m o= 12 #HHHHHHREEEEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.5611e-13
Difference in function values between f and f_opt is: 1.1642e-10
HHHEH R R R R Y 1 = 68, m = 17 #EHHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.5951e-12
Difference in function values between f and f_opt is: 4.9477e-10
HHHHHHHHE R R R R HEE 0 o= 12, m = 10 #####HHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 9.0855e-14
Difference in function values between f and f_opt is: -2.5466e-10
HHHHHHHH R R R EE 0 = 89, m = 31 #H##HHHHHHEHHHHHEEE
Solution found.

Norm of distance between x_opt and solution is: 4.9260e-12
Difference in function values between f and f_opt is: -1.3970e-09
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HHHHH R R R R 1 o= 44, m = 26 #EHHHHHRREEHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 8.6019e-13
Difference in function values between f and f_opt is: -1.1714e-09
HHHHHHHHE R R R R R HEE 0 = 98, m = 13 #HHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 2.5726e-12
Difference in function values between f and f_opt is: 2.0955e-09
HHEHHHHEEA R R R Y 0 = 31, m = 15 #HHHHHHHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.9933e-13
Difference in function values between f and f_opt is: 1.2806e-09
HHHHHHHHE R R R Y 1 = 35, m = 3 #HHHHHHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.0390e-14
Difference in function values between f and f_opt is: 0.0000e+00
R Y 1 = B4, m = 53 #HHHHHHHHHHHHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.5692e-11
Difference in function values between f and f_opt is: -1.0477e-09
R R R HE 1 = 56, m = 40 HHHHHHHHHHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.0740e-12
Difference in function values between f and f_opt is: 4.2492e-09
HHHEH R R Y 1 = B3, m = 4 HEHHHHHHHRHEHHHEHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 4.6048e-14
Difference in function values between f and f_opt is: -1.7462e-10
HHHHHHHHHA R R R R R R HEE 0 = 48, m = 32 #H##HHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 9.7113e-13
Difference in function values between f and f_opt is: -2.0955e-09
HHHHHHHE R R R Y 1 = 33, m = 11 #####HHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.5716e-13
Difference in function values between f and f_opt is: 6.9849e-10
R R R Y 0 = 36, m = 23 ##HHHHHEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 8.2101e-13
Difference in function values between f and f_opt is: 2.9104e-10
R 1 = 42, m = 18 #HHHHHHHHHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 6.4802e-13
Difference in function values between f and f_opt is: 0.0000e+00
R R R R R HEE 1 o= 26, m = 14 #EHHHHBHHEEHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 8.1768e-13
Difference in function values between f and f_opt is: 3.4197e-10
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HHHHEH R R R RRE 1 o= T2, m = O HHHHHHHHBHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 3.3487e-13
Difference in function values between f and f_opt is: 2.3283e-10
HHHHHHHHE R R R R R HEE 0 = 39, m = O HHAHHHHHHHHHFHFHHHFHHEEESS
Solution found.

Norm of distance between x_opt and solution is: 1.1412e-12
Difference in function values between f and f_opt is: 1.1642e-10
HHEHHHHEEA R R R R HEEE 0 = 16, m = 15 #H#HHHHHHHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 4.7630e-13
Difference in function values between f and f_opt is: -1.1642e-10
HHHHHHHH R R R R 0 = 44, m = 34 #HHHHHHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.5164e-13
Difference in function values between f and f_opt is: 2.3283e-10
R Y 1 = 80, m = 41 ##HHHHHHHHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.1389e-11
Difference in function values between f and f_opt is: 2.3283e-09
R R R HEE 1 o= 77, m = 20 #HEHHHHBHHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.2611le-12
Difference in function values between f and f_opt is: -1.1642e-10
W R R R HHE 1 = 69, m = 40 HHHHHHHHHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 9.1792e-12
Difference in function values between f and f_opt is: -9.3132e-10
HHHHHHHHH R R R R R HEE D = 86, m = 65 #HHHHHHHHHHHHHFHFHHHHHHRRS
Solution found.

Norm of distance between x_opt and solution is: 1.6725e-12
Difference in function values between f and f_opt is: -8.8476e-09
HHHHHHHHH R R R R HHEE 0 = 7O, m = 37 #HH#HHHHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 9.6731le-12
Difference in function values between f and f_opt is: 6.9849e-10
R R Y 0 = 100, m = 2 ####HHEEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.0194e-14
Difference in function values between f and f_opt is: 0.0000e+00
Y 1 = 37, m = 13 ##HHHHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.3095e-13
Difference in function values between f and f_opt is: -1.4552e-10
HHHHE R R R Y 1 o= 7O, m = 47 #EHHHHBHHHHHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.4756e-11
Difference in function values between f and f_opt is: 6.4028e-09
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R R R HEE 1 o= T4, m = 47 HERHHHRRREEEHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.375le-12
Difference in function values between f and f_opt is: -6.5193e-09
HHHHHHHHE R R R R R HEE 0 o= 21, m o= 11 #HHHHHHHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 2.6284e-13
Difference in function values between f and f_opt is: 3.4925e-10
HHEHHHHEAA R R R R HHEE 0 = 37, m = 27 #H##HHHHHEHEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.4418e-12
Difference in function values between f and f_opt is: 5.8208e-11
HHHHHHHH R R R R Y 0 = 65, m = 23 #HHHHHHHHHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 3.7231le-12
Difference in function values between f and f_opt is: 2.7940e-09
R Y 1 = 05, m = 87 #H#HHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 8.7659e-12
Difference in function values between f and f_opt is: 5.1223e-09
R R Y 1 = 36, m = 26 #HHHHHHHHHEHHHEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 6.6876e-13
Difference in function values between f and f_opt is: -9.3132e-10
W R R R HEE 1 o= 70, m = 56 #HHHHHHHHHFFFHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 2.5675e-11
Difference in function values between f and f_opt is: -2.6193e-10
HHHHHHHEAE R R R R R R Y D = 67, m = 4 HHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 1.1280e-13
Difference in function values between f and f_opt is: 2.9104e-11
HHHHHHHE R R R Y 0 = O3, m = 00 #H#H#H#HHHHHHHHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 6.1053e-12
Difference in function values between f and f_opt is: 1.0245e-08
R R R Y 1 = B3, m = 47 #H##HHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.9416e-12
Difference in function values between f and f_opt is: 1.8626e-09
R 1 = 48, m = 44 #HHHHHHEEEEEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 4.0361le-12
Difference in function values between f and f_opt is: 0.0000e+00
HHHHE R R Y 1 o= B3, m = 10 #HHHHHBHHHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.2123e-13
Difference in function values between f and f_opt is: -3.4925e-10
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HHHHH R R R R 1 o= 42, m = 36 #HHHHHHHHHHHHEHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 9.0679e-13
Difference in function values between f and f_opt is: -1.8626e-09
HHHHHHHHH R R R R R HEE 1 o= O7, m = 63 #HAHHHHHHHHHFHFHFFHHHHEERS
Solution found.

Norm of distance between x_opt and solution is: 5.9504e-12
Difference in function values between f and f_opt is: 6.9849e-10
HHHHHHHHEE R R R R EEE 0 = 08, m = 8 #HAHHHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 2.4687e-11
Difference in function values between f and f_opt is: 1.5280e-09
HHHHHHHHE R R R Y 0 = 35, m = O HHAHHHHHHHHHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 2.4878e-13
Difference in function values between f and f_opt is: -1.2369e-10
Y 0 = 13, m = 1 ###HRHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 0.0000e+00
Difference in function values between f and f_opt is: 0.0000e+00
HHHHH R R Y 1 = 60, m = 37 #HHHHHBHHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 8.7798e-13
Difference in function values between f and f_opt is: 1.9791e-09
HHHEH R R Y 1 o= 04, m = 34 HEHHHHHHHHFHHHHEEEEEES
Solution found.

Norm of distance between x_opt and solution is: 2.2169e-10
Difference in function values between f and f_opt is: 0.0000e+00
HHEHHHHHHA R R R R R HHEE 0 o= 70, m = 36 #HH#HHHHHFHHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 2.3291e-09
Difference in function values between f and f_opt is: 2.5611e-09
HHHHHHEAE R R R HEE 0 = 80, m = 7 #HHHHHHHHEHEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.8147e-13
Difference in function values between f and f_opt is: -1.1642e-10
HHHHHHHH R R R R 0 = 76, m = 16 #####HHHHHHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 9.9653e-13
Difference in function values between f and f_opt is: 0.0000e+00
R Y 1 = 40, m = 16 ##HHHHHHEEEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 5.0034e-13
Difference in function values between f and f_opt is: -6.9849e-10
R R R R R Y 1 o= 67, m = 20 #EHHHHBHHHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.5468e-12
Difference in function values between f and f_opt is: 6.9849e-10
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HHHHHH R R EE 1 = 35, m = 31 #HHHHHHHREEHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 3.3091e-12
Difference in function values between f and f_opt is: 2.3283e-10
HHHHHHHHE R R R R R Y 0 = 00, m = 87 #HHHHHHHHHHHFHFHFHHHHERY
Solution found.

Norm of distance between x_opt and solution is: 1.3705e-12
Difference in function values between f and f_opt is: 9.3132e-10
HHHHHHHHE R R R R HEE 0 = 32, m = 6 HAHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 2.2246e-13
Difference in function values between f and f_opt is: -1.4552e-10
HHHHHHHHH R R R Y 0 = 15, m = 1 #H#HHHHHEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.4211e-14
Difference in function values between f and f_opt is: -1.4552e-11
R Y 1 = 48, m = 10 ####HHHHHHHHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.7245e-13
Difference in function values between f and f_opt is: -1.1642e-10
HHHHH R Y 1 = 33, m = 18 #HHHHHHHHHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 6.7474e-13
Difference in function values between f and f_opt is: 1.0477e-09
HHHEH R R Y 1 o= 32, m = 4 HESEHERRRREEEEHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.2610e-14
Difference in function values between f and f_opt is: -5.8208e-11
HHHHHHHEAE R R R R HEE 0 o= 87, m = O HHHHHHHHHHHHHHHHHHHEAAS
Solution found.

Norm of distance between x_opt and solution is: 1.5611e-12
Difference in function values between f and f_opt is: ©5.8208e-11
HHHHHHHE R R R Y 1 = 38, m = 14 ####HHHHEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.3240e-13
Difference in function values between f and f_opt is: 0.0000e+00
R R R Y 1 = 45, m = 33 ###HHHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 8.4640e-13
Difference in function values between f and f_opt is: 2.3283e-10
R 1 o= 37, m = 20 #HHHHHHHEEHHEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 5.4129e-13
Difference in function values between f and f_opt is: 6.9849e-10
HHHHEH R R R EE 1 o= 87, m = 10 ###HHHHHHHFHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.1307e-13
Difference in function values between f and f_opt is: 1.1642e-10
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HHHHE R R R Y 1 o= 05, m = 14 #HHHHHBHHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 3.9616e-12
Difference in function values between f and f_opt is: 1.5134e-09
HHHHHHHHH R R R R R R H Y 1 = 86, m = 26 #HHHHHHHHHHFHFHHHHHHEEY
Solution found.

Norm of distance between x_opt and solution is: 5.8200e-12
Difference in function values between f and f_opt is: -3.2014e-09
HHEHHHHEEA R R R R HHEE 1 = B4, m = 13 #HHHHHHHHHHHEHE
Solution found.

Norm of distance between x_opt and solution is: 9.1648e-13
Difference in function values between f and f_opt is: -1.1642e-10
HHHHHHHHH R R R R Y 0 = 36, m = 26 #H#HHHHHHEEEHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 7.1836e-13
Difference in function values between f and f_opt is: -6.9849e-10
R Y 1 = 39, m = 11 #####HEEEHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.6277e-13
Difference in function values between f and f_opt is: 4.0745e-10
R R R 1 = 69, m = 3 HHHHHHHHHHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 4.4737e-13
Difference in function values between f and f_opt is: 3.2014e-10
HHHEH R R R R EE 1 o= 44, m = 37 #EHHHHREREEEEHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.9479e-13
Difference in function values between f and f_opt is: 4.6566e-10
HHHHHHHHE R R R R R Y 0 = 86, m = 35 #HHHHHHHHFHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 1.8689e-11
Difference in function values between f and f_opt is: 1.3970e-09
HHHHHHHAA R R R HHEE 0 = 75, m = 1 #HHHRRRHHEEE
Solution found.

Norm of distance between x_opt and solution is: 7.1054e-15
Difference in function values between f and f_opt is: 0.0000e+00
HFHHHHHHH R R R 0 o= 77, m = 2 #HHHRHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.1316e-14
Difference in function values between f and f_opt is: 1.4552e-11
R 1 = 43, m = 18 ##HHHHHHHHHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.0109e-13
Difference in function values between f and f_opt is: -1.0768e-09
HHHHEHHH R R R EE 1 o= 18, m = 13 #HHHHHHHHHHHHHEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 5.1171e-14
Difference in function values between f and f_opt is: -1.1642e-10
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HHHHEHH R R R Y 1 o= 22, m = 6 HHHHHHHHHRHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.0157e-13
Difference in function values between f and f_opt is: -2.9104e-11
HHHHHHHHH R R R R R H Y 1 = T3, m = 55 #HHHHHHHHHHHHHHHHHHEEESY
Solution found.

Norm of distance between x_opt and solution is: 1.4683e-12
Difference in function values between f and f_opt is: 3.7253e-09
HHHHHHHHEA R R R R HHEE 0 = 46, m = 13 #H#HHHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 7.2966e-13
Difference in function values between f and f_opt is: -5.8208e-11
HHHHHHHH R R R Y 0 = O3, m = 31 ####HHHHHHEHHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.5477e-11
Difference in function values between f and f_opt is: -5.4715e-09
R 1 = 33, m = 3 #HHHHHHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.2633e-14
Difference in function values between f and f_opt is: -1.4552e-11
R R HEE 1 = 5O, m = T #HHHHHHHHHHEHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.2967e-13
Difference in function values between f and f_opt is: 1.7462e-10
W R R Y 1 o= 39, m o= 27 #HHHHHRHRHEHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 8.8299e-13
Difference in function values between f and f_opt is: 5.8208e-10
HHHHHHHHHE R R R R R HEE 0 = 28, m = 16 #HH#HHHHHFHHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 1.2941e-11
Difference in function values between f and f_opt is: 3.4925e-10
HHHHHHHHH R R R R HEE 0 = 84, m = T7 ####HHHHEHEHHEEE
Solution found.

Norm of distance between x_opt and solution is: 5.4954e-12
Difference in function values between f and f_opt is: 2.9104e-09
R R R Y 1 = 55, m = 42 #H#HHHHHEEHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.8391e-12
Difference in function values between f and f_opt is: 3.0268e-09
R 1 = 45, m = 24 #HHHHHHEEEEEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.0919e-12
Difference in function values between f and f_opt is: -1.7462e-09
R R R REE 1 = 8, m = 3 #HHHHHRRRRRRRRHEE
Solution found.

Norm of distance between x_opt and solution is: 2.0948e-14
Difference in function values between f and f_opt is: 0.0000e+00
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R R R REE 1 o= 21, m = 8 HHHHHHHHHHHHHHHHHEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.3091e-12
Difference in function values between f and f_opt is: 1.7462e-10
HHHHHHHHE R R R R R R HHHEE 1 = 45, m = 7 HHHHHHHSHEHEHE
Solution found.

Norm of distance between x_opt and solution is: 2.2761e-13
Difference in function values between f and f_opt is: 2.9104e-11
HHEHHHHEAE R R R R HEEE 0 = 39, m = 24 #EHHHHHHHEHHEHHHEEE
Solution found.

Norm of distance between x_opt and solution is: 4.7062e-13
Difference in function values between f and f_opt is: 1.1642e-09
HHHHHHHHH R R R R HEE 0 = 32, m = 6 H#AHHHHHHHHEHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 6.2684e-14
Difference in function values between f and f_opt is: -1.4552e-10
R R 0 o= 26, m = 12 ###HHHEEEEHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.6156e-13
Difference in function values between f and f_opt is: 4.3656e-11
R REE 1 = 7, m = 3 #HHHHRRRRRRRRR
Solution found.

Norm of distance between x_opt and solution is: 7.1607e-15
Difference in function values between f and f_opt is: -5.4570e-12
W R R Y 1 o= O3, m = 17 #EHHHHHHRHEEHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.6036e-12
Difference in function values between f and f_opt is: -1.8626e-09
HHEHHHHHH R R R R R HHEE 0 = 56, m = 20 #HH#HHHHHFFFHHHHHEES
Solution found.

Norm of distance between x_opt and solution is: 1.0907e-11
Difference in function values between f and f_opt is: -2.8522e-09
HHHHHHHE R R R Y 0 = 31, m = 21 #H##HHEHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 7.4534e-13
Difference in function values between f and f_opt is: -5.5297e-10
AR R HEE 0 = B, m = 1 #HHHHRRRREEEE
Solution found.

Norm of distance between x_opt and solution is: 0.0000e+00
Difference in function values between f and f_opt is: 0.0000e+00
R 0 = O, m = 4 #HHHHRRRRRRREEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.0438e-14
Difference in function values between f and f_opt is: 0.0000e+00
HHHHE R R R EE 1 o= 15, m = 14 #HSHHRHHRHEHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 9.2217e-13
Difference in function values between f and f_opt is: 2.9104e-11
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HHHHE R R R EE 1 o= 31, m = 13 #HHHHHHHREEHEHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.2646e-11
Difference in function values between f and f_opt is: 4.6566e-10
HHHHHHHHE R R R R R HEE 1 = 34, m = 21 #HHHHHHHHFHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 3.4987e-13
Difference in function values between f and f_opt is: -5.0932e-11
HHHHHHHHEA R R R Y 0 = 10, m = 8 #HAHHHHHHHHHHHHHHHHHHERS
Solution found.

Norm of distance between x_opt and solution is: 2.5870e-13
Difference in function values between f and f_opt is: 1.1642e-10
HHHHHHHH R R R R HHE 0 = 87, m = 85 #H#H#HHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 2.0179e-12
Difference in function values between f and f_opt is: -1.3970e-09
R R R HHE 1 = B2, m = 12 ####HHHHEEHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 9.0821le-12
Difference in function values between f and f_opt is: 2.3283e-10
R R EE 1 o= 00, m = 21 #HHHHHBHHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 8.0364e-13
Difference in function values between f and f_opt is: 9.3132e-10
R R R R HHE 1 = 83, m = 62 HHHHHHHHHHHHFHHHHEIEEY
Solution found.

Norm of distance between x_opt and solution is: 2.6009e-12
Difference in function values between f and f_opt is: -6.9849e-10
HHEHHHHHEE R R R R Y 0 = 35, m = 13 #HH#HHHHHFHHHHE
Solution found.

Norm of distance between x_opt and solution is: 2.9790e-13
Difference in function values between f and f_opt is: 1.1059e-09
HHHHHHHEH R R R Y 1 = B8, m = 41 #HHHHHHHHEHEEEEHEEE
Solution found.

Norm of distance between x_opt and solution is: 1.3248e-12
Difference in function values between f and f_opt is: -3.7253e-09
R R R 0 = 10, m = 4 #HHHHHHEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.1974e-14
Difference in function values between f and f_opt is: -4.3656e-11
R 1 = 88, m = 57 #HHHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.975le-12
Difference in function values between f and f_opt is: -6.2864e-09
HHHHEH R R R R R 1 = 44, m = 4 HERRRERRRREEEHEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.1610e-14
Difference in function values between f and f_opt is: -2.9104e-11
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HHHHE R R R REE 1 o= 12, m o= O HHHHHHHHBHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.1091e-13
Difference in function values between f and f_opt is: -1.1642e-10
HHHHHHHHH R R R R R R R HHEE 1 o= BT, m = 490 #HHHHHHHHHHFHHHHEHHEY
Solution found.

Norm of distance between x_opt and solution is: 1.3773e-12
Difference in function values between f and f_opt is: 1.7462e-09
HHHHHHHHE R R R R HHEE D = 68, m = 46 #HHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 1.8391e-12
Difference in function values between f and f_opt is: 9.3132e-10
HHHHHHHHH R R R R Y 0 = 60, m = 24 #HHHHHHHHEHEEHHHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 8.2147e-12
Difference in function values between f and f_opt is: 3.4925e-09
Y 1 = 33, m = 1 #H#HRHHEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 0.0000e+00
Difference in function values between f and f_opt is: 0.0000e+00
R R R R HEE 1 = 75, m = 22 #EHHHHBHREHHEHEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 3.1062e-11
Difference in function values between f and f_opt is: 2.5611e-09
W R R R Y 1 o= BT, m = 190 #EHHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.0182e-13
Difference in function values between f and f_opt is: -3.4925e-10
HHHHHHHEAE R R R R HEE 0 = 32, m = 5 #HHHHHHHHHHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 8.4439e-13
Difference in function values between f and f_opt is: 1.1642e-10
HHHHHHHE R R R EEE 0 = 12, m o= 11 #####HEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 8.2658e-14
Difference in function values between f and f_opt is: 1.4552e-10
HHHHHHHHH R R R Y 0 = 46, m = 15 ####HHHEHHEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.4322e-13
Difference in function values between f and f_opt is: 0.0000e+00
R 0 = 71, m = 16 ####HHHHHHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.1859e-12
Difference in function values between f and f_opt is: -1.1642e-10
HHHHEHH R R R EE 1 o= 34, m = 10 #HHHHHHHHHFHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.0638e-12
Difference in function values between f and f_opt is: 4.6566e-10
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HHHHE R R R EE 1 o= 31, m = 13 #HHHHHHHREEHEHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.2262e-13
Difference in function values between f and f_opt is: -9.3132e-10
HHHHHHHHH R R R R R R R R Y D = 26, m = 22 #AHHHHHHHFFHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 4.5822e-13
Difference in function values between f and f_opt is: 1.1642e-10
HHHHHHHHE R R R R HEE 0 = 42, m = 3 #HHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.4321e-14
Difference in function values between f and f_opt is: 1.4552e-11
HHHHHHHHH R R R R HHE 1 = 63, m = 50 #HHHHHHHHHHHFHHHHHHHHHRS
Solution found.

Norm of distance between x_opt and solution is: 5.4065e-12
Difference in function values between f and f_opt is: 1.3970e-09
R 0 = 17, m = 8 ##HHHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.0303e-13
Difference in function values between f and f_opt is: -1.3097e-10
R R HEE 1 o= 73, m = 50 HHHHHHHBHFHFHHHHHHEEY
Solution found.

Norm of distance between x_opt and solution is: 3.6671e-12
Difference in function values between f and f_opt is: -4.6566e-09
HHEHE R R R EE 1 = 100, m = 38 #HHHHHHHHFHFHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.4070e-12
Difference in function values between f and f_opt is: 9.3132e-10
HHEHHHHHHE R R R R HEE 0 = 02, m = 34 #HHHHHHHHFHHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 1.5526e-12
Difference in function values between f and f_opt is: 1.6298e-09
HHHEHHHHEAE R R R HHEE 0 = 49, m = 7 #HHHRRRHHEEE
Solution found.

Norm of distance between x_opt and solution is: 9.2439e-14
Difference in function values between f and f_opt is: -5.8208e-11
R R R E 0 = 50, m = 21 ####HHHHHHHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.2503e-12
Difference in function values between f and f_opt is: 5.3551e-09
R 1 = 28, m = 27 ####HHHEEHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.2126e-12
Difference in function values between f and f_opt is: 3.6380e-10
R R R R H Y 1 = 65, m = 57 H#AHHHHHHHHHHHHHHHEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.1524e-12
Difference in function values between f and f_opt is: -1.8626e-09
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HHHHHHH R R R R R Y 1 = 66, m = 5O HHHHHHHHHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 5.2799e-12
Difference in function values between f and f_opt is: 3.3760e-09
HHHHHHHHE R R R R R HEE 0 o= 13, m = 12 #HHHHHSHHHEHE
Solution found.

Norm of distance between x_opt and solution is: 1.7581e-13
Difference in function values between f and f_opt is: -2.3283e-10
HHHHHHHEEA R R R R HEEE 0 = 00, m = 21 #HHHHHHHHHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 1.571be-11
Difference in function values between f and f_opt is: -2.3283e-09
HHHHHHHHH R R R R EHE 1 = 78, m = 56 #HHHHHHHHHHHHHHHHY
Solution found.

Norm of distance between x_opt and solution is: 1.9237e-11
Difference in function values between f and f_opt is: 6.9849e-10
R R 1 = 36, m = 190 ##HHHHHHHHHHHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.1301e-13
Difference in function values between f and f_opt is: 7.5670e-10
R R R EE 1 o= 47, m = 20 #EHHHHBHHHEHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 4.9774e-12
Difference in function values between f and f_opt is: 8.1491e-10
HHHHEE R R RRE 0 = 7, m = 6 HHHHHRRHERRRRRRE
Solution found.

Norm of distance between x_opt and solution is: 2.2721e-13
Difference in function values between f and f_opt is: 1.1642e-10
HHEHHHHHHA R R R R R R HHEE D = 69, m = 42 HHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 1.5386e-12
Difference in function values between f and f_opt is: -4.6566e-10
HHHHHHHEEA R R R R HEE 0 = 36, m = 3 #HHHHHHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.8626e-13
Difference in function values between f and f_opt is: -2.9104e-11
AR R HEE 0 = B, m = 1 #HHHHRRRREEEE
Solution found.

Norm of distance between x_opt and solution is: 1.4211e-14
Difference in function values between f and f_opt is: -2.9104e-11
R 1 = 48, m = 26 #HHHHHHHEEHEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.7987e-12
Difference in function values between f and f_opt is: -4.6566e-10
HHHHEHH R R R R EE 1 o= 32, m = 22 #EHHHHBHREEHEHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 7.5679e-13
Difference in function values between f and f_opt is: 2.3283e-10
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HHHEEH R R R REE 1 o= 27, m o= O HHHHHHHHBHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 5.4230e-14
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHHH R R R R R R R HHEE D = 63, m = 41 HAHHHHHHHHHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 7.1400e-12
Difference in function values between f and f_opt is: -2.3283e-10
HHHHHHHEEE R R R R HEEE 0 = 87, m = 51 #HHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 1.2147e-11
Difference in function values between f and f_opt is: -9.1677e-09
HHHHHHHHH R R R R HEE 0 o= 02, m = T5 #HHHHHHHHHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 1.5603e-10
Difference in function values between f and f_opt is: 2.3283e-09
R Y 1 = 28, m = 11 #####HHEEEHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.5523e-13
Difference in function values between f and f_opt is: -5.8208e-11
Y D = 8, m = T #HHHHRRRRRRRRREEEE
Solution found.

Norm of distance between x_opt and solution is: 3.7766e-14
Difference in function values between f and f_opt is: -2.9104e-11
R R R R Y 1 o= 84, m = 66 HHHHHHHHHHFHFHHHHHES
Solution found.

Norm of distance between x_opt and solution is: 1.4259e-10
Difference in function values between f and f_opt is: 5.1223e-09
HHEHHHHHAA R R R R HEE 0 = 5, m = 1 #HHHHRRRRHRER
Solution found.

Norm of distance between x_opt and solution is: 0.0000e+00
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHHA R R R R HEE D = 46, m = 7 #HHHHHRHHE
Solution found.

Norm of distance between x_opt and solution is: 1.0527e-13
Difference in function values between f and f_opt is: -1.4552e-10
R R 0 = 23, m o= 17 ####HHEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.3574e-13
Difference in function values between f and f_opt is: 0.0000e+00
R R 1 = 64, m = 61 #HHHHHHHHHHHHEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.6910e-11
Difference in function values between f and f_opt is: 0.0000e+00
HHHHEH R R EE 1 o= 22, m o= 21 #EHHHHRRREEEHHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.8939e-13
Difference in function values between f and f_opt is: 2.9104e-10
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HHHHHH R R R R HEE 1 o= 16, m = 12 #HHHHHEHREEEHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 3.9486e-13
Difference in function values between f and f_opt is: 1.4552e-10
HHHHHHHHH R R R R R R R HHEE D = 66, m = 14 HHHHHHHHHFHHHHHHESEE
Solution found.

Norm of distance between x_opt and solution is: 1.4025e-12
Difference in function values between f and f_opt is: 9.3132e-10
HHEHHHHHE R R R R R HEHE D = 76, m = 12 #H#H#HHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.7701e-13
Difference in function values between f and f_opt is: 6.1118e-10
HHHHHHHHH R R R R HEE 0 = 84, m = 8 #HHAH#HHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 1.1836e-12
Difference in function values between f and f_opt is: 1.1642e-10
R R R 0 = 47, m = 28 #HHHHHHHEHHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.9324e-12
Difference in function values between f and f_opt is: 9.3132e-10
R R R R R 1 o= 69, m = 23 #HHHHHHHHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 9.8118e-13
Difference in function values between f and f_opt is: -3.4925e-10
W R R R R Y 1 = 66, m = 34 HEHHHHBHHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 3.0048e-12
Difference in function values between f and f_opt is: 2.3283e-09
HHHHHHHHEE R R R R Y 0 = 30, m = 23 #HH#HHHHHFHHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 5.9349e-13
Difference in function values between f and f_opt is: 2.3283e-10
HHHHHHHHH R R R R HEE 0 = 84, m = T7 ####HHHHEHEHHEEE
Solution found.

Norm of distance between x_opt and solution is: 1.6869e-12
Difference in function values between f and f_opt is: 2.3283e-09
R R R R 0 = 41, m = 6 H#HHHHHHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 9.6523e-14
Difference in function values between f and f_opt is: -2.9104e-10
R Y 1 o= D1, m = 43 #HHHHHHHEEHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.5128e-12
Difference in function values between f and f_opt is: -2.3283e-10
R R Y 1 = 45, m = 33 #HHHHHHHHHEHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.6670e-12
Difference in function values between f and f_opt is: -6.9849e-10
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HHHHHHH R R R HEE 1 o= 67, m = 60 HHHHHHHHHHFFFHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.6322e-12
Difference in function values between f and f_opt is: 4.6566e-10
HHHHHHHHH R R R R R Y 1 = B8, m = 36 #HHHHHHHHHFHFHHHHHHEEESY
Solution found.

Norm of distance between x_opt and solution is: 1.8850e-12
Difference in function values between f and f_opt is: -6.9849e-10
HHHHHHHEEE R R R Y 1 = 04, m = 83 #HHHHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 6.2478e-11
Difference in function values between f and f_opt is: 9.7789e-09
HHHHHHHHH R R R R HEE 0 = 13, m = 7 #HHHHHHEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 9.8006e-14
Difference in function values between f and f_opt is: 0.0000e+00
R R R R 1 = 78, m = 44 #ERHHHHHEEHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.7527e-12
Difference in function values between f and f_opt is: -9.3132e-10
R R 1 o= 22, m = 4 HEHRRHRRRREEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.1974e-14
Difference in function values between f and f_opt is: 1.4552e-11
HHHEH R R R HHE 1 o= 77, m = 64 HEHHHHBHHHHHHHHHEEE
Solution found.

Norm of distance between x_opt and solution is: 5.0355e-12
Difference in function values between f and f_opt is: -1.2224e-09
HHHHHHHHEA R R R R HEE 0 = 50, m = 48 #HHH#HHHHHHHHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 4.1947e-12
Difference in function values between f and f_opt is: 1.1059e-09
HHHHHHHHE R R R Y 1 = 68, m = 31 ####HHHHHHEHEHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.6805e-12
Difference in function values between f and f_opt is: 8.1491e-10
R R R 0 = 24, m = T #HHHHHHEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.3438e-13
Difference in function values between f and f_opt is: 1.7462e-10
R D = 6, m = 4 #HHHHRRHRRRRREEEEEE
Solution found.

Norm of distance between x_opt and solution is: 8.8818e-15
Difference in function values between f and f_opt is: 0.0000e+00
R R R R HEE 1 o= 37, m = 36 #HHHHHHHHHHHHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.7032e-12
Difference in function values between f and f_opt is: 1.1642e-09
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R R R HE 1 o= B2, m = 42 #HHHHHHHHHHEHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.9109e-12
Difference in function values between f and f_opt is: 6.9849e-10
HHHHHHHHE R R R R R HEE 0 o= 13, m = 12 #HHHHHSHHHEHE
Solution found.

Norm of distance between x_opt and solution is: 5.2682e-13
Difference in function values between f and f_opt is: 1.1642e-10
HHHHHHHHE R R R Y 0 = 40, m = 7 #HHHHHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.0095e-13
Difference in function values between f and f_opt is: 6.2755e-11
HHHHHHHHH R R R R HHE 0 = 36, m = 14 #HH#HHHHEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.1242e-12
Difference in function values between f and f_opt is: 1.7462e-10
R R Y 1 = 08, m = 36 ##H#HHHHHHHHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.1559e-12
Difference in function values between f and f_opt is: 6.9849e-09
HHHHHHHH R R Y 1 o= 05, m = 36 #HHHHHHHHHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.5646e-11
Difference in function values between f and f_opt is: -3.0268e-09
R R R R HHE 1 = 89, m = 5O HHHHHHHHHHHHFHHHHHISH
Solution found.

Norm of distance between x_opt and solution is: 1.1056e-11
Difference in function values between f and f_opt is: -6.0536e-09
HHHHHHHHEA R R R R HEE 0 = 39, m = 20 #HH#HHHHHFHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 1.0533e-11
Difference in function values between f and f_opt is: -4.6566e-10
HHHHHHHE R R R Y 1 = 37, m = 36 #HHHHHHHHEEEHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 9.2948e-13
Difference in function values between f and f_opt is: 3.0268e-09
R R R Y 0 = 82, m = 39 #HHHHHHHHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.1121e-11
Difference in function values between f and f_opt is: 9.3132e-10
R Y 1 o= B0, m = 15 ####HHHHHHHHHEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 5.3595e-12
Difference in function values between f and f_opt is: 1.0477e-09
R R R R HEE 1 o= T3, m = 41 #ERHHRHRREEEHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.0475e-10
Difference in function values between f and f_opt is: -1.8626e-09
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HHHHE R R R Y 1 o= 43, m = 15 #HHHHHHHREEHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.0263e-12
Difference in function values between f and f_opt is: -5.8208e-10
HHHHHHHHH R R R R R R HHEE D o= 56, m = 22 #AHHHHHHHHFHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 5.0856e-13
Difference in function values between f and f_opt is: -4.6566e-10
HHEHHHHEEA R R R Y 0 = 31, m = 30 #HHHHHHHHHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 7.6261e-13
Difference in function values between f and f_opt is: -2.3283e-10
HHHHHHHHH R R R R Y 1 = 45, m = 28 ####HHHHHHEHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.9149e-12
Difference in function values between f and f_opt is: -2.9722e-09
R 0 o= 26, m = 1 #H#HHHHEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 0.0000e+00
Difference in function values between f and f_opt is: 0.0000e+00
R R R EE 1 o= 27, m o= 10 #HHHHHHHHHHHHEHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 3.3168e-13
Difference in function values between f and f_opt is: -3.4925e-10
HHHEH R R R EE 1 o= 41, m = 390 #EHHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.7501le-12
Difference in function values between f and f_opt is: 4.6566e-10
HHHHHHHHAA R R R R R HHEE 0 o= 60, m = 49 HHHHHHHHHFFHHHHHHHESY
Solution found.

Norm of distance between x_opt and solution is: 6.4570e-12
Difference in function values between f and f_opt is: 2.3283e-10
HHHHHHHHH R R R R HHEE 0 o= 71, m = 39 ##H#HHHHHHEHHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.1766e-12
Difference in function values between f and f_opt is: -2.5611e-09
R R R R 0 o= 75, m = 12 ###HHHEEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.4130e-13
Difference in function values between f and f_opt is: 3.4925e-10
R 1 = 87, m = T4 #HH#HHHEHEHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 6.6268e-12
Difference in function values between f and f_opt is: 4.1910e-09
R R R R REE 1 o= T4, m = 39 HEHHHHBHHHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.0500e-12
Difference in function values between f and f_opt is: 4.0745e-10
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HHHHE R R R R HEE 1 o= 00, m = 56 H#HHHHHHHHHHHHHHHHHHHEY
Solution found.

Norm of distance between x_opt and solution is: 2.9236e-12
Difference in function values between f and f_opt is: 5.7044e-09
HHHHHHHHH R R R R R R R HHEE D = 61, m = 52 HAHHHHHHHHHHHFHHHHHHEEERY
Solution found.

Norm of distance between x_opt and solution is: 4.1020e-12
Difference in function values between f and f_opt is: 4.6566e-10
HHHHHHHHE R R R R HEEE 0 = 89, m = 2 HHAHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 5.0243e-15
Difference in function values between f and f_opt is: -3.6380e-12
HHHHHHHH R R R R HEE 0 = 24, m o= 17 #H##HHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.8167e-13
Difference in function values between f and f_opt is: 0.0000e+00
R R 1 = 37, m = 33 #HHHHHHHEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 6.1346e-13
Difference in function values between f and f_opt is: -4.6566e-10
R R HE 1 o= B2, m = 42 #HHHHHBHHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.7026e-10
Difference in function values between f and f_opt is: 1.3970e-09
HHHEH R R R HEE 1 o= T2, m = 61 #EHHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.8512e-12
Difference in function values between f and f_opt is: -3.0268e-09
HHEHHHHHAE R R R R HHEE 0 = 31, m = 27 #H###HHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 9.4948e-13
Difference in function values between f and f_opt is: 2.0373e-10
HHHHHHHHHH R R R Y 1 = 68, m = 53 #HH#HHHHHHHHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 2.2478e-12
Difference in function values between f and f_opt is: -1.3970e-09
R R R 0 = 20, m = 3 #HHHHHHHEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.7407e-14
Difference in function values between f and f_opt is: 1.4552e-11
R 1 = B3, m = 44 #HHHHHHHHEHEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.0690e-11
Difference in function values between f and f_opt is: -1.8626e-09
R R R R R EE 1 o= 64, m = 20 HEHHHHHHHHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.7936e-12
Difference in function values between f and f_opt is: 1.3970e-09
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HHHHEH R R R R HEE 1 o= 34, m = 24 HERHHHHERHEEHHHEEEEEEES
Solution found.

Norm of distance between x_opt and solution is: 1.3692e-12
Difference in function values between f and f_opt is: -6.9849e-10
HHHHHHHHH R R R R R Y 0 o= 50, m = 24 #HHHHHHHHFFFHHHHEHEEY
Solution found.

Norm of distance between x_opt and solution is: 1.1197e-12
Difference in function values between f and f_opt is: -5.8208e-10
HHHHHHHEEA R R R R HHEE 0 = 84, m = 55 #HHHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 4.2327e-12
Difference in function values between f and f_opt is: 2.7940e-09
HHHHHHHH R R R Y 0 = 40, m = 11 #####HHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.9393e-13
Difference in function values between f and f_opt is: 1.1642e-10
R Y 1 o= 25, m = 11 ####dHEEEEHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.9275e-12
Difference in function values between f and f_opt is: 2.3283e-10
R R R R 1 o= 26, m o= 17 #HHHHHBHREHEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 4.3414e-12
Difference in function values between f and f_opt is: -4.6566e-10
HHHEHE R R R EE 1 = 20, m o= 27 #HHHHHBHRREHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.2179e-13
Difference in function values between f and f_opt is: -6.9849e-10
HHHHHHHEAA R R R R HEE 0 o= 27, m = 4 HHHHHHRRHRHEHH
Solution found.

Norm of distance between x_opt and solution is: 2.2626e-13
Difference in function values between f and f_opt is: -2.1828e-11
HHHHHHHH R R R R HEE 1 = 48, m = 38 #H#H##HHHHHHEHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 1.2317e-12
Difference in function values between f and f_opt is: -1.8626e-09
R R R R 0 = T4, m = 8 H#HHHHHHHHHHHHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.0913e-13
Difference in function values between f and f_opt is: 0.0000e+00
R 0 = 71, m = 66 ##HHHHHHHHFHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 7.0684e-12
Difference in function values between f and f_opt is: 2.4702e-09
R R R EE 1 o= 47, m = 35 #HHHHHHHHHHHHHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.2599e-12
Difference in function values between f and f_opt is: 4.6566e-10

56



HHHEEHHH R R REE 1 = 7, m = 6 HHHHHRRHRRRRRRHE
Solution found.

Norm of distance between x_opt and solution is: 4.3945e-14
Difference in function values between f and f_opt is: 8.731le-11
HHHHHHHHE R R R R R R RS 0 = 22, m = 8 HHAHHHHHHHHHFHHHHHHHHHESSS
Solution found.

Norm of distance between x_opt and solution is: 1.1855e-13
Difference in function values between f and f_opt is: -5.8208e-11
HHHHHHHHEA R R R Y 0 = 00, m = 7 #HH#HHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 1.3400e-13
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHH R R R Y 0 = 82, m = 21 #HH#HHHHHHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 6.2966e-12
Difference in function values between f and f_opt is: 4.6566e-10
R REE 0 = O, m = 4 #HHHHRRHHRRRREEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.4460e-13
Difference in function values between f and f_opt is: -4.3656e-11
R R R HE 1 = 68, m = 51 H#HHHHHHHHHHHHHHHEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.8773e-12
Difference in function values between f and f_opt is: -1.4261e-09
HHHHE R R HHE 1 = B8, m = O HHHHHHHHHHHHHHHHHHHIY
Solution found.

Norm of distance between x_opt and solution is: 1.8131le-12
Difference in function values between f and f_opt is: 0.0000e+00
HHEHHHHHHA R R R R R R HHEE D = 63, m = 14 #HH#HHHHHFHHHHH
Solution found.

Norm of distance between x_opt and solution is: 1.7161le-12
Difference in function values between f and f_opt is: 2.2192e-10
HFHHHHHHEEE R R R HEE 0 = 19, m = 4 H#HHHRHHHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 8.6032e-11
Difference in function values between f and f_opt is: 4.1291e-10
R R R 1 = 56, m = 4 #HHHHHHHEEEHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.1969e-13
Difference in function values between f and f_opt is: -1.6007e-10
R 1 = 73, m = 39 #HHHHHHHHHHHHEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.7231le-12
Difference in function values between f and f_opt is: 2.3283e-10
HHEHEH R R R EE 1 o= 100, m = 78 H#HAHHHHHHHFHHHHHHHEEE
Solution found.

Norm of distance between x_opt and solution is: 2.4292e-12
Difference in function values between f and f_opt is: -5.5879e-09
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HHHHHHH R R R H Y 1 = 66, m = 53 HHHHHHHHHHHHHHHHHHHEY
Solution found.

Norm of distance between x_opt and solution is: 1.8472e-12
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHHE R R R R R R HHHEE D = 16, m = 4 HHHHHHHHHEHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 8.6669e-13
Difference in function values between f and f_opt is: -1.1642e-10
HHHHHHHEEA R R R Y 0 = 38, m = 30 #HHHHHHHHFHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 7.3359e-13
Difference in function values between f and f_opt is: -9.3132e-10
HHHHHHHH R R R Y 0 = 00, m = 64 #HHHHHHHHHHHHHHHHHA
Solution found.

Norm of distance between x_opt and solution is: 9.1279e-12
Difference in function values between f and f_opt is: -6.9849e-10
R 0 = 19, m = 4 #HHHRHHEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.8330e-14
Difference in function values between f and f_opt is: -1.4552e-11
HHHHHH R R Y 1 o= 13, m = 8 HHHHHHHHHHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 6.8712e-14
Difference in function values between f and f_opt is: -1.1642e-10
HHHEH R R Y 1 o= 25, m = 18 #HHHHHHHHHHHHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 7.9490e-13
Difference in function values between f and f_opt is: 4.6566e-10
HHEHHHHHA R R R R HHEE 0 o= BT, m = 11 #H####HHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 5.4915e-12
Difference in function values between f and f_opt is: 4.6566e-10
HHHHHHHHH R R R R HHEE 0 = 86, m = 57 #H#HH#HHHHHHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 6.7662e-11
Difference in function values between f and f_opt is: 3.7253e-09
R R R R R 0 = 44, m = 16 ####HHEEEHEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.4982e-13
Difference in function values between f and f_opt is: -2.9104e-10
R 1 o= 06, m = 22 #HHHHHHHHHHHEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.5034e-12
Difference in function values between f and f_opt is: -1.1642e-10
R R R R EE 1 o= 37, m = 22 #EHHHRHRHEEHHHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.0987e-12
Difference in function values between f and f_opt is: 6.9122e-11
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HHHHH R R Y 1 = 50, m = 28 #HHHHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.6624e-12
Difference in function values between f and f_opt is: -1.8626e-09
HHHHHHHEAA R R R R R R HHEE D = b, m = 1 #HHHHRRRRHRR R
Solution found.

Norm of distance between x_opt and solution is: 0.0000e+00
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHHEA R R R HHEE 0 = 27, m = O HAHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 9.3840e-13
Difference in function values between f and f_opt is: 6.9849e-10
HHHHHHHHH R R R R HEEE 0 o= 70, m = 31 #####HHHHHHHHHEEE
Solution found.

Norm of distance between x_opt and solution is: 1.3422e-12
Difference in function values between f and f_opt is: 1.1642e-09
R Y 1 = B4, m = 20 #HHHHHHHHHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.3333e-11
Difference in function values between f and f_opt is: 2.3283e-09
R R HE 1 = B3, m = 20 #HHHHHHHHHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.5812e-11
Difference in function values between f and f_opt is: -4.6566e-10
R R R R Y 1 o= T3, m = 64 HEHHHHBHHHFHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.0092e-11
Difference in function values between f and f_opt is: 2.7940e-09
HHEHHHHHHA R R R R R R HHEE 0 o= 75, m = 52 HHHHHHHHHHHHHHHHHHHEESY
Solution found.

Norm of distance between x_opt and solution is: 3.8733e-12
Difference in function values between f and f_opt is: 2.0955e-09
HHHHHHHHE R R R R HEE 0 o= OT7, m = 34 #####HHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 7.7763e-12
Difference in function values between f and f_opt is: -4.6566e-09
HHHHHHHH R R R R 0 = 68, m = 61 ####HHHHHHHHHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.1776e-12
Difference in function values between f and f_opt is: -3.6089e-09
R 1 o= 31, m = 22 #HHHHHEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.0971e-13
Difference in function values between f and f_opt is: -1.1642e-09
R R R R R EE 1 o= 46, m = 21 #EHHHRHHREEHHEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.0374e-12
Difference in function values between f and f_opt is: 6.9122e-11
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HHHHE R R R EE 1 o= 19, m = 15 #HHHHHHHHHHHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.1337e-13
Difference in function values between f and f_opt is: -4.0745e-10
HHHHHHHHE R R R R R R HEE 0 = 39, m = 8 HHAHHHHHHHHHHHHHHHHHHHESRS
Solution found.

Norm of distance between x_opt and solution is: 1.1736e-13
Difference in function values between f and f_opt is: -1.6007e-10
HHEHHHHEEE R R R R HHEE 1 = 44, m = 33 #HHHHHHHHEHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.1381e-13
Difference in function values between f and f_opt is: 1.8626e-09
HHHHHHHH R R R Y 0 = 31, m = 190 ##H#HHHHHEHHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.9770e-13
Difference in function values between f and f_opt is: -4.6566e-10
R R Y 1 = B3, m = 39 ##HHHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.0754e-12
Difference in function values between f and f_opt is: -2.8813e-09
R R HE 1 = B3, m = b H#HHHHHHHHHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 4.9007e-13
Difference in function values between f and f_opt is: 2.9104e-11
HHHHE R Y 1 o= 20, m o= O HHHHHHHHBHHHHHHHHEHEEY
Solution found.

Norm of distance between x_opt and solution is: 3.7506e-13
Difference in function values between f and f_opt is: -2.3283e-10
HHEHHHHHHA R R R R HHEE 0 = 87, m = 22 #HH#HHHHHFHHHHH
Solution found.

Norm of distance between x_opt and solution is: 6.1051e-13
Difference in function values between f and f_opt is: -1.0477e-09
HHHHHHHEAE R R R 0 = 33, m = 8 H#HHHHHHHHHHHHHEHHEH
Solution found.

Norm of distance between x_opt and solution is: 1.2377e-13
Difference in function values between f and f_opt is: 0.0000e+00
R R R 0 = O4, m = 47 ##H#HHHEHHEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.2499e-11
Difference in function values between f and f_opt is: 8.8476e-09
R 0 = T2, m = 1 #H#SHHHEEHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.5527e-15
Difference in function values between f and f_opt is: -1.8190e-12
HHHEE R R HEE 1 o= 05, m = 1 #HHHHHHHHHRHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 0.0000e+00
Difference in function values between f and f_opt is: 0.0000e+00
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R R R R R HEE 1 o= T4, m = 52 HHHHHHHBHHHHHHHHHEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.0100e-11
Difference in function values between f and f_opt is: 6.5193e-09
HHHHHHHHH R R R R R HEE 0 o= 16, m = 10 #HH#HHHBHFFFHHHHHHEESY
Solution found.

Norm of distance between x_opt and solution is: 1.4199e-13
Difference in function values between f and f_opt is: -1.1642e-10
HHEHHHHEEE R R R Y 1 = D5, m = 20 #HHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 7.1586e-13
Difference in function values between f and f_opt is: 4.6566e-10
HHHHHHHE R R R Y 0 = 100, m = 27 #######HHEHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.4078e-12
Difference in function values between f and f_opt is: 1.8626e-09
R Y 1 = 82, m = 40 #HHHHHHHHHHHHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.3980e-11
Difference in function values between f and f_opt is: -6.0536e-09
R R R 1 = 34, m = 22 #HHHHHHHHEEEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 4.1161e-13
Difference in function values between f and f_opt is: 3.4925e-10
HHHEE R R R HE 1 = 82, m = 36 H#HHHHHHHHHHHHHHHHEEEY
Solution found.

Norm of distance between x_opt and solution is: 7.9838e-12
Difference in function values between f and f_opt is: 2.3283e-09
HHEFHHHHEA R R R R R R HHEE D = 7, m = 2 H#HHHHRRERHRER
Solution found.

Norm of distance between x_opt and solution is: 1.4211e-14
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHE R R R Y 0 = 83, m = 60 #H#HHHHHHHFHHHHHHHHA
Solution found.

Norm of distance between x_opt and solution is: 1.8304e-11
Difference in function values between f and f_opt is: 7.9162e-09
R R R 1 = 39, m = 3 #HHHHHHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.3292e-14
Difference in function values between f and f_opt is: 1.4552e-11
R 1 o= 31, m = 27 ####HHHEEEHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.5545e-13
Difference in function values between f and f_opt is: 8.1491e-10
HHHHEH R R R EE 0 o= 44, m = 11 #HSSHRRRRREEHHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 8.7954e-13
Difference in function values between f and f_opt is: 1.1642e-10
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HHHHEHH R R R EE 1 o= 21, m o= 2 HESHHEHRRREEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 7.1607e-15
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHHE R R R Y 0 o= 80, m = 11 #H##HHHHHHFHHHHHEHSEEY
Solution found.

Norm of distance between x_opt and solution is: 7.2626e-13
Difference in function values between f and f_opt is: 5.2387e-10
HHEHHHHEEE R R R R HEEE 0 = T2, m = b1 #HHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 1.6375e-12
Difference in function values between f and f_opt is: 1.6298e-09
HHHHHHHHHH R R R R HHE 0 = 68, m = 45 #HHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.9931e-12
Difference in function values between f and f_opt is: 5.8208e-10
R R 1 = 45, m = 1 ###HRHEEEHEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 7.1054e-15
Difference in function values between f and f_opt is: 0.0000e+00
R R Y 1 = 63, m = 30 #HHHHHHBHHFHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.4184e-12
Difference in function values between f and f_opt is: 4.6566e-10
HHHEH R R R Y 1 o= 28, m o= 14 #EHHHHHHREEHEHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.3356e-13
Difference in function values between f and f_opt is: -5.8208e-11
HHEHHHHHE R R R R HHEE 1 = B8, m = 36 #HHH#HHHHHHHHHHHHHHEEY
Solution found.

Norm of distance between x_opt and solution is: 3.7106e-12
Difference in function values between f and f_opt is: -1.3388e-09
HHHHHHHEEE R R R Y 0 = B8, m = O HHHHHHHHHHHHHHHHHHS
Solution found.

Norm of distance between x_opt and solution is: 1.9118e-13
Difference in function values between f and f_opt is: -8.731le-11
R R R 0 = 12, m = 10 #####HHEEEHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.1037e-13
Difference in function values between f and f_opt is: 1.7462e-10
R Y 1 o= 00, m = 38 ##HHHHHHHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 4.2231e-12
Difference in function values between f and f_opt is: 9.3132e-10
R R R R 1 = 14, m = 8 HAHHHHHHHHHHHHHHHEEEEY
Solution found.

Norm of distance between x_opt and solution is: 6.4324e-14
Difference in function values between f and f_opt is: -1.5280e-10
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R R R R REE 1 o= 10, m o= O HHHHHHHHBHHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 7.6631le-14
Difference in function values between f and f_opt is: 2.1828e-11
HHHHHH R R R R R R HHEE 1 = 68, m = 52 #HHHHHHHHHHHFHFHFHHHHHRY
Solution found.

Norm of distance between x_opt and solution is: 2.9074e-12
Difference in function values between f and f_opt is: -2.7940e-09
HHEHHHHEEE R R R R EEE 0 = 60, m = 11 ######HHHFHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 8.4106e-13
Difference in function values between f and f_opt is: 1.3970e-09
HHHHHHHHEH R R R R R D = 6, m = b HHHHHHHHHHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 8.2021e-14
Difference in function values between f and f_opt is: ©5.8208e-11
R REE 0 = B, m = 3 #HHHHRRHHRRRREEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.0176e-14
Difference in function values between f and f_opt is: -1.4552e-11
R R R 1 o= 32, m o= 27 #HHHHHHHREEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.2294e-12
Difference in function values between f and f_opt is: 4.6566e-10
HHHEH R R R R EE 1 o= 24, m = 18 #HHHHHBHHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 5.6698e-13
Difference in function values between f and f_opt is: 6.9849e-10
HHHHHHHEAE R R R R HEE 0 = 42, m = 7 #HHHRRRRHREE
Solution found.

Norm of distance between x_opt and solution is: 1.7825e-12
Difference in function values between f and f_opt is: -2.3865e-09
HHHHHHHH R R R R HEE 0 = 84, m = 41 #HHHHHHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.4606e-12
Difference in function values between f and f_opt is: -2.3283e-10
R R R 0 o= 21, m o= 12 ####HHEEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.3603e-13
Difference in function values between f and f_opt is: 0.0000e+00
R 1 = 24, m = 13 #HHHHHHEEEEEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.3146e-13
Difference in function values between f and f_opt is: 2.9104e-10
R R R R R EE 1 o= 26, m = 23 #EHHHHHHHHEHHHHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.6939e-13
Difference in function values between f and f_opt is: -5.2387e-10
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R R R R HEE 1 o= 66, m = 32 #HHHHHHHHHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.0175e-11
Difference in function values between f and f_opt is: 1.0477e-09
HHHHHHHHH R R R R R HEE 1 = DO, m = 40 #HHHHHHHHHFHHHHHHHHESY
Solution found.

Norm of distance between x_opt and solution is: 6.2032e-12
Difference in function values between f and f_opt is: 1.1642e-09
HHHHHHHEEE R R R Y 1 = 85, m = 48 #HHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 5.4740e-12
Difference in function values between f and f_opt is: 1.7462e-09
HHHHHHHHE R R R Y 0 = 22, m o= O HHAHHHHHHHHHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 9.8834e-13
Difference in function values between f and f_opt is: -1.1642e-09
R Y 1 = 38, m = 10 ####HHHHHHHHHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.1587e-13
Difference in function values between f and f_opt is: -6.9849e-10
R R HEE 1 o= 77, m = 20 #HHHHHHHHHEHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.6909e-12
Difference in function values between f and f_opt is: -2.3283e-10
HHHHE R R R HHE 1 = D1, m = 38 #HHHHHHHHHHHHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.6301le-12
Difference in function values between f and f_opt is: 5.8208e-11
HHHHHHHEAE R R R R HEE 0 = 19, m = 3 #HHHHHHHHRHEHE
Solution found.

Norm of distance between x_opt and solution is: 2.2748e-14
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHEH R R R Y 0 = 60, m = 49 #HHHHHHHHFHHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.8533e-12
Difference in function values between f and f_opt is: 9.3132e-10
R R R Y 0 = 32, m = 24 #HHHHHEEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 6.8650e-13
Difference in function values between f and f_opt is: -2.3283e-10
R Y 1 o= 98, m = 90 #H#HHHHHHHHHHHHHHHHIHHHHH
Solution found.

Norm of distance between x_opt and solution is: 1.775le-12
Difference in function values between f and f_opt is: -3.9581e-09
HHEHE R R R Y 1 o= 100, m = 43 #HHHHHHHHHHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.3572e-10
Difference in function values between f and f_opt is: -4.4238e-09
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R R HEE 1 o= B4, m = 2 HHHHHHHHBREHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.8436e-14
Difference in function values between f and f_opt is: 2.9104e-11
HHHHHHHHH R R R R R R HEE 1 o= T3, m = 14 #HHHHHHHHHFHHHH
Solution found.

Norm of distance between x_opt and solution is: 1.6817e-12
Difference in function values between f and f_opt is: 2.3283e-10
HHEHHHHHEE R R R R HEHE 0 = 61, m = 50 #HHHHHHHHHHFHFHHHFHHHHRRS
Solution found.

Norm of distance between x_opt and solution is: 1.2564e-12
Difference in function values between f and f_opt is: -2.3283e-09
HHHHHHHH R R R R EEE 0 o= 01, m = 61 ##H#H#HHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 1.5099e-12
Difference in function values between f and f_opt is: -5.9372e-09
R Y 0 = 19, m = 8 #AHHHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.6740e-13
Difference in function values between f and f_opt is: 5.8208e-11
R R Y 0 o= 14, m o= 1 #HSSRHRHHEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 7.1054e-15
Difference in function values between f and f_opt is: 7.2760e-12
W R R R EE 1 o= 32, m o= 12 #EHHHREEEEEEHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 6.8117e-13
Difference in function values between f and f_opt is: 1.7462e-10
HHHHHHHHE R R R R HEE 0 = 40, m = 36 #HHHHHHHHFHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 8.4883e-13
Difference in function values between f and f_opt is: 2.0373e-10
HHHHHHHHE R R R Y D = O, m = b H#HHHHHHHHHHHH R
Solution found.

Norm of distance between x_opt and solution is: 1.7001le-14
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHH R R R R 0 = 71, m = 68 ####HHHHHHHHHHHHEY
Solution found.

Norm of distance between x_opt and solution is: 3.6856e-12
Difference in function values between f and f_opt is: -9.3132e-10
R 1 o= O7, m = 78 ##H##HHHHHHHHHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.2993e-12
Difference in function values between f and f_opt is: -4.1910e-09
R R Y 1 o= B2, m = 31 #HHHHHBHHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.1812e-12
Difference in function values between f and f_opt is: -8.7311e-10
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HHHEHEHH R R REE 0 = 7, m = 1 #HEHERRERRR R
Solution found.

Norm of distance between x_opt and solution is: 0.0000e+00
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHHE R R R R R Y 0 o= 20, m o= 11 #H##HHHHHHFHHHHH
Solution found.

Norm of distance between x_opt and solution is: 9.7043e-13
Difference in function values between f and f_opt is: 1.4552e-10
HHEHHHHEAA R R R R HHEE D = O, m = b HHHHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 3.4990e-14
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHHH R R R R HEE 0 = 14, m = 8 #HAHHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 8.8574e-12
Difference in function values between f and f_opt is: -4.3656e-11
R Y 0 o= 21, m = 10 #HHHHHHHEHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.1117e-13
Difference in function values between f and f_opt is: 0.0000e+00
R R Y 1 = 33, m = 31 #HHHHHHHREEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.9350e-12
Difference in function values between f and f_opt is: 3.0268e-09
R R R Y D = 8, m = 6 HHHHHHHHRRRRRRHHH
Solution found.

Norm of distance between x_opt and solution is: 1.0467e-13
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHHH R R R R R HEE 1 = 84, m = 36 #HHHHHHHHFHHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 5.4792e-12
Difference in function values between f and f_opt is: -4.6566e-10
HHHHHHHEH R R R EE 0 = 20, m = 13 ####HHHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.6339e-13
Difference in function values between f and f_opt is: 3.4925e-10
AR R 0 = O, m = 3 #HHHARRRRREEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.5987e-14
Difference in function values between f and f_opt is: 2.9104e-11
R Y 1 o= B0, m = O HAHHHHHHHHHHHHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.6561e-13
Difference in function values between f and f_opt is: -2.6193e-10
HHHHEHHH R R R R EE 1 = 63, m = 30 #HHHHHHHHHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.1723e-12
Difference in function values between f and f_opt is: 1.1642e-09
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HHHHEH R R R R HEE 1 o= 26, m o= O HHHHHHHHBHHHFHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.1039e-13
Difference in function values between f and f_opt is: 2.9104e-11
HHHHHHHHH R R R R R HEE 1 = 38, m = 31 #HHHHHHHHFFHHHE
Solution found.

Norm of distance between x_opt and solution is: 3.7704e-13
Difference in function values between f and f_opt is: 1.0477e-09
HHEHHHHHEE R R R R R HEEE 0 = 06, m = 12 #H###HHHHHHEHHHEE
Solution found.

Norm of distance between x_opt and solution is: 1.3687e-12
Difference in function values between f and f_opt is: 2.3283e-10
HHHHHHHHH R R R Y 1 = B4, m = 45 #HHHHHHHHHEHHHHEEE
Solution found.

Norm of distance between x_opt and solution is: 6.4060e-13
Difference in function values between f and f_opt is: 0.0000e+00
R Y 1 = 15, m = O H##HHHHHHHHHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.3676e-12
Difference in function values between f and f_opt is: -4.0745e-09
HHHEH R R R EE 1 o= 100, m = 290 #HHHHHHHHHHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.2784e-12
Difference in function values between f and f_opt is: 0.0000e+00
HHHHE R Y 1 = 13, m o= 1 #HSRHEERRREEEHEEEE
Solution found.

Norm of distance between x_opt and solution is: 0.0000e+00
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHEAE R R R Y 0 = 31, m = 8 H#HHHHHHHHHHHHHHHHHHAAS
Solution found.

Norm of distance between x_opt and solution is: 8.4969e-14
Difference in function values between f and f_opt is: -2.3283e-10
HHHHHHHHH R R R R HEE 0 = 75, m = 35 #H##HHHHHHEHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.6845e-12
Difference in function values between f and f_opt is: -2.4447e-09
R R R Y 1 o= 50, m = 190 ####HHHHHHHHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.5520e-13
Difference in function values between f and f_opt is: 2.3283e-10
R 1 = 78, m = 24 #HHHHHHHHHHEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.4929e-11
Difference in function values between f and f_opt is: -4.6566e-10
R R R Y 1 o= 43, m = 22 #EHHHRHHREEEHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 8.2744e-13
Difference in function values between f and f_opt is: 0.0000e+00
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HHHEHHHH R R REE 1 = O, m = T HHHHHRRRRRRR R
Solution found.

Norm of distance between x_opt and solution is: 4.0390e-14
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHHE R R R R R R HEE 0 o= 17, m = 3 #HHHHHHHHEHEHHE
Solution found.

Norm of distance between x_opt and solution is: 7.6607e-13
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHHE R R R R HEE 0 = 28, m = 6 HAHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 4.8470e-13
Difference in function values between f and f_opt is: 5.8208e-11
HHHHHHHHH R R R R HHE 0 = B4, m = 4 HARHHHHHHEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.8428e-14
Difference in function values between f and f_opt is: 0.0000e+00
R 1 = 32, m = 6 #AHHHHHHHEHEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.1974e-14
Difference in function values between f and f_opt is: -2.9104e-11
R R Y 1 o= 15, m = 2 #HHHHHHHRREEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 0.0000e+00
Difference in function values between f and f_opt is: 0.0000e+00
HHHEH R R R HEE 1 o= T2, m = 13 #HHHHHHRREEEHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.2808e-12
Difference in function values between f and f_opt is: 1.7899e-09
HHEHHHHHH R R R R R R HEE 0 = 45, m = 26 #HH#HHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 2.3445e-12
Difference in function values between f and f_opt is: 1.6298e-09
HHHHHHHEEE R R R 0 = 28, m = 6 #HHHHHHHHHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 7.8907e-13
Difference in function values between f and f_opt is: 7.2760e-12
HHHHHHHH R R R R 0 = 77, m = 48 #HH#HHHHHHHHHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.3438e-12
Difference in function values between f and f_opt is: -5.5879e-09
R Y 1 = 83, m = 55 H#HHHHHHHHHHHHHHHEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.5084e-12
Difference in function values between f and f_opt is: 9.3132e-10
HHHHEHH R R R REE 1 o= 27, m = 3 #HHHHHHRRRHEHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.0566e-13
Difference in function values between f and f_opt is: ©5.8208e-11
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HHHHH R R R R HEE 1 = 65, m = 53 H#HHHHHHHHHHHHHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 4.0824e-12
Difference in function values between f and f_opt is: -7.6834e-09
HHHHHHHHH R R R R R R H Y D = 64, m = 15 #HHHHHHHHHFHHHHHEEY
Solution found.

Norm of distance between x_opt and solution is: 5.2647e-12
Difference in function values between f and f_opt is: 9.3132e-10
HHEHHHHEAA R R R Y 0 = 33, m = 10 ####HHHHHFHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 1.4465e-12
Difference in function values between f and f_opt is: -1.2224e-09
HHHHHHHHH R R R R R HEE 0 = 16, m = 8 H#HAHHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 3.0396e-13
Difference in function values between f and f_opt is: 8.7311le-11
R Y 1 = 49, m = 21 ####HHEEEEHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.9347e-11
Difference in function values between f and f_opt is: -3.3469e-10
R R R R R 1 = 64, m = 32 #HHHHHBHHHHHHEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.2027e-11
Difference in function values between f and f_opt is: 0.0000e+00
WY 1 o= 06, m = T1 #H#HHHHHRHHHHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.8645e-11
Difference in function values between f and f_opt is: -2.7940e-09
HHEHHHHEAE R R R R HHE 0 o= 22, m = 2 HHHHHHHHHRHEEE
Solution found.

Norm of distance between x_opt and solution is: 2.0097e-14
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHEAE R R R EE 0 o= 11, m = 1 #HHHRRRHHEEE
Solution found.

Norm of distance between x_opt and solution is: 0.0000e+00
Difference in function values between f and f_opt is: 0.0000e+00
R R R HHEE 0 = 7, m = 5 H#HHHHRRHHH
Solution found.

Norm of distance between x_opt and solution is: 5.3904e-13
Difference in function values between f and f_opt is: 2.0373e-10
R 1 = 45, m = 22 #HHHHHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.7519e-13
Difference in function values between f and f_opt is: -3.2014e-10
HHHHEHHH R R R EE 1 o= 18, m = 14 #HHHHHBHHHHHHEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.9750e-13
Difference in function values between f and f_opt is: 1.7462e-10
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HHHHEE R R EE 1 o= 47, m = 37 #EHHHHHRREEHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.4688e-11
Difference in function values between f and f_opt is: -1.8626e-09
HHHHHHHHH R R R R R R H Y 0 = 94, m = 26 #HHHHHHHHFFHHHHHEEEEY
Solution found.

Norm of distance between x_opt and solution is: 8.6248e-12
Difference in function values between f and f_opt is: -2.3283e-09
HHHHHHHHE R R R R Y 0 = 83, m = 6 HHAHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 4.9612e-12
Difference in function values between f and f_opt is: -2.3283e-10
HHHHHHHHH R R R EEE 0 = 12, m o= 1 #H#HHHHEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 0.0000e+00
Difference in function values between f and f_opt is: 0.0000e+00
R R HEE 0 = 02, m = 69 #H#HHHHHHHHHHHHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 4.6074e-12
Difference in function values between f and f_opt is: 1.8626e-09
R R EE 1 o= 19, m = b #HHHHHHHHHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 4.0818e-14
Difference in function values between f and f_opt is: 2.9104e-11
HHHEE R R R EE 1 o= 15, m o= 10 #HHHHHHHRHHHHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.8468e-13
Difference in function values between f and f_opt is: -1.4552e-10
HHEHHHHHHE R R R R R HHEE 0 = T8, m = 13 #HH#HHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 8.4739e-13
Difference in function values between f and f_opt is: 2.3283e-10
HHHHHHHHHH R R R Y 1 = B3, m = 16 #####HHHHHHHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.7068e-12
Difference in function values between f and f_opt is: 1.1642e-10
R R R 0 = 16, m = 7 #H#HHHHEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.9094e-13
Difference in function values between f and f_opt is: 1.4552e-10
R 0 o= 22, m o= 14 #HHHHHHEEEEEEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.4672e-13
Difference in function values between f and f_opt is: 0.0000e+00
R R R REE 1 = 8, m = 3 #HHHHHRRRRRRRRHEE
Solution found.

Norm of distance between x_opt and solution is: 4.7798e-13
Difference in function values between f and f_opt is: -2.9104e-11
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HHHHEH R R R Y 1 o= 04, m = 42 HEHHHHHBHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.7576e-12
Difference in function values between f and f_opt is: -3.2596e-09
HHHHHHHHH R R R R R R HHEE 1 = 65, m = 32 #AHHHHHHHHFHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 1.2261le-12
Difference in function values between f and f_opt is: 6.9849e-10
HHHHHHHHE R R R Y 0 = 14, m = 8 #HHHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 3.7849e-14
Difference in function values between f and f_opt is: -8.7311le-11
HHHHHHHH R R R EEE 0 o= 00, m = 15 #H#H##HHHHHHHHHHHEEE
Solution found.

Norm of distance between x_opt and solution is: 3.5309e-13
Difference in function values between f and f_opt is: 8.7311e-10
R Y 1 = 33, m = 10 ####HHHHEHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.8994e-13
Difference in function values between f and f_opt is: 5.2387e-10
R Y 1 o= 15, m = O HHHHHHHHBHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.7237e-13
Difference in function values between f and f_opt is: 1.7462e-10
W R R R R HHE 1 = 64, m = 20 #EHHHHBHHHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 5.2058e-11
Difference in function values between f and f_opt is: -1.8568e-08
HHHEHHHHEAE R R R R HEE 0 = 16, m = 1 #HHHHHRHHRHH
Solution found.

Norm of distance between x_opt and solution is: 1.3878e-17
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHHH R R R Y 0 = 36, m = 31 ####HHHHEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.1466e-12
Difference in function values between f and f_opt is: 1.9791e-09
R R Y 0 = 15, m = 13 ####HHHEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 6.4594e-14
Difference in function values between f and f_opt is: 1.1642e-10
R 0 = 11, m = 4 #HHHHHHEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 9.2371e-14
Difference in function values between f and f_opt is: -2.0373e-10
R R R R Y 1 o= 67, m = 56 HHHHHHHHHHHHHHHHHHHEY
Solution found.

Norm of distance between x_opt and solution is: 1.4473e-12
Difference in function values between f and f_opt is: 1.8626e-09
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HHHHHE R R R EE 1 o= 17, m = 13 #HHHHHRHREEHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.1500e-12
Difference in function values between f and f_opt is: -9.8953e-10
HHHHHHHHE R R R R R HHEE 1 = D5, m = 47 #HHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 4.031le-12
Difference in function values between f and f_opt is: 1.3970e-09
HHHHHHHHEE R R R R HEEE 1 = 06, m = 52 #HHHHHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 1.7533e-12
Difference in function values between f and f_opt is: -2.3283e-10
HHHHHHHHH R R R Y 0 = 17, m = 8 #HAHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 2.0275e-13
Difference in function values between f and f_opt is: -2.9104e-11
R Y 0 = 20, m = b #HHHHHHHHHHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.361le-12
Difference in function values between f and f_opt is: -2.3283e-10
HHHH R Y 1 o= 30, m o= O HHHHHHHHBHHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.7225e-13
Difference in function values between f and f_opt is: 2.3283e-10
R R Y 1 o= 84, m = 40 #EHHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.1749e-11
Difference in function values between f and f_opt is: 5.1223e-09
HHHHHHHHH R R R R R HHEE 1 = 63, m = 58 #HHHHHHHHHHHHFHHHHHHHHRRY
Solution found.

Norm of distance between x_opt and solution is: 1.4693e-12
Difference in function values between f and f_opt is: -1.3970e-09
HHHHHHHHH R R R R HHEE 1 = 61, m = 53 #HHHHHHHHHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 1.6467e-12
Difference in function values between f and f_opt is: 1.8626e-09
R R R Y 0 = 70, m = 43 ####HHHEEHEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 8.3491e-12
Difference in function values between f and f_opt is: 8.1491e-10
R 1 = 44, m = 26 #HHHHHHEEEEEEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.3891e-12
Difference in function values between f and f_opt is: 1.1642e-10
R R R R R Y 1 o= 62, m = 43 #HHHHHBHHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 6.5379e-11
Difference in function values between f and f_opt is: 1.8626e-09
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HHHHHE R R R EE 1 o= 14, m o= 11 #HSSHRRREEEEHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.0324e-13
Difference in function values between f and f_opt is: -2.9104e-10
HHHHHHHHE R R R R R R R HHEE 1 = 48, m = 5 #AHHHHHHHHHFHHHH
Solution found.

Norm of distance between x_opt and solution is: 3.3505e-12
Difference in function values between f and f_opt is: 2.9104e-11
HHHHHHHEAA R R R R HEEE 0 = 84, m = 64 HHHHHHHHHFHHHHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 3.9889e-12
Difference in function values between f and f_opt is: -4.6566e-10
HHHHHHHHE R R R Y 0 = 21, m o= 2 #HHHHHHEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.2809e-14
Difference in function values between f and f_opt is: 0.0000e+00
R Y 1 o= O1, m = 15 ####HHHHHHHHHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.9134e-12
Difference in function values between f and f_opt is: 4.0745e-10
R R Y 1 o= 82, m = 40 HHHHHHHHHHHHHHHHEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.0672e-12
Difference in function values between f and f_opt is: -1.3970e-09
HHHEH R R R 1 o= 29, m o= 10 #HHHHHBHRHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 2.7225e-13
Difference in function values between f and f_opt is: 5.8208e-11
HHHHHHHHHE R R R R HEE 0 = 00, m = 46 #HHHHHHHHHHFHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 7.1360e-12
Difference in function values between f and f_opt is: -3.0268e-09
HHHHHHHHE R R R R HEE D = 6, m = 4 HHHHHRRHREEE
Solution found.

Norm of distance between x_opt and solution is: 6.9346e-14
Difference in function values between f and f_opt is: 0.0000e+00
R R R 0 = 28, m = O H#HHHHHHHHHHHHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.0116e-14
Difference in function values between f and f_opt is: 2.9104e-11
R 1 = 56, m = 12 ####HHHHHEHHEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 4.6205e-13
Difference in function values between f and f_opt is: 1.7462e-10
HHHHEHH R R Y 1 o= 00, m = 53 H#HHHHHHHHHHHHHHHHHEEY
Solution found.

Norm of distance between x_opt and solution is: 1.7193e-11
Difference in function values between f and f_opt is: -2.5611e-09
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HHHHEH R R R R EE 1 o= 24, m o= 10 #HHHHHHBHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 5.0591e-13
Difference in function values between f and f_opt is: ©5.8208e-11
HHHHHHHHH R R R R R HEE 1 = B8, m = 55 #HHHHHHHHHHHHHHHHHHHHERY
Solution found.

Norm of distance between x_opt and solution is: 1.1816e-12
Difference in function values between f and f_opt is: 8.0909e-09
HHHHHHHHEA R R R EEE 0 = 13, m = 3 #HHHHHHEHEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.3770e-13
Difference in function values between f and f_opt is: 2.5466e-11
HHHHHHHHH R R R R HHE 0 = 46, m = 21 #H##HHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 8.0043e-13
Difference in function values between f and f_opt is: -2.3283e-10
R R 1 = 82, m = 26 #HHHHHHHHHHHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.1636e-12
Difference in function values between f and f_opt is: 1.3970e-09
R R R EE 1 o= 19, m o= 11 ###dHHHHREEHHEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.2870e-13
Difference in function values between f and f_opt is: -1.1642e-10
HHHHH R R R R HEE 1 o= 19, m = 6 HEHHHHHHHRHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 9.3794e-14
Difference in function values between f and f_opt is: -1.1642e-10
HHEHHHHHAE R R R R R Y D = D, m = 4 #HHHHRHHHHREHHH
Solution found.

Norm of distance between x_opt and solution is: 2.3583e-14
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHE R R R Y 1 = 35, m = 27 ####HHHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.4558e-12
Difference in function values between f and f_opt is: -5.8208e-10
HHHHHHHH R R R R 0 o= 77, m = 44 #ERHHHEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 2.6266e-12
Difference in function values between f and f_opt is: -4.1036e-09
R Y 1 = 45, m = 17 #HHHHHEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.3253e-12
Difference in function values between f and f_opt is: -9.3132e-10
HHHHE R R R R R HEE 1 o= O7, m = 86 H#HHHHHHHHHHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 3.5944e-12
Difference in function values between f and f_opt is: -1.1642e-09
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WY 1 o= 17, m o= 11 #SSSSSRREHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 7.7344e-12
Difference in function values between f and f_opt is: -5.8208e-11
HHHHHHHHH R R R R R HEE 1 = 41, m = 38 #HHHHHHHHHHFHHHHE
Solution found.

Norm of distance between x_opt and solution is: 5.4831le-12
Difference in function values between f and f_opt is: -2.5611e-09
HHHHHHHHE R R R R HEE 0 = 40, m = T #HHHHHHEHEE
Solution found.

Norm of distance between x_opt and solution is: 1.9902e-13
Difference in function values between f and f_opt is: 3.7835e-10
HHHHHHHHH R R R R HHEE 0 = 06, m = TO ##H###HHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 5.8534e-12
Difference in function values between f and f_opt is: 1.8626e-09
R R 1 = 69, m = 22 #HHHHHHHHHHHHEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.0233e-12
Difference in function values between f and f_opt is: -3.1432e-09
R R Y 1 o= 39, m = O HHHHHHHHBHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 7.9994e-13
Difference in function values between f and f_opt is: -1.1642e-10
W R R R R HHE 1 o= T8, m = 66 HHHHHHHHHHFFFHHHHHES
Solution found.

Norm of distance between x_opt and solution is: 4.8496e-12
Difference in function values between f and f_opt is: 1.3970e-08
HHHHHHHHEE R R R R HEE 0 = 31, m = 28 #HH#HHHHHFHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 6.4484e-13
Difference in function values between f and f_opt is: -1.2806e-09
HHHHHHHHE R R R R R HHEE D = 6, m = 1 #HHHHRRRREE
Solution found.

Norm of distance between x_opt and solution is: 0.0000e+00
Difference in function values between f and f_opt is: 0.0000e+00
R R R EE 0 = 10, m = 6 #HHHHHHHHHHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.8322e-14
Difference in function values between f and f_opt is: ©5.8208e-11
Y 0 o= 70, m = 8 H#AHHHHHHHHHHHHHHHEEE
Solution found.

Norm of distance between x_opt and solution is: 1.2741e-13
Difference in function values between f and f_opt is: 7.2760e-11
HHHHE R R Y 1 o= 30, m = 16 #EHHHHBHHHFHHHEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 8.3926e-13
Difference in function values between f and f_opt is: 2.3283e-10
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HHEHEEH R R EE 1 = 50, m = 41 #HHHHHHHRHHHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.2868e-11
Difference in function values between f and f_opt is: 1.8626e-09
HHHHHHHHE R R R R R HEE 1 = 34, m = 30 #HHHHHHHHHFHHHHHEEHEEY
Solution found.

Norm of distance between x_opt and solution is: 2.2642e-12
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHEEE R R R Y 1 = 83, m = 81 #HHHHHHHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 2.0766e-11
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHH R R R R HHEE 0 = O7, m = 38 #H#H#H##HHHHHHHHHHH
Solution found.

Norm of distance between x_opt and solution is: 3.1607e-12
Difference in function values between f and f_opt is: -1.8626e-09
R R 1 = 84, m = 57 #HHHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.2341le-11
Difference in function values between f and f_opt is: -5.8208e-09
R R Y 1 = 43, m = 36 #HHHHHHHREHHHEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 7.7026e-13
Difference in function values between f and f_opt is: 4.6566e-10
W R R R R Y 1 = 66, m = 34 HEHHHHBHHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 6.8633e-11
Difference in function values between f and f_opt is: 3.4925e-10
HHHHHHHHEA R R R R Y 0 = 80, m = 15 #HHH#HHHHHFHHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 1.3498e-11
Difference in function values between f and f_opt is: -2.2410e-09
HHHHHHHH R R R Y 0 = 83, m = 27 #####HHHHEEEHEEE
Solution found.

Norm of distance between x_opt and solution is: 2.9449e-12
Difference in function values between f and f_opt is: -3.6089e-09
R Y 0 o= 17, m = 10 #####HHEHEHEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.8867e-13
Difference in function values between f and f_opt is: -2.3283e-10
R 1 = 38, m = 19 #HHHHHHHHHHEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 8.6052e-13
Difference in function values between f and f_opt is: -1.1642e-10
HHHHEH R R R R R # Y 1 = 65, m = 58 #HHHHHHHHHHHHHHHHHHIY
Solution found.

Norm of distance between x_opt and solution is: 2.3350e-12
Difference in function values between f and f_opt is: -9.3132e-10
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HHHHE R R R R EE 1 o= 82, m = 39 H#HHHHHHHBHHHHHHHHHEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.3384e-12
Difference in function values between f and f_opt is: -4.1910e-09
HHHHHHHHE R R R R R HEE 0 o= 11, m = 10 #H###HHHHHFHHHHHAE
Solution found.

Norm of distance between x_opt and solution is: 1.7995e-13
Difference in function values between f and f_opt is: -2.9104e-10
HHHHHHHHE R R R R HHEE D = 62, m = 46 #HHHHHHHHHHEHHHHE
Solution found.

Norm of distance between x_opt and solution is: 1.4566e-12
Difference in function values between f and f_opt is: 0.0000e+00
HHHHHHHHH R R R R HHEE 0 = 28, m = 24 #HHHHHHHEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.4655e-13
Difference in function values between f and f_opt is: 6.9849e-10
R R Y 1 = 82, m = b1 ##HHHHHHHHHHHHHEEEEE
Solution found.

Norm of distance between x_opt and solution is: 5.7545e-12
Difference in function values between f and f_opt is: 8.1782e-09
R R EE 1 o= 00, m = 46 H#HHHHHHHHHHHHHHEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 3.5881le-12
Difference in function values between f and f_opt is: 2.7940e-09
HHEHEE R R R HE 1 = 5O, m = 31 #HHHHHHHHHHHHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.9082e-12
Difference in function values between f and f_opt is: 9.3132e-10
HHEHHHHHH R R R R R R HHEE 0 = T4, m = 12 #H##HHHHHEHEEE
Solution found.

Norm of distance between x_opt and solution is: 5.6844e-13
Difference in function values between f and f_opt is: -1.2369e-09
HHHHHHHHH R R R Y 0 = 24, m o= 11 #####HEEEEEEEEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 3.8808e-13
Difference in function values between f and f_opt is: -2.3283e-10
R R R Y 1 = 86, m = 5O #HHHHHHHHHHHHHHHHY
Solution found.

Norm of distance between x_opt and solution is: 1.2846e-11
Difference in function values between f and f_opt is: 1.8626e-09
R 1 o= 62, m = 12 ##HHHHHEEEHEEEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.0264e-11
Difference in function values between f and f_opt is: 6.9849e-10
R R R R Y 1 = 46, m = 33 #HHHHHHHHHHHHHEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 1.4548e-12
Difference in function values between f and f_opt is: -9.3132e-10
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HHHHEH R R R EE 1 o= 34, m = 27 #HHHHHBRHEEHHHEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.1259e-11
Difference in function values between f and f_opt is: -8.731le-11
HHHHHHHHE R R R R R R R HHEE 0 o= 19, m = 7 #HHHHHHSHHHEHHH
Solution found.

Norm of distance between x_opt and solution is: 2.1981e-13
Difference in function values between f and f_opt is: 1.7462e-10
HHEHHHHHEA R R R R R HEEE D = 61, m = 24 #HHHHHHHHHHEHHHEE
Solution found.

Norm of distance between x_opt and solution is: 1.8983e-12
Difference in function values between f and f_opt is: 2.1537e-09
HHHHHHHHH R R R R 0 = 48, m = 2 #HHHHHHHEEEEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 4.2633e-14
Difference in function values between f and f_opt is: -1.4552e-11
R Y 1 = 88, m = 69 #HHHHHHHHHHHHHHHHHEE
Solution found.

Norm of distance between x_opt and solution is: 1.8882e-12
Difference in function values between f and f_opt is: -3.7253e-09
R R HEE 1 o= BT, m = 42 #HHHHHHHHHHHHEEEEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 3.1480e-12
Difference in function values between f and f_opt is: 1.8626e-09
HHEHH R R R HHE 1 = D1, m = 34 H#HHHHHBHHHHHHHHEEEEEY
Solution found.

Norm of distance between x_opt and solution is: 3.0476e-12
Difference in function values between f and f_opt is: -9.3132e-10
HHEHHHHHHE R R R R HEE 0 = 42, m = 13 #HH#HHHHHHHE
Solution found.

Norm of distance between x_opt and solution is: 2.9120e-13
Difference in function values between f and f_opt is: 1.8917e-10
HHHHHHHHHH R R R Y 0 = 36, m = 190 #HH#HHHHHHHHHHEEEEEE
Solution found.

Norm of distance between x_opt and solution is: 1.0201le-12
Difference in function values between f and f_opt is: 1.7462e-10

78



lterations

Simplex iterations over n
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Iterations

Simplex iterations over sum of nand m
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Simplex iterations over m/n
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Aufgabe: Interpretieren Sie die Ergebnisse.
TODO Ihre Antwort hier

Die benétigten Iterationen in Abhéngigkeit der Problemgrofie liegen offensichtlich weit unterhalb
des exponentiellen Zusammenhangs, der beim konstruierten Klee-Minty Wiirfel beobachtet wird.
Man erkennt sehr gut, dass die Probleme im Allgemeinen schwer zu lésen sind, wenn m =~ n/2

ist, was genau mit der Verteilung des Binomialkoeffizienten (:1) zusammenpasst. Flir m ~ n ist

das System schon fast gleichungsbeschréankt, es gibt wenig Ecken und der Simplex ist entsprechend
schnell fertig. Fir m =~ 0 ist das Problem fast unbeschrinkt, es gibt wenig Ecken und der Simplex
ist entsprechend schnell fertig.
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1.7 Berechnung von Tschebyschow-Zentren

Zuletzt wollen wir noch zuriick zu der Ubungsaufgabe der innersten Punkte in Polyedern - den
Tschebyschow Zentren. Wir wollen einige davon Berechnen und uns die Losungseigenschaften
etwas genauer ansehen.

Aufgabe: Vervollstindigen Sie den Code in der folgenden Zelle, in dem Sie mindestens ein Polyeder
in je zwei und drei Raumdimensionen konstruieren, dessen Tschebyschow Zentrum berechnen und
darstellen.

[8]:|# This module computes the Tschebyschow center for vartous polyhedra
from visualization_functions import *

def compute_and_plot_tschebyschow_center(halfspace_normals, halfspace_values,,
~initial bases):
" Compute and visualize Tschebyschow center for each polyhedron ing
<list"""
for normals, values, initial_basis in zip(halfspace_normals,
~halfspace_values, initial_bases):
# Get problem dimensions
m, n = normals.shape

# Construct data for standard form of Tschebyschow centery

<problem
A = np.hstack([
normals,
-normals,
np.eye(normals.shape[0]),
np.array([np.linalg.norm(normals, ord = 2, axis = 1)]).
~T1)
b = values
c = np.zeros(A.shape[1])
cl-11 = -1

# Set parameters for simplex method
simplex_parameters = {

"max_iterations" : 1000,
"tol" : le-15,
"verbosity" : '"quiet",

"keep_history" : True

# Solve for Tschebyschow center and radius
result = primal_simplex_method(A, b, ¢, B = initial_basis,,
~parameters = simplex_parameters)

# Reconstruct solution
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sol = result["solution"]
center = s0l[0:n] - sol[n:2#*n]
radius = sol[-1]

plot_tschebyschow_center(normals, values, center, radius)

# Create some empty containers
halfspace_normals = []
halfspace_values = []
initial_bases = []

# Create data for a 2d polyhedron with unique Tschebyschow center
halfspace_normals.append(np.array([[-1, 0],

[ O, _1]:
[ 2, 11,
[-0.5, 111)

halfspace_values.append(np.array ([0, 0, 4, 2]))
initial_bases.append(None)

# Create data for a 2d klee minty cube (3d does mot plot well because the azisy,
~can not be set equal reasonably, the cube is very skewed
for n in range(2, 3):
A _klee_minty = np.vstack((np.eye(n), -np.eye(n)))
for i in range(l, n):

A _klee_minty[i,0:i] = np.power(2, np.arange(i,0,-1)+1)
b_klee_minty = np.hstack([np.power(5, np.arange(1l, n+1)), np.zeros(n)])
halfspace_normals.append(A_klee_minty)
halfspace_values.append(b_klee_minty)
initial_bases.append (None)

# Create a 3 d polyhedron
halfspace_normals.append(
np.vstack([
np.array([[1, 1, 1],

[o, o, 11,
o, 1, o1,
-1, -1, 111D,
-np.eye(3)
]

)
halfspace_values.append(np.hstack([np.array([1, 0.3, 0.5, 0]), np.zeros(3)]))
initial_bases.append (None)

compute_and_plot_tschebyschow_center (halfspace_normals, halfspace_values,,
~initial bases)
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Tscheggschnw center in polyhedron
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Tschebyschow center in polyhedron

Wir wollen uns nun noch ansehen, welches Verstandnis von “Ecken” wir in der Aufgabe der Berech-
nung von Tschebyschow-Zentren wir entwickeln kénnen.

Aufgabe: Berechnen und plotten Sie Losungen der Tschebyschow-Zentrums-Aufgaben fiir die von
uns vorgegebenen Polyeder indem sie die Folgende Zelle ausfiihren.

[9]: # Create some empty containers
halfspace_normals = []
halfspace_values = []
initial_bases = []

# Create a rectangular polyhedron for "vertexz" comparison
halfspace_normals.append(np.array([[-1, 0],
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(o, -11,

(1, o0,

Lo, 111))
halfspace_values.append(np.array([0, 0, 1, 2]))

initial_bases.append(np.arange(4,8))

# Create a rectangular polyhedron for "vertex" comparison
halfspace_normals.append(np.array([[-1, 0],

[Oa _1],
(1, o],
Lo, 1110

halfspace_values.append(np.array ([0, 0, 2, 1]))
initial_bases.append(np.arange(4,8))

# Create a spectal rectangular polyhedron for "vertexz" comparison
halfspace_normals.append(np.array([[-1, 0],

(o, -11,
L1, o],
Lo, 111))

halfspace_values.append(np.array([2, 1, 3, 1]))
initial_bases.append(np.arange(4,8))

compute_and_plot_tschebyschow_center (halfspace_normals, halfspace_values,,
~initial bases)
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Tschebyschow center in polyhedron
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Tachebyschow center in polyhedron
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Aufgabe: Erkliren Sie, warum die Losung im letzten Fall nur 2, statt 3 Hyperebenen beriihrt.
Kann es auch einen optimalen Basisvektor in den ersten zwei Féllen geben, der nur zwei Hy-
perebenen berithrt? FErkldren Sie den Zusammenhang von Basislosungen in dem Problem der
Tschebyschow-Zentren und der Anzahl der Hyperebenen, die beriihrt werden.

TODO Ihre Antwort hier

Wir wissen, dass Basisvektoren immer hochstens m (Anzahl der Hyperebenen in diesem Fall) Nicht-
Null Eintrédge haben. Im Allgemeinen wird einer dieser Nicht-Null-Eintrdge an einem Optimierer
in Normalform von dem Radius belegt sein. Fiir jede Hyperebene/jeden Halbraumschnitt ist eine
Slackvariable eingefithrt worden. FEine Hyperebene, die nicht beriihrt wird, bedeutet also immer
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eine Slackvariable mit Nicht-Null Eintrag, die dann also in der Basis sein muss. Das heif}t, dass jede
optimale Basislosung in den x-Komponenten héchstens m-1-#nicht_ beriihrter Hyperebenen viele
Nicht-Null-Eintrége haben kann. Je weniger Hyperebenen wir nicht beriihren, desdo mehr Nullein-
trage muss also der x-Teil unseres optimalen Basisvektors haben. In den ersten beiden Beispielen
ist kein Punkt, in dem eine Komponente 0 ist, ein Tschebyschow-Zentrum. Alle Optimierer werden
also 2 Nicht-Null-Eintrdge im x-Teil haben. Es bleibt den optimalen Basislésungen also nichts an-
deres iibrig, als mindestens 3 Hyperebenen zu beriihren, damit die dazugehorigen Slackvariablen 0
werden.
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